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Preface

This book is based on my experience as a researcher and a teacher for more
than 15 years. It is intended primarily as a textbook as well as a reference for
individual researchers in the study of vibration in general and dynamic
behavior of structural members such as elastic plates in particular. The
general theory of linear vibration is well established. In this regard, the
book does not discuss the new theories of vibration of the structures such
as plates. Moreover, there is a wealth of information on this subject given in
the Reference section at the end of each chapter.

As of today, vibration analysis of complex-shaped structures is commonly
encountered in engineering and architectural practice. In aeronautical, marine,
mechanical, and civil structural designs, regular, irregular, and complex-
shaped members are sometimes incorporated to reduce costly material, lighten
the loads, provide ventilation, and alter the resonant frequencies of the struc-
tures. Accordingly, these shapes need to be accurately analyzed from an
engineering perspective with easy and fast computational methods. In par-
ticular, plates and other structural members are integral parts of most engin-
eering structures and their vibration analyses are needed for the safe design of
structures. Analysis and design of such structures call for efficient computa-
tional tools. Finite element method (FEM), finite difference method (FDM),
boundary element method (BEM), etc. are the standard industry methods to
deal with such situations. But with irregular (complex) shapes of structural
components, design is based on numerous approximations, which sometimes
lead to inaccuracies and more computing time. In this book, very efficient
shape functions are described, which result in far less computation time
without compromising the accuracy of the results.

Vibration analysis of plates of various shapes and configurations has been
studied extensively in the past. Dynamic behavior of these structures is
strongly dependent on boundary conditions, geometrical shapes, material
properties, different theories, and various complicating effects. In the initial
stages, results were available for some simple cases, namely a limited set of
boundary conditions and geometries, in which the analytical solution could be
found. The lack of good computational facilities made it almost impossible to
get accurate results even in these cases. With the advent of fast computers and
various efficient numerical methods, there has been a tremendous increase in
the amount of research done for getting better accuracy in the results.
Although the discretization methods in terms of FEM, FDM, and BEM provide
a general framework for general structures, they invariably result in problems
with a large number of degrees of freedom. This deficiency may be overcome
by using the Rayleigh-Ritz method. In recent times, a tremendous amount of
work has been done throughout the globe by using the newly developed
method of boundary characteristic orthogonal polynomials (BCOPs) with

xi



xii Preface

the Rayleigh—Ritz method. This method provides better accuracy of results, is
more efficient, simple, and is easier for computer implementation.

The purpose of this book is to have a systematic understanding of the
vibration and plate vibration theory, different plate geometries and their
complicating effects along with their theory, analysis, and results. This may
prove to be a benchmark for graduate and postgraduate students, teachers,
and researchers in this field. The book provides comprehensive results, up-
to-date and self-contained reviews along with application-oriented treatment
of the use of newly developed method of BCOPs in vibration problems.

The linear vibration equations related to vibration analysis of plates and
other vibration problems along with BCOPs are indeed very powerful tools
for dynamical modeling, as will be illustrated throughout this book.

Chapter 1 introduces the theory, vibration basics, related equations of
motion, and other fundamental details of single degree of freedom (SDF),
multi-degree of freedom (MDF), and continuous systems. Chapter 2 provides
the method of solution in simple cases of SDF, MDF, and continuous systems.

In Chapter 3, plate theory and equation of motion for plate vibration in
different forms along with other vibration basics for plate members are
discussed. General analysis in Cartesian, polar, and elliptic coordinates related
to plate vibration is provided in order to give a perspective of the problem.

Various methods of solutions, namely exact, series type, and approximate
methods for solution of transverse vibration of plates are included in Chapter
4. Exact solutions for circular and annular plates are well known and may
also be found in other textbooks available in the market. So, in some cases
only the final governing equations are presented. In this respect, for circular
annular plates, there may have been some typographical mistakes, but here
these have been corrected. Again solutions in terms of polar, rectangular, and
elliptic coordinate systems are also given for a general idea. Moreover
approximate solution methods are discussed in some detail, as these will
be used in the solution of problems in later chapters.

The assumed deflection shapes used in the approximate methods such as
in the Rayleigh—Ritz method were normally formulated by inspection and
sometimes by trial and error, until recently, when a systematic method of
constructing such a function in the form of characteristic orthogonal polyno-
mials (COPs) was developed in 1985. Such developments of COPs in one and
two dimensions along with preliminary details regarding orthogonal poly-
nomials are discussed in Chapter 5. Here the first member of the COP is
constructed so as to satisfy the essential boundary condition. Then the
method of use of COPs in the solution of vibration of beams and plates
with various shapes is presented.

In Chapter 6, the above COPs are modified to BCOPs to satisfy the
essential boundary conditions in all the polynomials. Methods of generating
the BCOPs in two and #n dimensions are incorporated. Recurrence schemes to
generate the BCOPs are discussed in detail for two dimensions and higher.
Here, generalizations of the recurrence scheme along with their development
in terms of grades are also presented.
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Thus, Chapters 5 and 6 explain the new methodology of COPs and BCOPs
in the analysis of vibration problems. One may generalize the procedure as
discussed not only to other complex problems of vibration but the method
may be extended to many diversified areas such as diffusion, potential
theory, fluid mechanics, etc. where the physical quantity of interest can be
approximated over a domain as a linear combination of these polynomials.

Chapters 7 through 10 treat the practical problems of plates of various
geometries, namely circular, elliptic, rectangular, skew, triangular, and annu-
lar and their vibration analyses using the above-mentioned powerful method
of BCOPs in the Rayleigh—Ritz method. Numerous results with different
possible boundary conditions at the edges of the mentioned domains are
presented. Getting the exact result in special cases where possible shows the
efficacy and power of this methodology. In order to handle the BCOPs in a
much easier form, Chapters 7 through 9 also deal with the mapping
of general elliptic, triangular, and skew domain, respectively to circular,
standard triangle, and unit square. This makes the analysis numerically
efficient, and the unnecessary work of generating the BCOPs over each
domain of a particular shape is reduced.

Chapter 10 demonstrates the analysis of vibration of circular annular and
elliptic annular plates. Generation of BCOPs in annular domains and their
use in the Rayleigh—Ritz method are discussed in detail. Numerical results
for all possible boundary conditions in annular regions are cited.

Complicating effects in the plate members make the equation of motion
complex and thus their analysis even more complicated. Accordingly, Chap-
ters 11 through 14 introduce the concept of BCOPs in the study of vibration
of plates with various complicating effects.

Nonhomogeneous material properties occur in the bodies especially due to
imperfections of the materials. So, in Chapter 11, nonhomogeneous material
properties in terms of Young's modulus and density are considered in
the vibration analysis of plates. Plates with variable thickness along with
different boundary conditions at the edges are analyzed in Chapter 12. Two
types of variable thicknesses are considered to show the methodology about
handling of this complicating effect in plate vibration.

In recent times, lightweight structures are widely used in a variety of
engineering fields. Free vibration of orthotropic plates is an important area
of such behavior. Analysis of vibration of plates with complicating effects
such as orthotropic material properties are addressed in Chapter 13. Here,
the method used is again the two-dimensional BCOPs, which shows the easy
implementation of the method to extract the vibration characteristics of
plates with respect to different boundary conditions at the edges. Example
problems of elliptic orthotropic and annular elliptic orthotropic plates are
considered in this chapter.

The last chapter (Chapter 14) deals with the effect of hybrid complicating
effects in the study of vibration of plates. Simultaneous effects of two or more
complicating effects on the vibration study of plates are termed here as
hybrid effects that may invariably present in the materials of the plate.



xiv Preface

Simultaneous behavior of nonhomogeneity, variable thickness, and ortho-
tropy; generations of BCOPs in the plate domain with hybrid complicating
materials; as well as a wide variety of results and analyses along with
comparison in special cases are all presented in this chapter.

I sincerely hope that this book will help students, teachers, and researchers
in developing an appreciation for the topic of vibration in general and
vibration of plates in particular, especially with the use of the new method
of BCOPs in the Rayleigh-Ritz method. Any errors, oversights, omissions, or
other comments to improve the book can be communicated to S. Chakraverty,
email: sne_chak@yahoo.com and will be greatly appreciated.
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Background of Vibration

1.1 Vibration Basics

Vibration is the mechanical oscillation of a particle, member, or a body from
its position of equilibrium. It is the study that relates the motion of physical
bodies to the forces acting on them. The basic concepts in the mechanics of
vibration are space, time, and mass (or forces). When a body is disturbed
from its position, then by the elastic property of the material of the body, it
tries to come back to its initial position. In general, we may see and feel that
nearly everything vibrates in nature; vibrations may be sometimes very weak
for identification. On the other hand, there may be large devastating vibra-
tions that occur because of manmade disasters or natural disasters such as
earthquakes, winds, and tsunamis.

As already mentioned, natural and human activities always involve vibra-
tion in one form or the other. Recently, many investigations have been
motivated by the engineering applications of vibration, such as the design
of machines, foundations, structures, engines, turbines, and many control
systems. Vibration is also used in pile-driving, vibratory testing of materials,
and electronic units to filter out unwanted frequencies. It is also employed to
simulate the complex earthquake phenomenon and to conduct studies in the
design of nuclear reactors.

On the one hand, vibrations are of great help, while on the other, there are
many cases of devastating effects of excessive vibration on engineering
structures. Therefore, one of the important purposes of vibration study is to
reduce vibration through proper and comparatively accurate design of
machines and structures. In this connection, the mechanical, structural, and
aerospace engineers need the information regarding the vibration character-
istics of the systems before finalizing the design of the structures.

In a dynamics problem, the applied loadings (and hence the structural
response such as deflection, internal forces, and stress) vary with time. Thus,
unlike a statics problem, a dynamics problem requires a separate solution
at every instant of time. The structure may be considered as subjected to
two loadings, namely the applied load and the inertia forces. The inertia
forces are the essential characteristics of a structural dynamics problem.
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The magnitude of the inertia forces depends on (1) the rate of loading, (2) the
stiffness of the structure, and (3) the mass of the structure.

If the loading is applied slowly, the inertia forces are small in relation to the
applied loading and may be neglected, and thus the problem can be treated
as static. If the loading is rapid, the inertia forces are significant and their
effect on the resulting response must be determined by dynamic analysis.

Generally, structural systems are continuous and their physical properties
or characteristics are distributed. However, in many instances, it is possible to
simplify the analysis by replacing the distributed characteristics by discrete
characteristics, using the technique of lumping. Thus, mathematical models of
structural dynamics problems may be divided into two major types:

1. Discrete systems with finite degrees of freedom (DOFs)
2. Continuous systems with infinite DOFs

However, in the latter case, a good approximation to the exact solution can be
obtained by using a finite number of appropriate shape functions. The main
content of this book is the vibration of plates; however, to have a basic know-
ledge of vibration and the related terms to understand the plate vibration in
detail, first the case of a discrete system with 1DOF will be described in this
chapter, followed by a multi-degree-of-freedom (MDOF) system. Then, the
continuous systems will be defined. However, methods of analysis and other
details regarding these will be included in Chapter 2. Mainly free vibration will
be taken into consideration, i.e., the vibration that takes place in the absence of
external excitations, which is the foundation of other complex vibration studies.

Keeping this in mind, the following sections address the above in some detail.

1.1.1 Causes of Vibration

The main causes of vibration are as follows:

¢ Unequal distribution of forces in a moving or rotating machinery
¢ External forces like wind, tides, blasts, or earthquakes

¢ Friction between two bodies

¢ Change of magnetic or electric fields

* Movement of vehicles, etc.

1.1.2 Requirements for Vibration

The main requirements for the vibration are as follows:

» There should be a restoring force.
* The mean position of the body should be in equilibrium.

¢ There must be inertia (i.e., we must have mass).
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As pointed out, in vibration study, we are having two types of systems,
discrete and continuous. Accordingly, we next define the distinction between
the two.

1.1.3 Discrete and Continuous Systems

Dynamic system models may be divided into two classes, discrete and
continuous (or distributed). The systems do depend on system parameters
such as mass, damping, and stiffness (these will be defined later). Discrete
systems are described mathematically by the variables that depend only on
time. On the other hand, continuous systems are described by variables that
depend on time and space. As such, the equations of motion of discrete
systems are described by ordinary differential equations (ODEs), whereas
the equations of motion for continuous systems are governed by partial
differential equations (PDEs). Because ODE contains only one independent
variable, i.e. time, and PDE contains more than one independent variable,
such as time and space coordinates. To describe a system, we need to know
the variables or coordinates that describe the system and this follows a term
known as degrees of freedom (DOF) and the DOF is defined as the minimum
number of independent variables required to fully describe the motion of
a system.

If the time dependence is eliminated from the equation of discrete
system, then it will be governed by a set of simultaneous algebraic equations
and the continuous system will be governed by boundary value problem.
Most of the mechanical, structural, and aerospace systems can be described
by using a finite number of DOFs. Continuous systems have infinite number
of DOFs.

1.1.4 Glossary of Some Terms

The following are some terms related to vibration study that will be fre-
quently used in the whole of this book:

Amplitude: The maximum distance to which the particle or system moves on
either side of the mean position is called amplitude of the vibrating system.

Time period: The time taken by the particle (or mass) in making one complete
oscillation is called time period. It is generally denoted by T.

Frequency: The number of oscillations performed by a vibrating system
per second is termed as frequency of vibration and it is the reciprocal of the
period, i.e., frequency =1/T.

Angular frequency or circular frequency: The angular frequency of a periodic
quantity, in radians per unit time, is 2 times the frequency.

Natural frequency: Natural frequency is the frequency of free vibration of
a system.
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Damping: The process of energy dissipation in the study of vibration is
generally referred as damping.

Elasticity: A material property that causes it to return to its natural state after
being deformed.

Spring: A spring is a flexible mechanical line between two particles in a
mechanical system.

Stiffness: Force of elastic spring (string) per unit displacement. In other
words, it is the ratio of change of force (or torque) to the corresponding
change in translation (or rotation) deflection of an elastic element. This is
usually denoted by k.

Potential energy: The potential energy of a body is the energy it possesses
due to its position and is equal to the work done in raising it from some
datum level. A body of mass m at a height h has the potential energy of mgh,
where ¢ is the acceleration due to gravity.

Kinetic energy: This energy is possessed due to the velocity. If a body of mass
m attains a velocity v from rest subject to a force P and moves a distance say
x, then the kinetic energy of the body is given by (1/2)mv*.

Strain energy: The strain energy of a body is the energy stored when the body
is deformed. If an elastic body of stiffness k is extended a distance x by a force
P, then the strain energy is given by (1/2)kx”.

Lagrangian: The Lagrangian or Lagrangian function is defined as the differ-
ence between the kinetic energy and the potential energy of a system.

Other terms related to vibration will be discussed in the places where it
will be first used.

1.1.5 Basic Vibration Model

Basic vibration model of a simple oscillatory system consists of a mass m, a
massless spring with stiffness k, and a damper with damping c.

The spring supporting the mass is assumed to be of negligible mass. Its
force (F)—deflection (x) relationship is considered to be linear and so follow-
ing the Hooke’s law, we have

F=kx 1.1)

The viscous damping, generally represented by a dashpot, is described by a
force (f) proportional to the velocity. So, we have

f=ci 1.2)
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1.2 One Degree of Freedom Systems

In this case, only one coordinate is required to define the configuration of the
system and so we have 1 DOF system. Figure 1.1 shows a simple undamped
spring mass system, which is assumed to move only along the vertical
direction. Corresponding free-body diagram is shown in Figure 1.2. The
system in Figure 1.1 has 1 DOF because a single coordinate x describes
its motion. When this system is placed in motion, oscillation will take place
at its natural frequency, f,, which is a property of the system. The deform-
ation of the spring in the static equilibrium position is 6 and the spring
force k& (where k is stiffness of the spring) is equal to the gravitational force
w acting on mass m. So, we can write

k6 =w (1.3)
By measuring the displacement x from the static equilibrium position, the
forces acting on m are k(8 +x) and w. Here, x is chosen to be positive in
the downward direction. So, all quantities, viz., force, velocity, and acceler-

ation, will also be positive in the downward direction. We now apply
Newton’s second law of motion to the mass, and accordingly, we have

mi = F=w—k@®+x) (1.4)

where ¥ = dx/d#*. From Equations 1.3 and 1.4, we will have

mx = —kx (1.5)
Unstretched
position
________________ ko k(8 +x) Static equilibrium
6 position
| m | o | m | IS T E

b 1

w *» i

FIGURE 1.1

Undamped 1 DOF system (physical model).
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—> X

kx <——
FIGURE 1.2 . m
Undamped 1 DOF system (free-body diagram). "% <———

which shows that the resultant force on m is simply the spring force due to
the displacement x. We will now write the standard form of the equation of
motion for the above 1 DOF system from Equation 1.5 as

mx +kx =0 (1.6)
By defining the circular frequency w, by the equation
W2 = k/m (1.7)
Equation 1.6 may be written as
¥+alix=0 (1.8)

Vibratory motion represented by Equation 1.8 is called a harmonic motion.
It is to be noted here that if there is a viscous damping (Equation 1.2) along
with a force P, we can write the equation of motion of damped 1 DOF system
as in Equation 1.6 by

mx +cx +kx=P (1.9)

The solution and other details regarding the 1 DOF systems will be discussed
in Chapter 2.

Now we will discuss some simple problems of vibration such as simple
pendulum, metal thin strip with a mass at one end, torsion of a rod having a
pulley at one end, and an electric circuit, considering these as 1 DOF systems.

1.2.1 Simple Pendulum

Let us consider a simple pendulum as shown in Figure 1.3 where [ is the length
of the string and m is the mass of the bob of the pendulum. If O is the mean
position of the pendulum, then restoring force will be given by mg sin 8, where
acceleration due to gravity is denoted by g and 6 is the angular displacement.
The corresponding equation of circular path, i.e., S is written as

S=1o (1.10)

If S is increasing along OP (Figure 1.3), then the equation of motion may be
written as
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A _Fixed point

mgcosé  FIGURE 1.3
Simple pendulum.

d2
md—tfz —mg sin (1.11)

Considering Equation 1.10 in Equation 1.11 and approximating sin 6 by 6 for
linear vibration, the equation of motion for a simple pendulum may be
written as

d’0

E+w§¢9:0 (1.12)

where w? = ¢/l is the natural frequency of simple pendulum.

1.2.2  Metal Thin Strip with a Mass at One End

Let us now consider the case of a mass m at the end of a massless thin metal
strip of length I and flexural rigidity EI clamped at the other end as shown in
Figure 1.4a. Here, E and I are, respectively, Young’s modulus and polar
moment of inertia of the cross section. Suppose the mass m is displaced to
a distance x from its equilibrium position by a steady force. We have to first
find the force acting on m due to the elasticity of the metal strip. The force
acting on m must be equal and opposite to a steady force F, which would
maintain a steady deflection x when applied transversely at the end of the
strip as shown in Figure 1.4b. This restoring force F is proportional to
displacement x and we will have the equation

F= (%)x (1.13)

Now, by Newton'’s second law, we may write

d?x
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= ]
m

=T~ Mean position

x «Deflection

T F, Restoring force
(b)

FIGURE 1.4
Metal thin strip with a mass m at one end.

Combining Equations 1.13 and 1.14, the equation of motion may now be
written as

2
% +wlx =0 (1.15)

where w? = 3EI/(ml®) is the natural frequency of the 1 DOF system.

1.2.3 Torsion of a Rod Having a Pulley at One End

Here, we assume that a pulley of moment of inertia I is attached at the end
of a rod of length [ and torsional rigidity GJ, with the other end fixed, where
G and | are, respectively, the modulus of rigidity and the polar moment
of inertia of the cross section of the rod. The vibratory system is shown in
Figure 1.5. The system exhibits a rotational oscillation when disturbed. So, a
torque known as restoring torque will be created. We first consider
the steady torque T that would maintain a steady angular deflection 6 of
the pulley. The restoring torque T in this case is proportional to the rate
of angle of twist 6 per unit length of the rod (i.e., T  6/]) and so we may have

0
T= G]T (1.16)
Again, for rotation we may write

7= (1.17)
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ya
GJ
¥
G/ FIGURE 1.5
Torsion of a rod having a pulley at
one end.

Combining Equations 1.16 and 1.17, the equation of motion for torsional
vibrations of the system is given by

d%6
@erﬁo =0 (1.18)

where w? = GJ/(II) is the natural frequency of the above 1 DOF system.

1.2.4 Electric Circuit Having Current, Capacitance, Inductance,
and Voltage

The circuit as shown in Figure 1.6 consists of a condenser of capacitance C,
discharging through an inductance L. Here, we neglect the electrical resis-
tance of the circuit. At any time, let v be the voltage across the condenser,
i the current, and g the charge, then we have

dg

-3 (1.19)

i:

6656666556 FIGURE 1.6

L Electric circuit without resistance.
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Faraday’s law of induction gives

di
v= L$ (1.20)
Moreover, charge q may be written as
g=~Co (1.21)

Combining Equations 1.19 through 1.21 leads to the following equation
of motion for the present system:
dq,

where w? = 1/(LC) is the natural frequency of the above 1 DOF system.

1.3 Two Degree of Freedom Systems

In the previous sections, only one coordinate was required to designate the
system for a single mass attached to single spring as in Figure 1.1. In this
section, we will consider systems where two masses are connected with
two springs in series as depicted in Figure 1.7. Here, a mass m; is connected
with a weightless spring of stiffness k; and a mass m, with a weightless

m
FIGURE 1.7

2 DOF system (displacement in vertical direction).
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X1 %y
ky ky
my —/\/\/\/\— My

QO [ONO]

FIGURE 1.8
2 DOF system (displacement in horizontal direction).

spring of stiffness k,. Two coordinates are needed to specify the configuration
of the system and we come up with 2 DOFs.

1.3.1 Equation of Motion for Two Degree of Freedom System

For free vibration of systems with the 2 DOF, we may consider either
Figure 1.7 or the system shown in Figure 1.8 where two masses m; and m;,
can slide without friction along a horizontal axis. The masses are connected
by springs of stiffness k; and k, as shown. Either of the two systems is again
depicted in Figure 1.9 where a free-body diagram with forces acting on
masses 1y and m, are given. From Figure 1.9, we can write the equation of
motion for a 2 DOF system without damping as

1’}115&1 + k1X1 = kz(xz — xl) (123)
MoXy + kz(JCz — xl) =0 (1.24)

Equations 1.23 and 1.24 can now be written in matrix form as
mp 0 X1 ki+k —k x| 0
KA 1 e el ) S FY S

1.3.2 Example of Two Degree of Freedom System
(with Damping and Force)

Consider a two-storey shear building idealized as a discrete system. If the
floor girders are assumed to be rigid and the axial deformation of the
columns is neglected, then this system will have 2 DOF, one degree of
translation per floor, as shown in Figure 1.10.

k%, <« <
—
" ko (%0 — 1) e
= < FIGURE 1.9
myxy mMyXy

Free-body diagram for 2 DOF system.
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Py(t) —> ‘m2 — x(8)

ky
my
P1(¢)% — xl(t)
ky
FIGURE 1.10
Two-storey shear building. ST777 7777

Let the lumped masses at the first and second storey be m; and m,. If the
lateral stiffnesses of the first and second storey are k; and k, and the corre-
sponding viscous damping coefficients are c; and c,, then this physical
system can be represented by the mechanical system shown in Figure 1.11.
The corresponding two equations of motion, one for each mass, can be
written. These two equations may be expressed in matrix form as follows:

[M]{x} + [Cl{x} + [K]{x} = {P} (1.26)
where

P} = {11;1 }, the force vector
{x} = {x 1 }, the displacement vector

X2
M] = {ml 0 }, the mass matrix

0 niy
[C] = {Cl_tZCZ ;2}, the damping matrix
[K] = kit ke _kﬂ, the stiffness matrix

—ky ko

In the governing equation, the mass matrix is diagonal because of the
lumped mass idealization adopted. The stiffness and damping matrices are
symmetrical with positive diagonal terms and with the largest term being in

‘@ H x,(8) "

|_> x(0)

I my c my
1 1
N mil
Py(8) Py(#)

FIGURE 1.11
Mechanical system corresponding to the two-storey shear building.
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the diagonal. Methods of solution and other details will be included in the
subsequent chapters.

1.3.3 Coordinate Coupling

The differential equation of motion for discrete systems is, in general,
coupled, in that all coordinates appear in each equation. For a 2 DOF system,
in the most general case, the two equations for the undamped system have
the form

my1X1 + mypXo + k11x1 +kipxo =0 (1.27)

mp1X1 + MpXs + ka1x1 + kopxo =0 (1.28)

These equations can be expressed in matrix form as

my M| fX ki ki | fx 0
{mﬂ mzz} {xz} * [k21 kzz] {xz} B {0} (1.29)
which immediately reveals the type of coupling present. Mass or dynamical
coupling exists if the mass matrix is non-diagonal, whereas stiffness or static
coupling exists if the stiffness matrix is non-diagonal.

It is possible to find a coordinate system that has neither form of coupling.
The two equations are then decoupled and each equation can be solved
independently of the other (as described in Chapter 2 for 1 DOF system).
Such coordinates are called principal coordinates (also called normal coord-
inates). Although it is always possible to decouple the equations of motion
for the undamped system, this is not always the case for a damped system.

The following matrix equation has zero dynamic and static coupling, but
the damping matrix couples the coordinates.

my 0 | [ 1 | ki 0 | [x 0
.o+ s = 1.30
If in the foregoing equation cq, =c; =0, then the damping is said to be

proportional (to the stiffness or mass matrix), and the system equations
become uncoupled.

1.4 Multi-Degree of Freedom Systems

In the previous section, we have discussed the systems with 2 DOF. Systems
with more than 2 DOFs may be studied in a similar fashion. Although the
difficulty increases with the number of equations that govern the system,
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FIGURE 1.12
n DOF system (displacement in vertical direction).

in this case we may understand that the system is having several or MDOF.
If the MDOF system is having n DOF, then it will have n independent
coordinates designating the structural system as shown in Figure 1.12. In
Figure 1.12, a series of masses m;, m,,..., m, are connected in series by
massless springs with stiffnesses ki, ks, ..., k;,.

1.4.1 Equation of Motion for Multi-Degree of Freedom System

As in 2 DOF system, n DOF system is depicted in Figure 1.13 where n masses
can slide without friction along a horizontal axis. The corresponding free-
body diagram is given in Figure 1.14. Thus, we can write the equations

FIGURE 1.13
n DOF system (displacement in horizontal direction).
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X2
m
””19‘1 m2x2 2 my,_ lxn 1

FIGURE 1.14
Free-body diagram for #n DOF system (undamped).

of motion for n DOF system with no damping and no force as the following
n equations:

kixg —ko(xo — x1) +mixy =0
ka(xo — x1) — ka(xz — x2) + mo¥p =0

k3(x3 — xp) — ka(xg — x3) + m3¥3 =0

kn—l(xn 1— Xn— 2) k (xn xn—l) + mn—lj&n—l =0

kn(xn — x4-1) +muXx, =0

The above n equations designating the n DOF system may be written in
matrix form as

[M]{x} + [K]{x} = {0} (1.31)
where
(my 0 0
0 my O 0
M] = ...
oo ... 0 my—1 O
L0 ... . 0 My
(ki +ka  —ko 0 0 7
—ky kot ks —ks .. 0
K] = ... ... ...
0 ... —kn1 kpat+ ke —ky
| 0 . —ky k, |
5&1 X1 0
X2 X2 0
{xl =  Axt = and {0} =
Xn-1 Xn-1 0
Xn X 0
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1.4.2 Equation of Motion for Multi-Degree of Freedom System
with Damping and Force

We may now refer to the free-body diagram in Figure 1.15 for the mass m;
of a MDOF system with damping and force. The corresponding equation
of motion in matrix form is written as

MI{x} + [CHx} + [KNx} = {P} (1.32)

where the mass matrix [M] and stiffness matrix [K] are defined earlier
whereas the damping matrix [C] is written as

(c1+c =0 0 . 0
—C cp+c3  —c3 .. 0
[C]=
0 ... —Cp-1 Cp-1+Cp —Cy
0 e —Cy Cn

and

X1
X2

Xn—1
Xn

For a system with n DOF, the governing equation of motion, viz., Equation
1.32, consists of matrices of size n x n representing n coupled simultaneous
second-order differential equations. The solution is obtained through a step-
by-step integration procedure with certain assumptions about the variation
of acceleration, velocity, and displacement over the selected time step. How-
ever, in case of the linear system, a more convenient and elegant method to

>P;
> X;
FIGURE 1.15 k; (=) < [ K (i)
Free-body diagram for n DOF system .. ! . .
T R e — ——> C, Y
(damped and forced). Ci (= %;1) Civ1 (=)
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solve this set of equations is through modal analysis, where the solution is
obtained as the superposition of the contribution from different modes of
vibrations. This method will be elaborated in later chapters.

1.5 Continuous Systems

Till now, we described the discrete systems, which are defined by finite
number of DOFs and the corresponding differential equation is ordinary.
But in the structural or mechanical systems such as strings, beams, rods,
membranes, plates, and shells, elasticity and mass are considered to be
distributed and hence these are called distributed or continuous systems.
The continuous systems are designated by infinite number of DOFs.
Displacement of continuous systems is described by a continuous function
of position and time and consequently will be governed by partial differen-
tial equations (PDEs). In the following sections, we will address the vibration
equation of simple continuous systems, viz., string, rod, beam, and mem-
brane. Other complex continuous systems such as plates, which are the main
topic of this book, will be described in detail in the subsequent chapters.

1.5.1 Transverse Vibration of a String

Consider a uniform elastic string stretched tightly between two fixed points

O and A (Figure 1.16a) under tension T. Taking O as origin, OA as the axis of

X and a line OY perpendicular to OX as the axis of Y, let y(x, t) denote the

transverse displacement of any point of string at distance x from O at time .
To study the motion, the following assumptions are made:

1. Entire motion takes place in the XY-plane, i.e., each particle of the
string moves in a direction perpendicular to X-axis.

2. String is perfectly flexible and offers no resistance to bending.

3. Tension in the string is large enough so that the weight of the string
can be neglected.

4. Transverse displacement y and the slope dy/0x are small so that their
squares and higher powers can be considered negligible.

Now, let m be the mass per unit length of the string and consider a differential

element PQ (= ds) at a distance x from O. Then ds = 1/1 + (3y/dx)* ~ dx.

The equation of motion for this element would be (from Figure 1.16b)

2

(m dx) 0

2= T, sinf — T sina (along the vertical direction) (1.33)
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FIGURE 1.16

Transverse vibration of string.

0 =T, cos B — T1 cos a (along the horizontal direction)
Equation 1.34 may be written as
TocosB=Ticosa =T
From Equations 1.33 and 1.35, we will arrive at

2
dex % =tanf — tana«

().
Ox x-+dx Ox X

(1.34)

(1.35)

Expanding the first term in the above equation by Taylor’s series, the equa-

tion of motion for vibration of string may be written as

Py_ 0y
ot? Ox?

(1.36)
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where ¢ = L The above equation of motion is also called the one-dimensional
wave equation.

1.5.2 Longitudinal Vibration of a Rod

Here, we study the longitudinal vibrations of a rod as shown in Figure 1.17
where the following assumptions are made for deriving the equation of
motion:

1. The rod is thin and has a uniform cross section (R).

2. During vibration, a plane section of the rod normal to its axis
remains plane and normal to the axis.

3. Each particle on a section undergoes axial displacement only.

4. A section of the rod can be specified by its x-coordinate only, where
x denotes the distance of the section from the origin O (Figure 1.17).

Figure 1.17 also shows the free-body diagram of a differential element
of this rod of length dx. The equilibrium position of the element is denoted
by x and deformed position is u. So, if u is displacement at x, the displace-
ment at x +dx will be u + %dx. Let p, E, and o be, respectively, the mass
density of the material of the rod, the Young’s modulus, and stress. Then,

applying Newton’s second law to the differential element gives

do &u
Y
r-5+(8s/ax)dx
of--2 — ) >
— X
< ¥ —>edy /\ u + (du/ox)dx
&

u —>

fi 1]

dx + (du/ox)dx

FIGURE 1.17
Displacement of element of the rod.
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For elastic deformations, Hooke’s law gives the modulus of elasticity E as the
ratio of the unit stress to unit strain and so we get

o=E5 (1.38)

Combining Equations 1.37 and 1.38 leads to

o%u 0%u
a2 Por (1.39)

Finally, the equation of motion for the rod may be written from
Equation 1.39 as

o*u 0*u

where ¢* = E/p, which is called the velocity of propagation of the displacement.

1.5.3 Transverse Vibration of an Elastic Beam

Let us consider an elastic beam of modulus of rigidity EI, density p, and
cross-section area A as shown in Figure 1.18. Here, E is the modulus of
elasticity of the beam material and [ is the moment of inertia of the beam
about the axis of bending. Let g be the external normal force per unit length
and Q and M be the shear force and bending moment at a distance x from the

1
LI} o=

d M + (0M/ox)dx
(f % >

+(0Q/9x)dx

S
/\

FIGURE 1.18
Transverse vibration of beam.
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origin O as shown. Considering the forces acting downwards, we get the
equation of motion as

&y
or

9Q

pA dx—= Q—l—adx—Q—l-qu (1.41)

We also have the relations for the shear force and bending moment,
respectively, as

Q= % (1.42)
and
M = —EI % (1.43)
Using Equations 1.41 and 1.42, we write
8ydx—£dx+qu (1.44)

Now, substituting M from Equation 1.43 in Equation 1.44, the equation of
motion may be obtained in this case as

84y

Py
T =q (1.45)
If there is no external load, then putting 4 =0 in Equation 1.45, the equation
of motion for free vibration of elastic beam is written as

oty 1
a2

_3/
5ot =0 (1.46)

EI
where a2 = —.
pA

1.5.4 Vibration of Membrane

A membrane is a perfectly flexible infinitely thin lemna of uniform tension. It
is further assumed that fluctuations in the tension of the membranes due
to small deflections during vibrations can be neglected. Suppose the plane of
the membrane coincides with the XY-plane as shown in Figure 1.19, we will
consider forces acting on the elementary membrane AxAy. Before proceeding
further, the following assumptions are made:
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Ay

Ax B X

FIGURE 1.19
Elementary membrane in the XY-plane.

1. Displacement z of any point of the membrane is perpendicular to the
plane of the lemna during vibration.

2. Tension on the membrane is uniform, and therefore, we let the
tension per unit length along the boundary OB, BC, CA, and AO of
the membrane be P.

3. Let m be the mass of the membrane per unit area so that the mass of
the elementary portion of the membrane is mAxAy.

4. As we are assuming that the displacements are perpendicular to the
XY-plane during vibrations, we also assume that there is no sideway
motion.

By referring to Figure 1.20, the horizontal component of tensions gives
Ty cos iy = Tq cos iy = PAy (1.47)
where Tj and T; are the tensions acting on the edges OA and BC, respectively.
As the displacements are assumed to be small, by taking cos ¢y =cos ¢, =1
in Equation 1.47, we obtain

T, = Ty = PAy (1.48)

Next, considering vertical components (downward) of tension for the faces
OA and BC due to motion, one may arrive at the expression

V, ~ T; sings, — Tosin g, (1.49)
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T

Ty

FIGURE 1.20
Tension Tj and T acting on the edges OA and BC of the membrane.

We have already assumed that cos iy = cos ¢; =1 for small displacement, so
we may write sin ¢; =tan ¢; and sin p=tan . Substituting these in
Equation 1.49 along with the values of Ty and T; from Equation 1.48, the
expression for V; turns out to be

0z 0z

Rewriting Equation 1.50 by expanding (%), and considering the first two
terms of the expansion, we will arrive at the following expression for vertical
component V; for the faces OA and BC

0%z

Vi = PAxAy@ (1.51)

Similarly, considering the vertical component of tension for the faces OB
and AC, the expression may be written as

Vi~ PAxAngyi (1.52)

From Equations 1.51 and 1.52, we may now write the equation of motion for
vibration of membrane as

0z Pz 0z
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Finally, the equation of motion in standard form becomes

0z (02 Oz

where ¢ =P/m.
Equation 1.54 can also be expressed as

2
V2 = % (1.55)
where
» P
2 _ - -
- 52 "o (1.56)

is known as the two-dimensional Laplacian operator. The derived equation
as above is in Cartesian coordinate in XY-plane. Similarly, the equation of
motion for vibration of a circular membrane in polar coordinates may be
derived. The following is the final equation that may be obtained for circular
membrane with radius r.

Pz 10z 18z mdz

gz, tZ 02 _ Moz 1.57
8r2+r8r+r2602 P ot (1.57)

1.6 Initial and Boundary Conditions

We should now understand that for most part, discrete and continuous
systems represent different mathematical models of the same physical sys-
tem. It has already been mentioned that motion of discrete system is gov-
erned by only time variable, whereas continuous systems are governed by
variables that depend not only on time but also on the space coordinates.
Accordingly, PDE is needed to describe the continuous system model and, on
the other hand, ODES describe the discrete systems.

As such, owing to the solution of the ODE in the discrete case, only initial
conditions, viz., the conditions of the dependent variable and possibly its
derivatives at a single point (time), are prescribed and the problem solution
of the ODE with the initial conditions is known as the initial value problem.
Initial value problems are generally time-dependent problems in which
the initial values (i.e., values at time f =0) of the dependent variable and its
time derivatives are specified. On the other hand, for continuous system
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governed by PDE, we need the value of the dependent variable and possibly
their derivatives at more than one point or on the boundary. These problems
are referred to as boundary value problems. For example, a bar in vibration
may have three types of boundary conditions, viz., clamped, simply sup-
ported, and free. We will define here what the conditions for these boundary
conditions are:

Clamped boundary condition: In this case, both the displacement and slope
are considered to be zero.

Simply supported boundary condition: Here the displacement and bending
moment must be zero.

Free boundary condition: In this boundary condition, the bending moment
and shear force must be zero.

The details of these conditions in the solution of the vibration problems
will be discussed in the subsequent chapters.

It is worth mentioning that 1 DOF behavior of the system may sometimes
correspond very closely to the real situation, but often it is merely an assump-
tion based on the consideration that only a single vibration pattern is devel-
oped. But in certain circumstances, a 1 DOF system may be good enough for
practical purposes. For continuous systems, the success of this procedure does
depend on assumed modes method, which depends on certain assumptions
and on the appropriate choice of a shape or trial function, which in particular
depends on the physical characteristics of the system. The selected shape
functions should also satisfy specified boundary conditions of the problem.
Thus, we encountered two classes of boundary condition: essential or geomet-
ric boundary conditions and natural or force (or dynamic) boundary condi-
tion. Now, we will define these two classes of boundary conditions.

Essential or geometric boundary condition: These boundary conditions are
demanded by the geometry of the body. This is a specified condition placed
on displacements or slopes on the boundary of a physical body. Essential
boundary conditions are also known as Dirichlet boundary conditions.

Natural or force (or dynamic) boundary condition: These boundary conditions
are demanded by the condition of shearing force and bending moment bal-
ance. Accordingly, this is a condition on bending moment and shear. Natural
boundary conditions are also known as Neumann boundary conditions.

The above classification of boundary conditions has great implications in
the analysis and solution of boundary value problems, particularly in con-
tinuous systems such as plates, by approximate methods. The boundary
conditions for a given end-point can be of any type and of any combination.
It may be seen that for a clamped end, there are only geometric boundary
conditions and for a free end, there are only natural boundary conditions. But
for a simply supported end, there is one geometric boundary condition and
one natural boundary condition. However, the following three possible
combinations of boundary conditions exist for any problem:
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1. All are of essential type.

2. All are of natural type.

3. Some of them are of natural type and the remaining are of essential
type.

Problems in which all the boundary conditions are of essential type are
called Dirichlet problems (or boundary value problem of the first kind) and
those in which all the boundary conditions are of natural type are called
Neumann problems (or boundary value problem of the second kind).
Another type of problem known as mixed type (or boundary value problem
of the third kind) consists of those in which both essential and natural
boundary conditions are satisfied. Examples of the three kinds of boundary
value problems may again be given, respectively, by a beam clamped at both
ends, a beam that is free at both ends, and a cantilever beam, i.e., having one
end clamped and one end free.

For higher-order differential equations governing the equation of motion
of vibration, such as plates (having fourth-order differential equation), the
essential and natural boundary conditions may be specified accordingly.
As mentioned, the details regarding plates will be discussed in later chapters.
In general, let us consider that Lu =fis a differential equation where L is the
differential operator and u is the dependent variable. Suppose the differential
equation is of order 2#, then the essential boundary conditions are associated
with the conditions of the given function and its derivatives of orders at
most n —1:

! " -1
u:hg,u :hl,u :hz,...,u" :I’ln,l

where superscripts denote various order derivatives.
The natural boundary conditions consist of derivatives of orders higher
than n -1, viz.,

no__ n+1l __ 2n—1 __
u *gn/ u *gl’H»l/"'/ u *anfl

1.7 Equation of Motion through Application
of Energy Method

Equation of motion of vibrating systems can sometimes be advantageously
obtained by using the law of conservation of energy provided that damping
is negligible. This section includes some of the vibration systems whose
equation of motion are derived by the application of energy method.
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1.7.1 Massless Spring Carrying a Mass m

Let us consider a mass m, which is attached to a massless spring with
stiffness k as shown in Figure 1.21. Let the position of equilibrium be O and
x be the extension for the motion. Then, the potential energy V of the system
may be written as

V= ka dx = %kﬁ (1.58)
0

and the kinetic energy T of the system becomes

T = - m# (1.59)

By the principle of conservation of energy, sum of the kinetic and potential
energies remains constant, and therefore, from Equations 1.58 and 1.59, one
may obtain

2

1 1
Ekx2 + =mx” = constant (1.60)

2

Differentiating Equation 1.60 with respect to ¢, it becomes

¢}
|
|
k i
|
; O O
777777
! |
' |
kye— i& X —> —> Direction of motion
' |
! I
|
: :
: ! O 0
7t 77
| |
! I
: :
¢} o'

FIGURE 1.21
Motion of massless spring carrying a mass .
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mx+kx=0 (1.61)

which is the same equation as given in Equation 1.6. We define again the
circular frequency w, by the following relation:

w> =k/m (1.62)

and then Equation 1.61 may be written as
¥+awlx=0 (1.63)
which is the standard form of the equation of motion as obtained in Equation

1.8. Thus, the same vibration model (equation) may be obtained by energy
consideration.

1.7.2  Simple Pendulum

We may refer to Figure 1.22, in which m is the mass of the bob of the
pendulum, [ is the length of the string, and 6 is the angular displacement.
Then, potential energy V is written in this case as

V = mg(AB)
= mg(OA — OB)

Then, writing the above in terms of / and 6, we have the potential energy as
V = mgl(1 — cos 6) (1.64)

The kinetic energy T of the system may be written as

T:%m(xug‘ﬁ) (1.65)

FIGURE 1.22
Motion of simple pendulum.
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Writing Equation 1.65 in terms of / and 6 and from Figure 1.22, we have the
kinetic energy as

T = %ml20'2 (1.66)
where x = Isinf,x = lcosOé,y =lcosf,y = —Isin 66.

The equation of motion may be obtained by the principle of conservation
of energy, i.e., T+ V = constant. Accordingly, we get

1 .
Emlzﬁz + mgl(1 — cos 6) = constant (1.67)

Differentiating Equation 1.67 with respect to ¢, the final equation of motion
for the simple pendulum is written as

d%o
T w20 =0 (1.67a)

where w?=g/I is the natural frequency of simple pendulum. Thus, we
obtain the same equation of motion as derived in Equation 1.12.

1.7.3 Spring of Mass m; Carrying a Mass m

Let us consider a spring of length I, stiffness k, and mass m,, which carries a
mass m as shown in Figure 1.23. Potential energy V in this case is written as

Mean position

FIGURE 1.23
Motion of spring of mass m; carrying a mass 1.
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v
V= Jky dy = %ky2 (1.68)
0

Here, the total kinetic energy T is the addition of kinetic energy of mass
m (say, T,) and kinetic energy of spring of mass m; (say, Ts). The kinetic
energy due to mass m is given by

Ty = %myz (1.69)

We can also write the mass of an element du of the spring as %= du. Accord-
ingly, kinetic energy of the element du of spring becomes

e 1 mg %
Ts_z(l du)(l> (1.70)
Also, the kinetic energy for the spring turns out to be

1
T, = JTg = %msf (1.71)
0

Combining Equations 1.69 and 1.71, we may have the total kinetic
energy T as

1 1 o
T = 5 (m +§ms>y (1.72)

Using the principle of conservation of energy, i.e., using T+ V =constant,
and then differentiating with respect to t, the equation of motion is finally
written as

2

d
d—g oty =0 (1.73)
where
k
S S 1.74
(o ) (’

which is the natural frequency of the system. It is worth mentioning that if
the mass of the spring is negligible, i.e., if ms=0, then the natural frequency
from Equation 1.74 turns out to be w,”=k/m as was obtained in Equation
1.62 for a massless spring.
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Xy X; X
\ l WW
1 n
ki+1 kn kn+1
7

FIGURE 1.24
n DOF system.

In the following sections, only the expressions for potential and kinetic
energies for vibration of MDOF system, string, and membranes will be
provided for the sake of completeness for the benefit of serious stu-
dents/researchers. They may derive the equation of motion in these cases
from the expressions of the energies.

1.7.4 Multi-Degree of Freedom System

Figure 1.24 depicts n DOF system with n masses my, m,,..., m, without
friction, which can slide along a horizontal axis. Here, ky, ks, ..., k, are the
stiffnesses of the springs connected as shown. Then, the potential energy V
and the kinetic energy T can, respectively, be written as

1
V= 2 [kx] + ka(xz — 1)+ k(o — Xu1)? + k13 ] (1.75)

1 . . .
T=3 [my %5 4+ mpi3 + -+ + myis | (1.76)

n

1.7.5 Vibration of String

If S and m denote the tensile force and mass per unit length of the string, then
the potential energy V and the kinetic energy T for vibration of string are,

respectively, given as
S l dy\?
_° Yy
V= 5 J (dx) dx (1.77)
0

1
T = % J(}'/)zdx (1.78)
0

1.7.6 Vibration of Membrane

We may write the potential energy V and the kinetic energy T in this case,
respectively, as
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S ou\?> [ou\?
T = % “(u)zdx dy (1.80)

where
S is the tensile force
m is the mass per unit area
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Methods of Analysis for Vibration Problems

In Chapter 1, we derived the equation of motion for a variety of vibration
problems. It has been seen that mathematical modeling of vibrating systems
leads to ordinary and partial differential equations (PDEs). Moreover, it is
also clear that the one-degree-of-freedom (1 DOF) systems are governed by
ordinary differential equations (ODEs), the multi-degree-of-freedom (MDOF)
system leads to a system of ODEs, and the continuous systems are prescribed
by PDEs. Overall complex behavior of a vibrating system may be described
by the corresponding simplified mathematical model of the system. The
governing equations of motion of the vibrating systems may be exactly
solved for simple cases only. With the advent of fast computers and numer-
ical algorithms, there is a tremendous amount of rise in using approximate
and numerical methods. Methods like finite element methods, boundary
integral equation methods, finite difference methods, and the method of
weighted residuals have made it possible to handle a variety of vibration
problems. In the following sections, few methods of solution for 1 DOF,
MDOF, and continuous vibrating systems are addressed for creating a base
to encounter the problem of vibration of plates.

2.1 Single Degree of Freedom System

Let us write the physical problem represented by the model shown in
Figure 2.1. In this model, the spring with stiffness k and the dashpot with
the viscous damping c (the energy-loss mechanisms of a structure) are con-
nected with a mass m. The displacement and the exciting force are denoted
by x(t) and P(t), respectively. The equation of motion of the system may be
written by the procedure discussed in Chapter 1 as

mi + ci + kx = P(t) 2.1)

With this model of 1 DOF system, we will now proceed with the solution of
various cases of the system.

33
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Spring with
stiffness k

- |

Damper with
damping C

\L Exciting force P(t)

Mass m

T

Displacement x(¢)

FIGURE 2.1
Single degree of freedom vibrating system.

2.1.1 Free Vibration without Damping

Let us consider that m and k are the mass and stiffness of the 1 DOF system.
The corresponding equation of motion without damping may be written as

mx+kx=0
Putting x = A cos wt + B sin wt, we get

—mw’x +kx =0

Then, the solution may be written as

x = A cos wt + B sin wt

which gives
X = —Aw sin wt + Bw cos wt
¥ = —Aw? cos wt — Bw? sin ot
= w’x

2.2)

(2.3)

(2.4)
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This w is called the undamped natural frequency and will be written as

(2.5)

For the following initial conditions of the above problem
x(0) =xp, (0) = o
the constants may be found as

x(0)=A=A=x
X = Xg cos w,t + B sin w,t

X = —Xow, Sin w,t + Bw, cos w,t

Plugging into the second initial condition x(0) = x, leads to

#(0) = B, = B =2

Wy

Thus, the final solution with the above initial conditions turns out to be

Xo .
X = Xg COS w,t + 20 sin w,t (2.6)
Wy

2.1.2  Free Vibration with Damping without Force

Equation of motion in this case may be written as

mx+cx+kx=0 (2.7)
where ¢ is the damping of the 1 DOF system.
Now, putting x = Aef (2.8)
we can get from Equation 2.7

mg* +cq+k=0 (2.9)
Solving Equation 2.9, value of g is written as

_ —cx\/(c? — dmk)
qg= > (2.10)
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_ —ﬁi [(z‘;n)z— (:1”1/2 2.11)
Now, the following cases will arise in this case:
Case (i)
If
2
(o) =
then the solution will be of the form

x = Arexp(q1t) + Az exp(gat) (2.12)

where g; and ¢, are given by Equation 2.11 (for 4+ and —)
Substituting the following initial conditions in Equation 2.12

x(0) = xo, x(0) = %o

constants A; and A, may be obtained as

_ (o — Xo40)

1= =) (2.13)
_ (o1 — %o)
= @ — ) (2.14)

Putting values of A; and A; from Equations 2.13 and 2.14 in Equation 2.12,
we get the required response for this case.

Case (ii)
If
c\2 k
(2m) <
The roots of Equation 2.11 are complex and can be written as
c | .[k c\2]"?
q_—%izb—(%)} (2.15)

and the corresponding solution may be written as

x = () [A1 sinwit + Az cos wit] (2.16)
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where

o Ga)
W =—— (=
"m \2m
Again, using initial conditions

x(0) = xo, x(0) = xo
the constant A, is obtained as
X0)=x=A; (2.17)
Consequently, putting Equation 1.17 in Equation 2.16, we get the value of A;

5(0 c
Al =— 2.1
! w1 + 2mwq o (2.18)

Plugging the values of A; and A, from Equations 2.18 and 2.17 in Equation
2.16, we have the response solution in this case. It is convenient to express the
damping C in terms of the critical damping C.=2mw,, where o, is
undamped natural frequency.

This is actually the case when the roots are equal in Equation 2.11. So from
Equation 2.11, we may write

Cc\?> k c
<2M> ST am T @ R Ce = 2oy

The damping ratio is then defined by

Therefore, Equation 2.15 reduces to

q=—wpd *ivg\/(1 -7 (2.19)

Now, three cases corresponding to { >1, { <1, and { =1 are obtained.
Case (a): When {>1

Both terms in Equation 2.19 will be real and this implies a steadily decaying
response with no oscillation (Figure 2.2). This is termed as overdamped
system (heavy damping) and the response is given as in Equation 2.12 of
Case (i).
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FIGURE 2.2
Response in 1 DOF system for B
{>1 t

Case (b): When ¢ <1

The square root term will be real, positive, and g in this case will be
complex with a negative real part. Thus, the response will oscillate (Figure
2.3) at a damped natural frequency,

wg = w0\ (1= 2% (2.20)

and will decay in amplitude with increasing time; this is called light damping
or underdamped system. The system oscillates, but it is not periodic because
the motion never repeats itself.

Using the initial conditions

x(0) = xo, x(0) = xo
we have response as

Xo + {wnXo s
g

x = e “nét |:JCO cos wyt + in w,t (2.21)

FIGURE 2.3
Response in 1 DOF system for < 1.
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FIGURE 2.4
ﬁ Response in 1 DOF system for
(=1

This is called transient solution (without force). The response is also written
by Equation 2.16 of Case (ii).

Case (c): When { =1 (critical damping)

Here, the system does not oscillate and it comes to rest in the shortest
period of time (Figure 2.4).

x = (A + Bt)e ¢! (2.22)

The corresponding response is as follows:
Putting initial conditions

x(0) = xo, x(0) = Xo
in Equation 2.22, we get

A =xy, B=(Xo+xownl)

Finally, substituting the values of A and B in Equation 2.22, the response in
this case becomes

x = [x0 + (%o + Xowu{)tle ¢! (2.23)

2.1.3 Forced Vibration in Single Degree of Freedom System

In this section, forcing functions, viz., harmonic distributing force with and
without damping, will be considered to have an idea of handling the forced
vibration problems in 1 DOF systems.

2.1.3.1 Harmonic Distributing Force (with Damping)

Let the external forcing function, i.e., the harmonic distributing force be of
the form



40 Vibration of Plates

P(t) = Py cos wt

where
Py is a constant
w/2m is the frequency of the distributing force

The equation of motion in this case is written as
mX + cx + kx = Py cos wt (2.24)

From the theory of differential equation, the solution will be written as the
summation of transient solution (called complimentary function, C.F.) and
the steady-state solution (called particular integral, P.I.)

C.F,, i.e, the transient solution is obtained earlier with right-hand side of
Equation 2.24 =0. So P.I. remains to be found, which becomes

Py cos(wt — @)

Pl =
[(k — mw?)* + 2w?] 12
where
cw
tan¢ = 70( )
and so

Py cos(wt — ¢)

[(k — ma2)? + 2a?] 2

/ k c
w4 = Wy (1_§2)/ wn:\/%r gzzmw

In the response expression of Equation 2.25, A; and A, may be determined
from the initial conditions.

X = e*%(Al sin wyt + Ap cos wat +

(2.25)

NOTE: Transient solution dies out because of damping, but the steady state
will soon be there.

Therefore, transient solution is significant in many practical cases.
Now, using initial conditions in Equation 2.25 as

x(0)=xo, *(0)=1xo
we get
Pycos ¢
[(k — mw?)* + 2a? 12

Az =Xp — and (226)
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A, :& c Pycos ¢

i 2o | e ey + o
Pywsin ¢
i/ (K2 — mw?) + 2w?

(2.27)

Putting A; and A, from Equations 2.27 and 2.26 in Equation 2.25, we may get
the response of the system.

2.1.3.2 Undamped System with Sinusoidal Force
Taking ¢ =0 in Equation 2.25, the undamped solution is written as

Py cos wt

X = A1 Sin(l)nt +A2 COS&)nt + m

(2.28)

Again, using the initial conditions
x(0) = xp, x(0) = xo
in Equation 2.28, we have the constants as follows:

_X e Po
Al—wn/ Ax =Xxp &~ ma?)

As before, substituting A; and A, in Equation 2.28, we obtain the response as

- 5(0 . PO PO cos wt
x = { sin w,t + (xo k= mw2)> cos wnt] + k= mw?) (2.29)

Wy
On the other hand, if we have the equation of motion as
mX + kx = Py sin wt
where the forcing function is Py sin wt, then the solution becomes

Py sin wt

T (2.30)

x = A sinwy,t + Ay cos w,t +

Using again the initial conditions in Equation 2.30 as

X(O) = Xo, X(O) = Xy
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the constants turn out to be

1 Poa)
A = — —_—— A =
1 o, <x0 k- mwz))' 2 = X0

Plugging in the constants A; and A, in Equation 2.30, we get the response as

Py sin wt

o) (2.31)

1 . Pow .
X = |— xo—ﬁ sin w,t| + xo cos w,t +

Wy, — mw?

2.2 Two Degree of Freedom System

Solution of 2 DOF system will be discussed in this section. For this, let us
consider a two-storey shear frame structure as shown in Figure 2.5, where the
system needs two coordinates, viz., x; and x,, to designate the motion as
shown in the figure. We will find the natural frequency and mode shapes for
this 2 DOF system subject to ambient vibration (i.e., without force). We
designate the height of each storey as /& and the elastic modulus as E. I,
and I, are the second moment of the cross-sectional area about the axis of
bending of beam and column, respectively. The flexural rigidities for beam
and column are shown in Figure 2.5. Beams and floors are considered to be
rigid. Only the lateral displacement x; and x, are considered with no axial
deformation, and masses of the first and second storey are supposed to be 2m
and m. Then, stiffness of the two lower columns will be given by

 12(2EL)

ki=k=""3

The total stiffness for the columns of the first storey is written as (because in
parallel)

m
X
I e k3 EI.| Kk
2m
X1
thIC K AN
FIGURE 2.5

Two-storey shear frame (2 DOF system).
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2(12 x 2EL)

Ki=k+k = 3 (2.32)
Similarly, for the second floor the total stiffness may be obtained as
2(12EL)
K = i (2.33)

Given (from Figure 2.5) m; =2m and my=m, the mass (M) and stiffnes (K)
matrices for this 2 DOF system may be written in the form

o |mp 0| 2 0
e 0] oaf2 9 o5
. ki +k 7k2- _24EIC 3 -1
K= { e BTl 1 (2.35)

The governing equation of motion from Equation 1.25 will become

2 0)fx 24EI. [ 3 —1](x 0
QORI B R R 4 S EY

The above equations are uncoupled and we will rewrite it as

Mi+Kx =0 (2.37)

We will solve the above free vibration equation for vibration characteristics,
viz., for frequency and mode shapes of the said structural system. Accord-
ingly, putting x = {¢}¢'“ in free vibration equation 2.37, we get

(K — Mo?){d} = {0} (2.38)
where w and {¢} denote the natural frequency and mode shapes of the

system, respectively. Substituting elements of M and K from Equations 2.34
and 2.35 in Equation 2.38, it will become

(% -5 e} {8} e

k = 24EI /W3 (2.40)

where

For nontrivial solution, the following determinant must be zero,

(3k — 2mw?) —k

s — ma) =° (2.41)
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Writing w” = A, we have the following equation called the charateristic equa-
tion as

Bk — 2mA)(k —mA) —k* =0 (2.42)
Solution of the above quadratic equation becomes

a2 k%
= W = —_—

= 24
5’ (2.43)

Thus, the natural frequencies of the above system may be obtained in

the form
| EI. | EI.
w1 = 3.464 PR wy = 6.928 i (2.44)

From Equation 2.39 after plugging in w = k/(2m), we have

Gk—k  —k é 1 [0
[ —k (k—%k)}{(bi}(l)_{O} @4)

After putting ¢, =1 in the above, one can obtain ¢; as 1/2 and then we may
find the first mode shape, which is called first mode as

{ ii }a): { 1{2 } (2.46)

Similarly, substituting w,”=2k/m and ¢, =1 in Equation 2.39, the second
mode shape or the second mode may be obtained as

tnt 1)

¢2 ) 1

Figure 2.6 depicts the mode shapes, viz., the first and second modes, geo-
metrically for clear understanding of the deflected shapes for these modes.
The response computation will be included after the understanding of the

solution methodology for MDOF system. Also, the discussion regarding the
damping and force will be undertaken in the section of MDOF system.

|
2.3 Multi-Degree of Freedom System
2.3.1 Reduction to an Eigenvalue Problem for General System (Conservative)

The equation of motion of a conservative system with n DOF may be written,
in matrix form, as follows:
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$a=1
_______ 7
/ /
/ /
/ /
/ /
/ /
/ /
/ /
/ /

/ /

/ /

/ /

/ /
7 -7 =172
! !
1 1
1 1
1 1
1 1
] 1
1 1
1 1
| |

First mode
“““ $n=1
""" Pro=-1
FIGURE 2.6
First and second modes of the 2 DOF
Second mode system.
[M]{x} + [K]{x} = {0} (2.47)

where
[M] is the mass or inertia matrix

[K] the stiffness matrix
{x} is the displacement vector
In general, [M] and [K] are symmetric matrices. Now, we define the inverse

dynamical matrix [W] by [W]= [M]7Y[K] and rewrite Equation 2.47 as fol-

lows (i.e., pre-multiply Equation 2.47 by [M] ):
{x} + [Wl{x} = {0} (2.48)
We search for oscillatory solutions of this equation of the form
= {A)e!™t (2.49)

{x} =
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where
{A} is a column matrix of 7 unknown amplitudes
w is a circular frequency to be determined

Putting Equation 2.49 in Equation 2.48, we get
—w*{A} + [w]{A} = {0} (2.50)
Let w”=A, then the above equation may be written as
([W] = AlIDiA} = {0} (2.51)

where [I] is the unit matrix of nth order. This equation represents a set of
linear homogeneous equations. For nontrivial solution, the determinant
of the coefficients of {A} must vanish. We, therefore, have

det([W] — A[T]) = 0 2.52)

which is the characteristic equation of the inverse dynamical matrix [W].

Let us assume that its n roots are distinct and that they have values
A1, Ag,..., Ay These roots are the eigenvalues of [W]. To each eigenvalue
corresponds a natural frequency of oscillation w; given by w;=(\)"? ;
normally will be real. The corresponding eigenvectors and modal columns
will be discussed next.

Eigenvectors and Modal Columns

From Equation 2.51, it may be seen that for each A;, there corresponds a
column vector {A}; or eigenvector of the matrix [W]. This must satisfy the
equation

[WHAY; =AA), i=1,2,...,n (2.53)

The eigenvectors {A}; are sometimes called modal columns, as each column
matrix {A}; corresponds to a particular mode, viz., the ith-mode of the
system.

2.3.2 Orthogonality of the Eigenvectors

From Equation 2.53, we may write
[WHA}; = AdA);
= [Kl{A}; = LilMRAY,; (2.54)
Similarly, for the jth mode, Equation 2.53 becomes

[KNAY; = M IMRAY; (2.55)
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Pre-multiplying Equations 2.54 by {A};" and 2.55 by {A};", we get
[ANTKIAY, = Ml A} IMIAY, (2.56)
(ARTKHAY = AA)] [MIAY, (257)
Now taking transpose on both sides of Equation 2.57, we obtain
{AY KA = AlA)] IM] {A); (2.58)

{because (AB)"=BTAT and K and M are symmetric = > K" =[K]}
Subtracting Equation 2.58 from Equation 2.56, we obtain

0= (Ai — AAY [M] {A);
Since we have assumed that the A’s are distinct, i.e., A; # A;, we must have
(AT [M] (A} =0 (2.59)

Therefore, putting Equation 2.59 on the right-hand side of Equation 2.56, we
arrive at

(AT [K]{A}; =0 for i # (2.60)

Equations 2.59 and 2.60 are “generalized”” or weighted orthogonality rela-
tionships satisfied by the eigenvectors of the inverse dynamical matrix [W].

The simple type of orthogonality, i.e., {A};" {A};=0 may also occur, but for
this [W] itself must be symmetric. In this connection, it is important to recall
that the product of two symmetric matrices need not be symmetric, that is
why while [M] and [K] are symmetric, [W] generally is not symmetric.

2.3.3 Modal Matrix

The modal matrix [A] is a partitioned matrix made up of the modal columns,
or eigenvectors, placed side by side such that

[A] = [{Ah{A}, - {A}] (2.61)
Hence, the set of Equations 2.53 may be written in the form
W] [[AW{AL - - -{A}L] = [M{AhAR{A), - Au{AL ] = [WIA] = [A][A] (2.62)

where [A] is a diagonal matrix made up of the eigenvalues A;.
(Note that [A] [A] does not produce the Equation 2.53, but [A] [A] does.)
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If the eigenvalues A; are distinct, then [A] may be shown to be nonsingular;
therefore, pre-multiplying Equation 2.62 by [A]"', we obtain

[A] = [A] ' [WI]IA] (2.63)

Therefore, the modal matrix [A], by the above operation, diagonalizes the
matrix [W].

We next discuss some further properties of the modal matrix, which
arise from the orthogonality of the eigenvectors and let us define a new
matrix [P] by

[(A)IMIA), (A MIA),
[P] = [A]'IM][A] = | (A IMIA), (A [MI(A),

[(A)TM](A), 0 . 0
= 0 (A),IMI(A), ... 0 (2.64)
.0 0 o (ARIMIA),

which in view of the orthogonality of the eigenvectors becomes
(ATIKIIA) =0 for i #
Accordingly, [P] is a diagonal matrix and is called the generalized mass

matrix.
In a similar fashion, we can show that

[S] = [AT'[K][A] (2.65)
is also diagonal and [S] is called the spectral matrix.

2.3.4 Relationship between [P], [S], and [A]

Equation 2.62 gives the relationship between [W], [A], and [A], where [A]
matrix is diagonal,

[WILA] = [A][A] (2.66]
Pre-multiplying the above by [M], we obtain

[M][W][A] = [M][A][A]
= [M]IM] ' [K][A] = [M][A][A] (since, [W] = M™'K)
= [K][A] = [M][A][A]



Methods of Analysis for Vibration Problems 49

Again pre-multiplying by [A]" yields
[AT[KI[A] = [A]" [MI[A]IA]
= [S] = [PI[A] (2.67)

Since [S], [P], [A] are all diagonal, Equation 2.67 represents a set of n equa-
tions of the type

2.3.5 Solution of the Dynamical Problem (Free Vibration)
The dynamical problem is expressed as (discussed previously)

[M]{x} + [K]{x} = {0} (2.69)
Once we have found the eigenvalues and eigenvectors of the inverse dynam-
ical matrix [W], we may certainly write [A] and [A] as above. We next

introduce a new set of coordinates {y} related to the coordinates {x} by the
transformation

{x} = [Ally} (2.70)

where y1, ¥, ..., Yy, are called normal or principal coordinates. Then, Equa-
tion 2.69 becomes

[MI[AL{y} + [K][Al{y} = {0} 2.71)
Pre-multiplying by [A]", we obtain
[AT'IMIIAN() + [AT'[KI[ATLy) = {0}
Utilizing the definitions of matrices [P] and [S] in the above, one may get
[Py} + [SHiy} = {0} (2.72)
and then by the relation (Equation 2.67), one obtains
[PI({is} + [AT{y}) = {0} (2.73)

Since [P] is not generally zero (the problem would then be a static one),
we have

{7} + Ay} = {0} (2.74)
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which is equivalent to the set of equations
j]i+)\iyi=0, i=1,2,...,n (2.75)

The whole object of the analysis, so far, was to separate the coordinates
(de-couple the equations), so that each of the resulting equations contains
only one coordinate. The procedure was aimed at finding the necessary
transformation operator, i.e.,, the modal matrix. Each normal coordinate
performs a simple harmonic oscillation. So, we have

yi = a;cos (wit) + bjsin(wit), i=1,2,...,n (2.76)

This may be expressed in the form

{y} = [Cl{a} + [DI{b} (2.77)
where
cos(w1t) 0 0
0 cos (wat) 0
[C] = . .
and
sin (w1t) 0 0
0 sin(wyt) 0
[D] = . . .

The final solution may be expressed in terms of the original coordinates {x}
by pre-multiplying Equation 2.77 by [A], i.e.,

[Ally} = [Al[Cl{a} + [AI[D]{b) (2.78)
= [A]IC

= {x} 1[Ca} + [AIID1{b}

—_—

where {a} and {b} are column vectors, which are to be determined by initial
conditions.

Suppose the initial displacements and velocities of the system are given by
{xo} and {vy} at t=0.

Therefore, Equation 2.78 at t =0 gives

{xo} = [Alfa} (2.79)

since [C(0)] =[I] and [D(0)] = [0] (because cos 0 =1 and sin 0 =0).
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Similarly, differentiating Equation 2.78, we obtain at t =0
(v0) = [Al[w]{b} (2.80)

where [w] is a diagonal matrix, the diagonal terms being w1, wy, ..., w,.
The vectors {a} and {b} are obtained from Equations 2.79 and 2.80 as

fa} = [A] " {xo)

and
{b} = [w] '[A] Moo}
Substituting the above vectors {a} and {b} in Equation 2.78, one can get
{x} = [AIICIIA] "{xo} + [A][D][w] '[A] {vo} (2.81)

which is the general form of the solution.

2.3.6 Classical Solution for Forced Vibration without Damping

Let us consider a system with n DOF acted upon by forces not derivable from
a potential. The matrix equation of motion is

[M]{x} + [K]{x} = {Q(B)} (2.82)

We suppose that the eigenvalues and eigenvectors of the homogeneous
system have already been found. Now, proceeding by transforming into
normal coordinates (i.e., {x} =[Al{y}),

IMJ[AN#} + [KI[A{y} = {Q} (2.83)
pre-multiplication of Equation 2.83 by [A]" yields
[AT'IMI[AL) + [AT' KAl = [AT'Q) (2.84)

Writing the above equation in terms of generalized mass and spectral
matrix gives

[Py} + [S)y} = [A]{Q) (2.85)
where
[P] is the generalized mass matrix

[S] is the spectral matrix

The column matrix [A]*{Q} is called the generalized force matrix and denoted
by {F}, so that

[Py} + [SHy} = {F} (2.86)
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Again pre-multiplying Equation 2.86 by [P] ', we obtain

i} + [P [SHy} = [P]1{F) (2.87)

Now, since [S]=[P][A] and [P] and [S] are diagonal matrices, we have
(i) + My} = [P11{F) (2.88)
which represents the following set of linear equations:
Uk +opye = (1/pw)Fe, k=1,2,...,n (2.89)

The above equations can be solved for y and again the original coordinate {x}
can be found from the transformed equation

{x} = [Ally}

2.3.7 Modal Damping in Forced Vibration

The equation of motion of n DOF system with viscous damping and arbitrary
excitation F(f) can be presented in matrix form as

[MI{x} + [CHx} + [K]{x} = {F} (2.90)

It is generally a set of n coupled equations. The classical method of solving
these equations in the absence of damping is to find the normal modes of
oscillations of the homogeneous equation

[M{x} + [K]{x} = {0}

and to determine the normal coordinates.
In this case again, introducing normal coordinates ({x} =[A]{y}) we have,
by pre-multiplying Equation 2.90 with [A]",

[AI'IMILAL) + [AT'ICIIAN) + [ATTIKI[Ally} = [A]"{F} (2.91)

Rewriting Equation 2.91 in terms of generalized mass and spectral matrix, we
obtain

[PI{i} + (AT [CIAL{) + [S){y) = [A]"{F) (2.92)

In general, [A]'[C][A] is not diagonal, whereas [P] and [S] are diagonal
and so the preceding equation is coupled by the damping matrix. If [C] is
proportional to [M] or [K], then [A]'[C][A] becomes diagonal, in which case
we can say that the system has proportional damping and Equation 2.92 is
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then completely uncoupled. Thus, instead of 1 coupled equations, we would
have n uncoupled equations similar to that in a 1 DOF system.

To solve Equation 2.92 for y;, we will write it, for example, for a 3 DOF
system as follows:

P, 0 07 (in G 0 0l(mn
0 P, 0 e+ |0 C 0 2
0 0 P 3 yg, 0 0 63 ]./3
S 0 07 (wm F
+10 S 0|y =<F (2.93)
0 0 S Y3 1_:3

where [A]"{F} = (F)}.
Thus, we get three uncoupled equations as

Pijji+Ciyi+ Swi=Fi, i=1,2,3 (2.94)

For i=1, 2, 3, the above differential equations can be solved as in 1 DOF
system and the final solution may be given by {x} =[AHy}.

2.3.8 Normal Mode Summation

The forced vibration equation for the n DOF system can be written as
discussed

[MI{x} 4 [CHx} + [Kl{x} = {F} (2.95)

and this can be solved by a digital computer.

However, for systems of large number of DOFs, the computation happens
to be costly. But it is possible to cut down the size of the computation by a
procedure known as the mode summation method. Essentially, the displace-
ment of the structure under forced excitation is approximated by the sum of a
limited number of normal modes of the system multiplied by normal coord-
inates. The procedure will now be discussed by an example.

Consider a 30-storey building with 30 DOF. The solution of its undamped
homogeneous equation will lead to 30 eigenvalues and 30 eigenvectors that
describe the normal modes of the system. If we know that the excitation of
the building centers around the lower frequencies, the higher modes will not
be excited and we would be justified in assuming the forced response to
be the superposition of only a few of the lower modes. Let us assume that
{A}1 (x)AA}2(x;), and {A}s(x;) are sufficient number of lower modes.

Then, the deflection under forced excitation can be written as

{x} = [Ally}
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which may be written in the form

xi = (AL (i){y1}(6) + {AL ({20 + {Als () ys ) () (2.96)

The position of all n floors in matrix notation may be expressed in terms of
the modal matrix [A], which is composed of only three modes

X1 (A)(x1)  (A)a(x1)  (A)s(x1)
X2 (A)(x2)  (A)a(x2)  (A)s(x2) n
. = . . : P (2.97)
Y3 3x1

o) on L@@ An@) s |,

The use of the limited modal matrix then reduces the system to that equal to
the number of modes used. For the present example of the 30-storey building
with three normal modes, we may have the three equations represented by
the following instead of the 30 coupled equations:

[Pla.catij} + (AT [CAD 3,510} + [Ssaty) = [AI'(F) (2.98)

Again, as discussed earlier, if [C] is proportional to [M] and [K], then [ATT[CIIA]
becomes diagonal and Equation 2.98 would totally be uncoupled. Thus,
the solution may be achieved easily. After getting {y} from above, the displace-
ment x; of any floor may be obtained by using again the equation

2.3.9 Response Computation

We have now studied the solution methodology for MDOF system. Accord-
ingly, the response computation will be included now of the example dis-
cussed in Section 2.2. Let us assume that F; and F, are the forces that are
acting on the 2 DOF system as shown in Figure 2.7. The equation of motion
will be (without damping)

[M){x} + [K]{x} = {F(t)} (2.99)
Fz(t) m x2
EIC k3 EIC k4 h
2m X1
Fi(t)
ky k, h
FIGURE 2.7 2EL 2EI

Two-storey shear frame subject to forces.
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where

o = {20 2.100)

By transforming into normal coordinates (i.e., {x} =[A]l{y}), we may write as
in Equation 2.88

{i} + NNy} = [PIATHFE()) = (F() (2.101)

where [P] is the generalized mass matrix.
We had already computed the two eigenvectors, for example, described in

Section 2.2 as
w={"7} «-{7}

From these two eigenvectors, the modal matrix [A] for the 2 DOF system are
written as

[A] = {1{2 _11} (2.102)

The generalized mass matrix P may next be obtained as

[P][A]T[M][A][l/2 1HM OHl/z _l}

-1 1] 0 m 1 1
3m/2 0
= [ m/ } (2.103)
0 3m
The inverse of [P] will have the form
2
[P = [3’" ?} (2.104)
0
Equations 2.101, 2.102, and 2.104 then yield
_ 1
_ T B F 35 (F1 + 2F2)
Fo1={ B b=t p b= 4 2,105
Fr 2 3 (F2 — F1)

From Equations 2.101 and 2.105, we may now write
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Then, the solution for each DOF becomes

t
1 (= )
sin w;t + y;(0) cos w;t + — JFi(T) sinwi(t —)dr, i=1,2 (2.107)
w;
0

¥i(0)

wj

vi(t) =

After finding y; from above, we obtain x; (the original coordinate) from the
relation

{x} = [Ally} (2.108)

The initial conditions in Equation 2.107 are found from Equation 2.108 at t =0
by the following procedure.

Denoting the initial conditions as {x};—o={xo} and {x};—o={*o}, we may
then write from Equation 2.108

{yh—o = [A] {xo) (2.109)
and

{h—o = [A]" {0} (2.110)

One can obtain the final response of each DOF, i.e., of each floor, by substi-
tuting Equation 2.107 along with 2.109 and 2.110 in Equation 2.108.

2.4 Continuous Systems
2.4.1 Vibration of a Taut String

Let us consider a string of mass per unit length m, which is stretched tightly
between two fixed points O and A distance ! apart under tension T as shown
in Figure 2.8. It has been derived in Chapter 1 that the differential equation
that governs the vibration is given by

FIGURE 2.8 A K
Vibration of a taut string.
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Py_ 0%
2= o (2.111)
where ¢*=T/m and y denotes the transverse displacement at time t of a
particle distant x from O, which is taken as origin, OA is the axis of X and the
line OY through O perpendicular to OA as the axis of Y. We will solve
Equation 2.111 by the separation of variables. For this, let us assume the
solution as

y(x, ) = X(x)f () (2.112)

Substituting Equation 2.112 into Equation 2.111, we get

d*f d*x
=T ae

Dividing the above equation on both sides by X(x)f(t) gives

L1 dx
fdrr 7 X dx?

Since left-hand side of the above equation is a function of t alone while right-
hand side is a function of x alone, their common value must be a constant,
say a. Then, we have

1d  ,1dX

fdt2_cXW_a' a>0 (2.113)

From Equation 2.113, we can write

d’f

——af =0

dt? f
Its solution will contain exponential function, which increases continuously
as t increases, which is not possible for a vibratory system. So, we suppose
4= —w?. Hence, Equation 2.113 becomes

&,
and
d’X  w?

Solution of the differential equations (Equations 2.114 and 2.115) are given by
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f(t) = Acos wt + Bsin wt (2.116)

and

X(x) = Ccos%x+Dsin%x (2.117)

Since the ends of the string are fixed, we have the following conditions:
y0,H)=0, (=0
The above conditions imply X(0) =0, X(/) =0, which yield
C=0

and Dsin% I = 0 reduces to w?l =nm(n=12,3,...).
Thus, we get w ="7¢ (n =1,2,3,...).
This is the frequency equation, and the natural frequencies are given by

wn:$, n=1,23,... 2.118)

Corresponding to the natural frequency w,, there will correspond a charac-
teristic mode written as

X, =Dy sm7x =D, sm? (2.119)

When the string vibrates with frequency w,, the transverse displacement
Yn(x, t) will be given by

Yn (x/t) = Xn(x fn(t)
=D, sm (A cos wyt + B, sin wyt)

. nm
=sin—— (An cosTt +B, smTt> (2.120)

Hence, the general solution for a string with its ends fixed will be given by
- >~ . nmx /., nme . . nmc
y(x, t) = ;yn(x, ) = ; sin—— (An COSTi’ +B, smTt> (2.121)

Next, we will describe few modes of vibration of the system.

Fundamental Mode: Here, we will put =1 in Equation 2.121, and accord-
ingly we will get

yi(x, t) = sin - i (Al cos = t—|— B1 sm—t) (2.122)

l l
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Circular frequency is given by

mc w |T

=TTV

Period of vibration is written as
2 21
2w 2
w1 Cc

Mode shape will become

. TX
X1 = smT

The form of the deflection shape is shown in Figure 2.9a.

Second Mode: In this case, we will put # =2 in Equation 2.121 and accord-
ingly we obtain

Yolx, t) = smzl (A2 coszl t+B2 smzlct> (2.123)

Circular frequency is given by wy = @ 21“ \/%, the period of vibration will

be T; = w— =L and the mode shape may be written as X, = smz%x
2] C

The form of the deflection shape is shown in Figure 2.9b.

~
-S>

~
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RS\ \—
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() Fundamental mode for a string (b Second mode for a string
N
Y|
0L L ,} s
A T e\ X

—
g}
~

Third mode for a string

FIGURE 2.9
(a) Fundamental mode for a string; (b) second mode for a string; and (c) third mode for a string.
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Third Mode: Here, we will put n=3 in Equation 2.121, which gives

y3(x, t) = sm3l <A3 cos3l t+ B, sin3lct> (2.124)

Circular frequency is given by w3 = 3“;‘: 31“ \/E the period of vibration is

31'rx

written as T3= and the mode shape will become X;= sin=7*

3c’

The form of the deflection shape is shown in Figure 2.9c.
For a particular solution, we must be given the initial conditions. Let these
conditions be

y(x,0) = u(x); %(x, 0)=ov(x), 0<x<I (2.125)

Applying the initial conditions (Equation 2.125) to the general solution
(Equation 2.121) yields

u(x) = Z A sin—— rmx

and
_ N sinM™ g (1T
v(x) ;sml ”(l>

The above equations of u(x) and v(x) represent Fourier series representation
of the functions u(x) and v(x) in the interval 0 < x <[, and we have

!
Ju(x) sin?dx =A
0

1
"2
This gives
!

nm
Ju(x) sdex (2.126)
0

!

A

n

NII\J

Similarly, we can write

!
Jv(x)sm—d =B,
0

s nae 1
12



Methods of Analysis for Vibration Problems 61

and so the constant B, is found to be

I

/ 2 nmwx

B, =— in— 2.127

pr Jv(x) sin— dx ( )
0

Thus, Equation 2.121 is the required solution where A, and B, are given by
Equations 2.126 and 2.127, respectively.

2.4.2 Transverse Vibration of an Elastic Beam

We have the equation of motion for transverse vibration of a beam as
(Chapter 1)

oty 1Py

where

p is the density

A is the cross-sectional area

E is the modulus of elasticity of the beam material and

I is the moment of inertia of the beam about the axis of bending
Accordingly,
2 _ EI

pA

a (2.129)

The differential equation (Equation 2.128) is solved by the separation of
variables, and for this let us take

y = X()T(t) (2.130)

Substituting the expression for y from Equation 2.130 in Equation 2.128, we
have the form
d'x X d’T

it ge =" (2.131)

which may be written as

@ d*'x 14T )
G TR (2.132)

Equation 2.132 yields two ODEs as

d’T
Ferzir =0 (2.133)
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and
atx
where
2 2
4_ W 4 n
k - a—z, kn - —2

(2.135)
Solution of the ODE 2.133 is

T = Esinwt + F cos wt (2.136)
and solution of the differential equation (Equation 2.134) is written as

X = Acoskx + Bsinkx + C cosh kx + Dsinh kx (2.137)
Then, the complete solution turns out to be

y= Z (A, cosk,x + B, sink,x + C, cosh k,x + D,, sinh k,x)
n=1

x (E, sin w,t + F,, cos w,t) (2.138)
We write the above as
y= Z(Acoskx + Bsinkx 4 C cosh kx 4+ D sinh kx)

n=1

X (E sin wt + F cos wt) (2.139)

For the sake of convenience while applying the boundary conditions on X,
the form of X is taken as

X = Ai(sinkx — sinh kx) + A,(sin kx + sinh kx) + Az(cos kx — cosh kx)
+ Ay(cos kx + cosh kx)

(2.140)
where we have from Equations 2.139 and 2.140

At+Ay=B, Ao-A1=D, A3+A1=A, Ay—A3;=C

Various boundary conditions for this elastic beam are defined next:
Fixed or clamped end: In this case, deflection and slope are zero i.e.,

y=0, % =0 (2.141)
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Simply supported end: Here, deflection and bending moment are zero and so
we have

d2
y=0, d—g =0 (2.142)

Free end: Free end is defined when we have bending moment and shear force
as zero and accordingly we write

d’y d’y

FrEhy 0, Frehe 0 (2.143)

Next, the solution of transverse vibration of beam is described when both the
ends are simply supported, and for this Equation 2.142 is used.
Considering the end x=0, the boundary condition to be satisfied are

2
x(0)=0 and %(0) = 0, which give
Ay=0, A3=0 (2.144)

To satisfy the simply supported boundary condition at the end x =1, we have
2
x()=0 and %(l) =0, which yields

A1(sinkl — sinh kI) + Ax(sinkl + sinh kl) =0 (2.145)
Rearranging the above equation, we get
—A(sinkl 4 sinh kI) 4+ A>(— sinkl 4 sinh k) = 0 (2.146)
Equations 2.145 and 2.146 provide

A1 = Ay (2.147)

Thus, from Equations 2.144 and 2.147, solution for X may be obtained as
X = Asin kx, and in general this is written in the form

X, = Ay sink,x (2.148)

Then, the characteristic equation of simply supported beam in general form is
given by

o0
y=XT=>_Aysink,x(E,sinw,t + F, cos o,t) (2.149)

n=1
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The remaining constants may be found by imposing the given initial condi-
tions. Similarly, the other boundary conditions may be handled for the
general solution.

2.4.3 Vibration of Membrane
2.4.3.1 Rectangular Membrane

We have derived the equation of motion for vibration of a membrane in
Chapter 1, which is given by

Pz L [(Pz Pz
o = ¢ (8x2 * 8y2> (2.150)
where
P
2 _
= (2.151)

This is first written in the form

Pz Pz 10z
2 T e 3 A 2.152
a2 o 2 o (2.152)

Let us take the solution of Equation 2.152 as
z(x, y, £) = X(x)Y(y) sin(wt + &) (2.153)

Substituting expression of z from Equation 2.153 in Equation 2.152, we get

1d°X 1dY o

§@+?d_y2+cz = (2.154)
Now, the above is written in the form of two differential equations:
1 d’°X )
Xz~ h (2.155)
and
1 d2y
Y~ —i3 (2.156)
where
2
K+ == (2.157)

c2
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These differential equations are written next in the following form:

d’x
@Jrkixz 0
d’y

The solutions of these two differential equations are given by

X = Acoskix + Bsinkix
Y = Ccoskyy + Dsinky

Therefore, the solution for the membrane may be written as
z = (A coskix + Bsink;x)(C cos kyy + D sin kyy) sin(wt + €)
As the membrane is in XY-plane as shown in Figure 2.10, we have

at

Also at
z=0, y=0, y=b

65

(2.158)

(2.159)

(2.160)
(2.161)

(2.162)

(2.163)

(2.164)

Applying the conditions at z=0 with x=0 and y =0 in Equation 2.162, the
value of the constants A and C are found to be zero. Now using the condition

z=0at x=a gives

FIGURE 2.10

Membrane in Cartesian coordinate system.
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sinkja = 0 = sin mm, which gives

k) :?, m=1,2,3,... (2.165)

Similarly, introducing the condition z=0 at y =b leads to
sin kob = 0 = sin nmw, and we obtain

ks :’%T, n=1,2,3,... (2.166)

Thus, the solution may be written as
m n
z=BD sin—wxsin%y sin(wt + &)
a
mm nm
= A, sin — x sin > ysin(wt + &)

We will write the above by some rearrangement of the constants with cos ¢
and sin ¢ as

. mmw . nmw .
zZ= smesm?y[an sin wt + C,,;; cos wt]

Therefore, the general solution finally would be written as
N~ . mmw . nw )
7 = Z Z sin—-x sm?y[an SIN Wyt + Cpun COS @pint] (2.167)
m=1 n=1

where the frequency parameter is given by

wfnn—c2[(?)2+(%ﬂﬂ, m=12,... and n=1,2,... (2.168)

Constants B, and C,,, in general solution (Equation 2.167) may again be

found using the prescribed initial conditions of the problem.

2.4.3.2 Circular Membrane

The equation of motion in Cartesian coordinate system is given by Equation
2.152. Taking the solution in the form

z = u(x, y) sin(wt + &) (2.169)
the equation of motion may be obtained as

Pu u  w?
e Tt =0 (2.170)
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Transforming the above equation in polar form by substituting x=# cos 0
and y=r sin 6, we get

Pu 1ou 10%u o?
I i Ty g 171
8r2+r8r+r2862+c2u 0 2.171)

Let us now take
= R(r)V(6) (2.172)

And substituting the above form of u in Equation 2.171, we have

1(,d?R dR o, 1 d*v
— ~ 1 Z R = 2.17.
R(r a2t e R Ty ge =0 (2179)

In view of the above, it may be written in the form of two differential
equations as

d2 (AR w?
and
1dV )

Equation 2.174 is a standard differential equation known as Bessel’s equa-
tion, which may be written in a simpler form as

d’R  dR [o?
20 AR O 2 2\p_
r £ +rdr + (02 r°—n )R 0 (2.176)

and whose solution may be obtained as
wr
R= D]n< ) YE, ( ) 2.177)
Since z is infinite at r =0, therefore E =0 (as J_,, is not defined). Thus we have
wr

R = DJ, (?) (2.178)

The differential Equation 2.175 is then written in the form
42V

Wﬂlzv 0 (2.179)
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whose solution may be given as
V = Acosnf + Bsinnf (2.180)

Therefore, the solution of membrane vibration in polar coordinates is found
to be
. wr . .
z = RV sin(wt + ¢) = DJ, (7) {A cosné + Bsinnb} sin(wt + &) (2.181)

2.5 Approximate Methods for Vibration Problems

In the previous sections, we have given the exact solutions for vibration of
simple continuous systems. These solutions are in the form of infinite series
of principal modes. In a variety of vibration problems, exact solutions may
not be obtained, and in those cases, one has to employ approximate methods.
In this regard, many methods exist. But here, we give only a few of them.
This section is dedicated to “classical” approximation methods, because in
common engineering practice, it is sometimes required to mainly have an
idea of only a few of the first natural frequencies of a vibrating system. Only
two approximate methods, viz., Rayleigh and Rayleigh-Ritz methods, are
addressed for simple continuous system to have an overview of the method.
In subsequent chapters, we will undertake these approximate methods in
analyzing more complex problems such as vibration of plates.

2.5.1 Rayleigh’s Method

Rayleigh’s method may be applied to all continuous systems. This method
requires expressions for maximum kinetic and potential energies of a system.
The maximum kinetic and potential energies of the system must be equal
since no energy is lost and no energy is fed into the system over one cycle of
vibration. This gives us a quotient known as Rayleigh quotient. We will show
the methodology for finding frequency by this method for a string.

If S and m denote the tensile force and mass per unit length of a fixed-fixed
uniform string, then the potential energy V and the kinetic energy T for
vibration of the string are, respectively, given as

!
S [ /dy\?
V=2 J (—) dx (2.182)
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and

m
T==
2

1
J@)de (2.183)
0

If the maximum value of y(x, t) is Y(x), then the maximum value of potential
energy is written as

1

S [ (dY()\?
Vinax = 5 J ( o ) dx (2.184)
0

The maximum kinetic energy can be obtained by assuming a harmonic
function of the form
y(x, t) = Y(x) cos wt in Equation 2.183 and we get

1
J (Y(x) dx (2.185)
0

w’m
Tmax = ?

Equating maximum kinetic and potential energies of the system, we obtain
the Rayleigh quotient as

1
S [ /dY(x)\?
EJ( dx > dx

W = Ol— (2.186)

J(Y(x))zdx

0

N3

If the deflection function Y(x) is known, then the natural frequency of the
system may be computed. We will consider here the deflection function Y(x)
of the fixed-fixed uniform string as

Y(x) = x(I — x) (2.187)
So,
dY(x)
P I—2x (2.188)

Substituting expressions from Equations 2.187 and 2.188 in Equation 2.186,
the Rayleigh quotient becomes
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(I — 2x)*dx

Cl):

§|Cn

(Ix — x?)*dx

Jo-are
o

<l3+§l3—213)
P PP
(5‘5*3)

This gives the natural frequency of the vibration of string as

o =3.1624/ Slz (2.189)

S
m

2.5.2 Rayleigh-Ritz Method

This method is an extension of Rayleigh’s method. In Rayleigh’s method,
approximate value of the lowest frequency (first frequency) is obtained using
a single function approximation. In Rayleigh-Ritz method, we will consider
a linear combination of the several assumed functions satisfying some
boundary condition with the hope to obtain a closer approximation to
the exact values of the natural modes of vibration. However, approximate
value of the frequencies does depend on the selection of the assumed func-
tions. This book will cover an intelligent and systematic way of generating
these assumed functions that in turn is used to have excellent results in a
variety of vibration problems. As mentioned earlier, these will be discussed
in later chapters of this book. In general, to have a rough idea, the number of
frequencies to be computed is equal to the number of arbitrary functions
used. Hence, we should consider a very large number of approximating
functions (say 1) to get accurate number of frequencies (say 7y, where N is
generally very large than ny, i.e., N> ny.

Let us suppose that n assumed functions are selected for approximating a
deflection function Y(x) for vibration of a string as discussed in the previous
section. We will then write the deflection expression as

= Z ciyi(x) = c1y1(x) + caya(X) + - - - + cuyu(x) (2.190)
i=1

where ¢y, ¢y, ..., ¢, are the constants to be determined and y1, v, .. ., y, are the
known functions of the spatial coordinate that also satisfy some boundary
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condition of the problem. Now, putting Equation 2.190 in the Rayleigh
quotient (Equation 2.186) and for stationarity of the natural frequencies, we
will equate the first partial derivatives with respect to each of the constants c;
to zero. Accordingly, we can write

Ow?
8C7‘ o O,

i=1,2,...,n (2.191)

Equation 2.191 represents a set of n algebraic equations in n unknowns
€1,C2 - . .,Cy, Which can be solved for n natural frequencies and mode shapes.
In the following paragraphs, the string vibration problem will be again
solved using Rayleigh—Ritz method by taking first one term, and then first
two terms in the deflection expression, Equation 2.190.

Using the first term in Equation 2.190 for the string vibration problem:

Let the deflection function be taken as y1(x) = x(! — x). Accordingly, Equa-
tion 2.190 may be written as

Y(x) = c1x(l — x) (2.192)
and

dy

Fri 1l — 2c1x (2.193)

Substituting expressions from Equations 2.192 and 2.193 in Equation 2.186,
the Rayleigh quotient becomes

1
J (c1(I — 2x))*dx
0

E
l =T (say) (2.194)
J (c1(lx — xz))zdx
0

OE _ pOF
Jcy Jcy
F2
OE EOF OE ,0F
L T ) =

Oci FOcp 0 dcy

Then %—‘;’12 =0 gives = 0, which can be written as
0 (2.195)

Putting the values of E and F from Equation 2.194 in 2.195, we have

3 215
ol (SZ _mo’l ) —0 (2.196)

3 30

In the above equation, ¢; cannot be zero and so the term in the bracket is zero,
which directly gives the first frequency of the system
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S
o =3.162 - (2.197)

It is to be noted that by taking one term in the approximation, the method
turns out to be Rayleigh’s method. The above is shown for understanding of
the methods only. Next, we will discuss the Rayleigh—Ritz method by con-
sidering two terms in the deflection expression, Equation 2.190.

Using the first two terms in Equation 2.190 for the string vibration
problem:

Here, we will consider the deflection expression having two terms as

2

Y(x) =) cyix) = a1 (x) + caya(x) (2.198)

i=1
where
(@) =x(1—x), 1) =x*(x—1)° (2.199)

The Rayleigh quotient may be obtained as in Equation 2.194. There are two
terms, which give two equations when the Rayleigh quotient is differentiated
partially with respect to the two constants c¢; and c,, respectively. This yields

Ow? Ow?
Ge=0, G0 (2.200)

Thus, the two equations corresponding to Equation 2.200 may be written as
in Equation 2.195

OE  , OF
and
OE  ,OF

Putting the values of E and F from Equation 2.194 in Equations 2.201 and
2.202, we have the two simultaneous equations in two unknowns as

SB me?D SB mwl
“a <? 30 > te (E 140 ) =0 (2.208)

SP maw?l 257 mw?l®
“a (15 140 ) e <mS 630 ) =0 (2.204)
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The above equations may be written in matrix form

SP _ me®P SP _ me?l’
3 30 15 140

0
(-mr) (20— mer) {2}{0} (2209

15 140 105 630

The matrix equation obtained in Equation 2.205 may be solved for the
constants ¢; and ¢, by equating the determinant of the square matrix to
zero, and the solution is written as

S
w1 =3.142 - (2.206)

wy = 10.120/ % (2.207)

One may compare the results of the first frequency in Equations 2.197 and
2.206 by taking one term and two terms, respectively, in the deflection
approximation. It is to be noted that if the number of terms is taken large
in the deflection approximation, then frequency will converge to a constant
value tending to the exact value of the frequencies of the system. These will
all be addressed and discussed in subsequent chapters.

and
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Vibration Basics for Plates

Study of vibration of plates is an extremely important area owing to its wide
variety of engineering applications such as in aeronautical, civil, and mech-
anical engineering. Since the members, viz., beams, plates, and shells, form
integral parts of structures, it is essential for a design engineer to have a prior
knowledge of the first few modes of vibration characteristics before finalizing
the design of a given structure. In particular, plates with different shapes,
boundary conditions at the edges, and various complicating effects have
often found applications in different structures such as aerospace, machine
design, telephone industry, nuclear reactor technology, naval structures, and
earthquake-resistant structures. A plate may be defined as a solid body
bounded by two parallel, flat surfaces having two dimensions far greater
than the third.

The vibration of plates is an old topic in which a lot of work has already
been done in the past decades. In earlier periods, results were computed for
simple cases only where the analytical solution could be found. The lack of
good computational facilities made it almost impossible to get reasonably
accurate results even in these simple cases. This may be the cause for why in
spite of a lot of theoretical developments, numerical results were available
only for a few cases. With the invention of fast computers, there was a
tremendous increase in the research work using approximate and numerical
methods for simple as well as complex plate vibration problems. Now, we
have some very fast and efficient algorithms that can solve these problems in
a very short time and give comparatively accurate results. It is also worth
mentioning that methods like finite element methods, boundary integral
equation methods, finite difference methods, and the methods of weighted
residuals have made handling any shape and any type of boundary condi-
tions possible.

Different theories have been introduced to handle the vibration of plate
problems. Correspondingly, many powerful new methods have also been
developed to analyze these problems. In the following sections, an overview
of basic equations, theories, stress—strain relations, etc., are addressed related
to the vibration basics for plates.

75
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3.1 Stress—Strain Relations

Generalized Hooke’s law relates the stresses and strains in tensor notation as

Ox C11
gy C21
gz | _ | ¢
Oy |em
Ozx Cs1
Oxy Co1

C12
C22
C32
Cq2
C52
Ce2

C13
€23
C33
C43
(53
Co3

C14
C24
C34
Cqq
Cs4
Co4

C15
C25
(35
C45
Cs5
Ce5

C16
C26
C36
C46
Cs6
Co6

Ex

(3.1)

where o, 0, o, are the normal stresses (those perpendicular to the plane of
the face as shown in Figure 3.1) and 0., 0-,, 0y, are the shear stresses (those
parallel to the plane of the face as shown in Figure 3.1). On the other hand,
normal strains are denoted by &, &,, &; and the shear strains by ¢,., £, &x,
respectively. The above relations for stresses and strains may be written in

contracted notation as

FIGURE 3.1
Moment and force resultants on plate.

Middle surface

M, + (0M,/ox)dx
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(oa1 €11 Ci2 €13 Ci4 Ci5 Ci6 1
(o) €1 Cp (3 C4 (25 (26 &2
O3 \ _ |G (3 (33 C34 C35 C36 €3 (3.2)
04 C41 C42 C43 Ca4 C45 C4p &4
o5 C51 Cs2 (€53 Cs4 Cs55  Csp &5
06 Co1 Ce2 Ce3 Coa Ce5 Cob &6

where &4, €5, &6 are called the engineering shearing strains and are related to
the tensor shearing strains, viz., &,., €.x, £+, by the following relation:

&4 Eyz
&5 =2 Ezx (33)
E6 gxy

Equation 3.2 may be written in the form
{o} = [Clfe} (3.4)
Sometimes, it is also written in Cartesian tensor notation
oi=cje, ,j=1,2,...,6 (3.5

Matrix [C] is known as stiffness matrix. Then, the inverse of these stress—
strain relations is written in the form

{e} = [Sl{o} (3.6)
It may also be written in Cartesian tensor notation
SiZSijO']', i,jZl, 2,...,6 (3.7)

The matrix [S] in this case is known as compliance matrix. There are 36
components in both the stiffness and compliance matrices and these are
referred as elastic constants. But, this reduces to 21 because of the symmetry
of the stress and strain tensors such as

Cij = Gji
and
Sij = Sji

Equations 3.1 and 3.2 are referred as anisotropic materials because there are
no planes of symmetry for the material properties. If there is one plane of
symmetry say z=0, i.e., the xy-plane, then we have the stress—strain relation
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o1 ci1 c2 c3 0 0 e (e

op) cp ¢ 3 0 0 x| e

o3 | _|c3 3 33 0 0 c36|) &3 (3.8)
04 0 0 0 Cqq4 Cg5 0 &4 '
05 0 0 0 C45 Cs5 0 &5

06 cl6 €6 €3 0 0 e | &6

There are 13 independent constants in this case because we have
Cl4 = C15 = C24 = (25 = €34 = (35 = C46 = C56 = 0 3.9)

When a material has elastic symmetry with respect to two mutually orthog-
onal planes, it will also have elastic symmetry with respect to a third plane
that is orthogonal to the other two. Then, the stress—strain relation will have
the form

o1 cir c2 c3 0 0 O &1
(o) cp ¢ 3 0 0 O &
o3| |3 3 @3 0 0 0 &3
g4 - 0 0 0 Ca4 0 0 &4 (310)
o5 0 0 0 0 5 O &5
(or3 0 0 0 0 0 ces &6

In this case, the material is said to be orthotropic and there are now only nine
independent constants in the stiffness matrix. From the above, we have

C16 = C26 = €36 = Ca5 = 0 (3.11)

In tensor notation, the above equation is written as

Oy cir c2 c3 0 0 O &y
gy Clp Cxpp (23 0 0 0 &y
oz | _|c13 c3 3 0 0 O &
O'yz B 0 0 0 Cy4 0 0 Syz (312)
Oy 0 0 0 0 5 O Ezx
Ty 0 0 0 0 0 cellew

It may be noted in this case that there is no interaction between normal
stresses o, 0, 0, and shearing strains &,., €., &y, Moreover, there is also
no interaction between shearing stresses and normal strains. Similarly, there
is no interaction between shearing stresses and shearing strains in different
planes.

If one of the three coordinate planes say xy-plane is isotropic, which means
that the material properties in that plane are independent of direction, then
we have the stress—strain relations as
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o1 ci1 c2 c3 0 0 0 &1
lop) co c1 c3 0 0 0 &
o3 ci3 c3 c3 0 0 0 &3

= 1
g4 0 0 0 cu 0 0 &4 (3 3)
g5 0 0 0 0 Cq4 0 €5
T¢ 0 0 0 0 0 (C11 — C12)/2 &6

As such, we have only five independent constants and then the material is
said to be transversely isotropic. Here, one may see that

Cp =C11, C3=0C13, C55=Cy, and ces = (11 — C12)/2 (3.14)

Finally, for complete isotropy, i.e., if there are infinite number of planes of
material property symmetry, then we will remain with only two independ-
ent constants. Accordingly, we will have

c13 =C12, €33 =cC11, Ca=(c11—c12)/2 (3.15)

Thus the stress—strain relation in case of isotropic case is written in the form

o1 [c11 Cc12 c12 0 0 0 &1

o2 iz 11 C12 0 0 0 &2

o3| _ |C2 C12 Cul 0 0 0 &3

o |0 0 0 (cn—c)/2 0 0 &4

05 0 0 0 0 (C11 — C12)/2 0 &5

¢ L O 0 0 0 0 (C11 — 612)/2_ &6
(3.16)

We will now write the strain—stress relations for orthotropic, transversely
isotropic, and isotropic cases. From the above discussions, the strain—stress
relation for orthotropic material with nine independent constants is written
using compliance matrix as

&1 [s11 s12 s;3 0 0 O o1
& Si2 s» s 0 0 O o2
&3 | _ |S13 s 3 0 0 0 o3 (3.17)
&4 0 0 0 S44 0 0 04
&5 0 0 0 0 s55 O o5
&6 L 0 0 0 0 0 Se6 O

The strain-stress relation for transversely isotropic material with five
independent constants is written using compliance matrix as
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&1 s;1 s12 sz 0 0 0 o1
&2 s s11 sz O 0 0 ()}
&3 o S13  S13  S33 0 0 0 g3
(=10 0 0 su 0 0 o (3.18)
&5 0 0 0 0 sS4 0 g5
&6 0 0 0 0 0 (511 — 512)/2 O¢

Similarly, the strain—stress relation for isotropic material with two independent
constants may be written in the form

£ S11 S12 S12 0 0 0 o1

& S12  S11  S12 0 0 0 o

e | _ |s12 s s 0 0 0 o3

&4 o 0 0 0 (511 — 512)/2 0 0 04

&5 0 0 0 0 (511 — 512)/2 0 g5

&6 0 0 0 0 0 (511 — 512)/2 J¢
(3.19)

3.1.1 Engineering Constants

The common engineering constants include Young’s modulus, Poisson’s
ratio, and the shear modulus. Moreover, we assume that E; is Young’s
modulus in the ith direction where i=1, 2, 3; v;; is Poisson’s ratio for
transverse strain in jth direction when stressed in the ith direction, that is

&

(3.20)

Vij = —
] &

and G;; is the shear modulus in i—j planes, then the general form of strain—
stress relation for orthotropic material is given by

81 EL}’Zl _112:;12 2_1523 8 8 8 0-1
& B IZ _Elzziz fz 0 0 0 (o)
€\ _ Es E3 E3 N g3 (3.21)
&4 O 0 0 @ 0 0 g4
€5 0 0 0 0 2617 0 g5
6 0 0 0 0 0 |\

Of the 12 engineering constants in Equation 3.21, we should have only nine
independent constants. Accordingly, there are three reciprocal relations

Vi Va1 V3 V3 Vi3 V31
vio_va. Vs _ V. Vi Vs 3.22
Ei E E, E; Ei E; (.22
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So, we have nine independent constants, viz., E, E,, E3; v12, v13, V23, G12, G13,
Ga3, for orthotropic materials.

For a transversely isotropic material, if we have 1-2 plane (i.e., x-y plane in
Cartesian coordinate system) as the special plane of isotropy, then we have
four more relations satisfying

E
E1 =E;. Gz = Go3; = ; Gp=——— 3.23
1=F; G =G vis=vn; Gr =355~ o) (3.23)

and therefore five constants are left as independent for transversely isotropic
material.

Next, in the case of completely isotropic material, in which the mech-
anical and physical properties do not vary with orientation, we have two
relations as

Ei=E, = E3 = E(say) (324)
and

E

G12:G13:G23:G:m

(3.25)

Finally, we have two independent constants for isotropic materials. By
inverting the compliance matrix in Equation 3.21, the terms of stiffness
matrix may easily be written for stress—strain relations also.

3.1.2 Plane Stress

If a lamina is in a plane 1-2 (i.e., say in x-y plane) as shown in Figure 3.2, then
a plane stress is defined by taking 0,=0, 0, =0, 0., =0, i.e., 03=0, 04, =0,
05=0. Thus, from Equation 3.21, the strain—stress relations with respect to
compliance matrix for orthotropic material may be obtained as

>
A

~

FIGURE 3.2
Plane stress (unidirectionally
reinforced lamina).
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1 AT |
€1 E11} 1E1 g1
&so=|"% 5 0 o3 (3.26)
6 0 0 5| Los
Vi V2
where we also have === (3.27)
E1 E;

By inverting Equation 3.26, the stress—strain relation in terms of stiffness
matrix can be found. It may be noted here that four independent constants
(or material properties), viz., E1, Es, v12, G1p, exist along with the reciprocal
relation (Equation 3.27) for orthotropic material under plane stress.

Similarly, strain-stress relations for isotropic materials under plane stress
are given by Equations 3.21 through 3.23 as

&1 ;% 0 o1
se=|"ft t 0 |[{o (3.28)
&6 0 0 2—(1E+ 2) 06

Again, the stress—strain relations in terms of stiffness matrix may be written
for isotropic materials under plane stress as

E vE 0
g1 17}1:/2 1EV2 €1
o2 0= |12 152 O & (3.29)
_E _
T 0 0 a0 | &

Now considering the Cartesian coordinates, the strain-stress relations
for an isotropic material in general are written from Equations 3.21
through 3.23 as

1
& =% [a’x —v(oy + 0'2)] (3.30)
1
& =% [0y — v(ox + 02)] (3.31)
1
& =7 [0 — v(ox + o) (3.32)
1
Exy = %ny (3.33)
1
£y = Ea'yz (3.34)
1

Epx = Eazx (3.35)
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and

E
G:2(1+V)

(3.36)

For plane stress problem, we may similarly write the stress—strain in
Cartesian coordinates from Equation 3.29 as

E
Oy = m(8,( + vey) (3.37)
E
oy = m(a‘y + vey) (3.38)
oy = Gey, (3.39)

3.2 Plate Theory

This book considers only the classical plate theory in the analysis along with
the solution of plates of various shapes and complicating effects. Here, we
will first address the classical plate theory, and then the Mindlin plate theory
will be outlined for the sake of completeness.

Classical plate theory or Kirchhoff plate theory is based on the following
assumptions:

1. Thickness of the plate is small when compared with other dimen-
sions.

2. Normal stresses in the direction transverse to the plate are taken to
be negligibly small.

3. Effect of rotatory inertia is negligible.

4. Normal to the undeformed middle surface remains straight and
normal to the deformed middle surface and unstretched in length.

From the classical plate theory, it is to be noted that the plate equations are
approximate. Refined equations, in general, are more accurate and applicable
to higher modes than the equations of classical theory. The last assumption of
the classical plate theory, viz., normal to the undeformed middle surface
remains normal to the deformed middle surface tries to neglect the effect of
transverse shear deformation. The transverse shear effects as well as the
rotatory inertia effect are important when the plate is relatively thick or
when higher-mode vibration characteristics are needed. The above theory
was refined first by Timoshenko (1921) by including the effects of transverse
shear and rotatory inertia in beam equations. Accordingly, transverse
shear effect was then introduced in the plate equations by Reissner (1945).
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Again, both transverse shear effect and rotatory inertia effect were included
in the equation of motion of a plate by Mindlin (1951). Thus, the theory of the
classical plate equation considering the effect of transverse shear (Reissner
(1945)) relaxes the normality condition and the fourth assumption in the
above classical theory will read as: “normal to the undeformed middle
surface remains straight and unstretched in length but not necessarily normal
to the deformed middle surface.”

The above assumption implies a nonzero transverse shear strain giving an
error to the formulation. Thereby, Mindlin (1951), as mentioned above,
modified the third assumption of the classical plate theory too and it reads:
“the effect of rotatory inertia is included,” along with the above-modified
assumption given by Reissner (1945). The final theory (modified third and
fourth assumptions in the classical theory) is known as Mindlin plate theory.

3.3 Strain-Displacement Relations

Let i, 7, and w denote displacements at a point (x,y, z) in a body or a plate,
then the strain—displacement relations relating the displacements that result
from the elastic body being strained due to the applied load are given by

& % (3.40)
&y g—; (3.41)
aw (3.42)
Low, oo (3.43)
A y 8x '
1 /0u
Exz = > (8_ + ax) (3.44)
1/00 ow

I
3.4 Compatibility Equations

Compatibility equations ensure that the displacements of an elastic body are
continuous and single valued, though in the analysis of plate vibrations,



Vibration Basics for Plates 85

the compatibility equations are not utilized, they require only the terms of
displacements. But for completeness, these equations are incorporated and
are written as

Pey 0 (Oey, Osxy Ogyy
dydz ~ ox ( oy T T o > (3.46)
Pey _ 0 (Oexy Oz Oex (3.47)
0z0x Oy \ 0z ox Oy
8282 o 3 88yz aé‘xz 38xy
oy~ 0z ( ox oy az> (348)

ngxy B Pey 82ay
oxdy Oy Ox?
styz 828y e,

= 3.50
Oyoz  9z* * oy? (3:50)
Pesy B e, n Pe,
0z0x  Ox2 = 022

(3.49)

(3.51)

3.5 Kinematics of Deformation of Plates

Let us consider the deformation of mid-surface of a plate. A portion of a plate
of thickness /1 and having inside region (domain) R is shown in Figure 3.3 in
which xy-plane lies in the middle surface in undeformed position. A normal
load distribution g(x, y) is assumed to act on the top of the plate. Shear force
Q and bending moment M act on the edge OR of the plate. We now consider
the deformation parallel to the mid-surface of the plate. Accordingly, there
will be two actions, first one due to the stretching and the second due to
bending. The stretching actions are due to loads at the boundary of the plate.
For these, let us suppose that u; and v, are the horizontal displacement
components at any point (x, y, z) in the plate, which is identical in the middle
surface of the plate. Thus, we may write

us(x, y,2) = us(x, y,0) = us(x, ) (3-52)
0s(x, Y, 2) = 0s(x, y,0) = vs(x, ) (3.53)
This is because the lines joining the surfaces of the plate and normal to the

xy-plane in the undeformed geometry translate horizontally owing to
the action of stretching.
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M /‘\Q _______f_>

FIGURE 3.3
Middle surface of portion of a plate.

The other contribution, as mentioned earlier, is due to bending. Because of
this and as per the classical plate theory, lines normal to the mid-surface in
the undeformed geometry remain normal to this surface in the deformed
geometry.

Now, the displacements in the x- and y-directions due to the bending action
are denoted by 1, and v,. Because of the bending actions, there will be a rotation
as in rigid body elements and also vertical translation. Accordingly, the dis-
placements in x- and y-directions for the bending action may be written as

ow(x,y)

up(x,y,z) = —ZT (3.54)
up(x,y,2) = —z awg;, L (3.55)

Thus, considering both the horizontal (Equations 3.52 and 3.53) and vertical
(Equations 3.54 and 3.55) displacements, the combining actions are written as

ow(x,y)

U=us(x,y) —z o (3.56)
7 =vs(x,y) — zawg;' L) (3.57)
w = w(x,Y) (3.58)

It is worth mentioning here that any displacement field (i, 7, w) may now be
completely described by the displacement of the mid-plane (1, vs, w). For the
sake of convenience, we will write Equations 3.56 through 3.58 as follows:
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_ ow
H=u—z5" (3.59)
ow
V=0—z— (3.60)
Ay
w=w (3.61)

where (u,v, w) are the displacement of the middle surface of the plate at the
point (x,y,0). Then, according to classical plate theory, the displacement
functions (i, v, w) of the plate at a point (x,y,z) are the approximations as
given in Equations 3.59 through 3.61.

As such, now the strain fields in terms of the displacements are written as

ou ou OPw
%o o o (362
o v w
Sy—@—afy—zaiyz (363)
1/0u 0o 1/0u Ov Pw
ey =5 (ay+ax) =2 (8y+8x) " oxdy God

All other strains are zero according to the classical plate theory.

3.6 Biharmonic Equation

An element of a plate with stresses at the mid-plane of the plate has been
shown in Figure 3.4. These stresses vary in the z-direction over the thickness
h of the plate. Then, the shear force intensities per unit length are defined as
h/2
Q= J o dz (3.65)
~h/2
h/2
Q= J 0,.dz (3.66)
~h/2

Let us also define the bending moment intensities per unit length by

h/2
M, = J oyzdz (3.67)
—h/2
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FIGURE 3.4
Plate element showing stresses.

h/2
M, = J oyzdz (3.68)
—h/2

Finally, the twisting moment intensities per unit length are given by

h/2

M,y = J oyyzdz (3.69)
—h/2
h/2

My, = J oy zdz (3.70)

—h/2
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We also have
Mxy = Myx (3.71)

Figure 3.1 depicts the shear force, bending, and twisting moment intensities
on sections perpendicular to x- and y-axes.

Substituting the values of oy, 0, and o, from Equations 3.37 through 3.39
in Equations 3.67 through 3.70, respectively, we obtain

h/2
E
M, = J m(gx + vey)zdz (3.72)
—h)2
/2
E
My = J m(é‘y + VSX)ZdZ (373)
—h)2
/2
M,, = J 2ngyzdz (3.74)
—h)2

Now, using strains from Equations 3.40 through 3.45 along with Equations
3.56 through 3.58 in Equations 3.72 through 3.74, respectively, and then
integrating, one gets

M, =-D ((;2;) + v%jjf) (3.75)
M, =-D (6(;27%; + V%) (3.76)
and
My, = —D(1 — v) ;jg’y (3.77)
where D= 12(1Eh_31/2) (3.78)

is called the flexural rigidity of the plate material. The quantities Q,, Q, M.,
M,, and M, can be related by considering equilibrium of the plate element as
shown in Figure 3.1. Thus, for equilibrium in the x-direction, in the absence of
body forces, we have

Joy 00y, 00y

ox Tay Tz 0
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Multiplying this equation by z and integrating over the thickness of the
plate and noting that the operation 9/dx and 9/0y can be interchanged,
one can get

_ OM,  OMy,
- Ox oy

Qx (3.79)

Similarly, we can integrate the equation of equilibrium in the y-direction
to obtain

_OM,  OM,

ay pr (3.80)

Q

Considering the integration over the thickness of the last equilibrium equa-
tion, viz.,

00, 4 ao'yz Jr80’22

ox oy | oz =0
we obtain
0Qx  9Qy
—_— pu— . 1
g + dy +qxy)=0 (3.81)

where g(x,y) is a normal load distribution on the top face of the plate. Now
putting Q, and Q, from Equations 3.79 and 3.80 in Equation 3.81, we get

PM, My, M,
52 T2 oy oy +q=0 (3.82)

Finally, using Equations 3.75 through 3.78, we can write Equation 3.82 as

o*w tw  Otw g
W_‘_ZW—F(Q)—W_FE*O (3.83)

This is usually written as

Viw = (3.84)

a
D

This is the nonhomogeneous biharmonic equation first obtained by Sophie
Germain in 1815 and is the governing equation of the classical plate theory.
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3.7 Minimum Total Potential Energy Approach
for Biharmonic Equation

There are three energy principles used in structural mechanics, viz.,

1. Theorem of minimum potential energy
2. Theorem of minimum complimentary energy

3. Reissner’s variational theorem

It is, however, to be noted that minimum complimentary energy is less useful
for the type of problems addressed in this section. Moreover, Reissner’s
variational theorem is useful in solving problems that include transverse
shear deformation. As such, only the minimum potential energy will be
discussed. The theorem of minimum potential energy is defined as the follow-
ing: Of all the displacements satisfying compatibility and the prescribed
boundary conditions, those that satisfy equilibrium equations make the poten-
tial energy a minimum. To use the above theorem, it is first necessary to define
the stress—strain relations to replace the stresses in the strain energy expression
by strains and next it is needed to write the strain—displacement relations to
place the strains in terms of displacements.

Here, a plate of domain R and edge C is considered subjected to a distrib-
uted load 4(x,y). For linear elastic analysis, the strain energy U of the plate
may be evaluated by the integral

h/2
1
u= E” J (0x&x + 2048y + 0ysy)dz | dxdy (3.85)
R |-h/2

Substituting the values of oy, 0, and o, from Equations 3.37 through 3.39 in
Equation 3.85, we obtain

h/2
1

U] ] (e 2

R | -h/2
E
1_—]}2)(8y+V6‘y)6‘y dz dxdy

/2
J [sﬁ + 62+ 21 — v)ed, + 2verey|dzdxdy  (3.86)

—h/2

_E
C2(1-1?)

If g(x,y) is the load distribution acting on the mid-surface of the plate, then the
potential energy V may be given by
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V= —Hq(x, yw(x, y)dxdy (3.87)
R

Expressing the strains by Equations 3.62 through 3.64 considering the
stretching and bending terms in Equation 3.86, we can write the total poten-
tial energy as

h/2

/
S 2(1-1?) ox ~ Ox? dy  Oy?

R —h/2
1/0u, v, Pw)?
+ 2(1—1;){2(8]/ +8x) _Zaxay}

2 2
Lo (% 9 w) (‘9”5 0 w)} dzdxdy — ”qwdxdy (3.88)
R

Y A
Integrating Equation 3.88 with respect to Z, we write the above in the form
D ous\>  [0v.\? Ous dvs 1—v [Ous  Ovs\?
sz [|G) ) 5 o () e
R
Pw\’ (Pw\ | Pw Pw Pw\
(W) + (8—]/2) + 21187 . 8—y2 +2(1-v) (axay) dxdy

|
— ”qwdxdy (3.89)

R
R

N

where the constants D and D’ are given by

ER3
and
Eh

known as flexural rigidity and extensional stiffness, respectively.

It is now clear that the total potential energy functional includes three
dependent variables, viz., the stretching components u; and v, and the
vertical displacement w due to bending. Next, we consider only the bending
effects because we deal with the plate subject to transverse loads. Accord-
ingly, the components u; and v; due to stretching are neglected and so the
total potential energy may be obtained from Equation 3.89 as
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D Pw\?  [Pw\’ Pw Pw Pw\>
s [ (5e) +(5) 20 + 200 5rgy) |

R
- quwdxdy (3.92)

which may be written as

D s Pw\® Pw w
S = > H (Vw)~ +2(1 V){<8x8y o By dxdy

R
- Jqudxdy (3.93)

R

We will now extremize the above as

65=0
This gives
D PPow %8
o e () 20

X

2axay oxdy axay'ayax_ﬁ' o2 OyR ox2

Jqéwdxdy 0 (3.94)
R

2w 826w 8w Péw FPw Péw Pw Péw
dxdy

Applying Green’s theorem, we may get each term of Equation 3.94 as

”(Vzw) 8;&:;1; dxdy = J (Vw )aé—wdy {Jéw%(vzw)dy - ”Sw—(vzw)dxdy}
R

C R

c

(3.95)

”(Vz )65 dxdy=— J(v2 )ag—;"d —{—lﬁw—(vzw)dx_

R

T

8w—(V2w)dxdy}
(3.96)

*w O*sw *w Iw Pw o*w
”(’)xay 8x8ydxdy = J (%Cay.a—ydy— { —JiaxzaySwdx —J e 28yzdxdy}
R C C R

(3.97)
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Pw 9*6w Pw 9w Pw tw
” Dy yox W =~ J I {J ypax v ” O20x° d"dy}
R C R

(3.98)
Pw 06w 82w 88w Pw 84
R C R
(3.99)
Pw 98w Pw 9w Fw Htw
[ s = 5 - {J s ggad = o s }
R C C R
(3.100)

Putting the expressions from Equations 3.95 through 3.100 in Equation 3.94,
one may finally obtain

2
H (DV*w — q)dwdxdy + DJ (8 2 v 2y2> %ow 4
R

2 2
_D <a_w+ya >86wd +DJ( )_82w 9w 4y
C C

oy? ox? ) Oy 0xdy dy
Pw ddw Pw Pw
_D cv
J( V) oyox ox ——dx +DJ<6y3 +rg 2ay)8wdx
C
Pw Pw
-D (@—F g 6y2)5wdy—|— DJ(l — 1/)8 28wadx
C C
(:)3
~D|( -y 6y26wdy 0 (3.101)

C

Now, writing the above in terms of M,, M,, and My, from Equations 3.75
through 3.77, we get

DV*w — g)dwdxdy — Mx—aa dy+ | M —(98 dx— | M
q Y ox Y "oy
C

R C C
M Mx X X
o
C C C

odw

xyTydy

oy ox Ox oy
(3.102)

Putting again the values of Q, and Q, from Equations 3.79 and 3.80 in
Equation 3.102 turns into the form
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Y
n
$
C
dy dn x
dx
FIGURE 3.5
Portion of path C with normal and tangential.
0éw odw 0éw
4 —_— _— —_— —_— — —_—
H[DV w — gléwdxdy JM"‘ o dy + JMy 2y dx JMW dy dy
R C C C
odw
+ JMW de — JQwadx + JQxﬁwdy =0 (3.103)
C C C

Examining a portion of the path C as shown in Figure 3.5 and considering
£ and 7 to be a rectangular set of coordinates at a point on the boundary, the
final variation of the total potential energy may be obtained as

ow oM
DViw — q)éwdxdy — | M5 = |d f")ado 3.104
JRJ( Viw — q)dwdxdy lMg (%) n+i<Q§+ I ( )

The Euler-Lagrange equation for this problem is

4 q
V*w L 3.105

which is the biharmonic equation as also obtained in Equation 3.84 where

Fw Frw  Jtw

4 — [— —_—
Viw = Ox* +28x28y2 + oy*
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and

B dy dx dy dx
Mg =M, (d”fl) -‘r-M (dn) ZMxyd d (3.106)
d d
0 -0, (ﬁ) Lo (a%) (3.107)

dy dy dy 2 dx\?
Men =M (dn> (dn> My <dn) (dn> + My (dn> ~ M (dn> (3:108)

From Equation 3.104, we may have now the two sets of boundary conditions
such as natural and kinematic boundary conditions for which one of the
following conditions is required to be satisfied:

1. Either Mg = 0 or 3 is prescribed.
2. Either Q¢ + [)Mf” = O or w is prescribed.

3.8 Equation of Motion for Vibration of Plates
by Hamilton’s Principle

Kinetic energy T of a vibrating plate is given by

T = %ﬂhpzbzdxdy (3.109)

R

where R denotes the transverse area of the plate, p denotes the density, and
is the plate thickness. Total potential energy has been derived in Equation

3.93 as
I

S:

N[O

Pw\® Pw Pw
R
(3.110)

By Hamilton’s principle, we have first variation

ST—-S)=0 (3.111)



Vibration Basics for Plates 97

This will give as before

f hp .o D Pw\ Pw Pw B
”[m[zwzz{(vz w)’ +2(1v)<( x@y) axz.ayz>}—q4dxdydt—0

(3.112)

It may be noted here (due to dynamic analysis) that the integration includes
time variable also. Now, taking the first variation by operator approach, we
obtain

t
”” h%zf ag—:"— D{(V2w)(v26w)+2(l —v)

ty
(82 825W 182w 82&0 182 825w

The variations after first term in the above equation are found by Green'’s
theorem as in Section 3.7. Here, the first term is given by

ty
ow Odw ow b Pw
h—.——dt|dxdy = ”ph (— 6w) - J ——-6wdt | dxdy
JJ[J ot ot ] ) ot " or

R L#

which turns into
Pw

Using the above facts, we may write Equation 3.113 in the form

]ZJ” hp(z;;"gw D{a z(VZW)Jray (V2w)

l’l R
tw 1 Pw 1 tw
+21-v) <8x28y2 “20d0p 2 ax2ay2) }&u - q8w] dxdydt =0
(3.115)

The line integrals are similar to those obtained in Section 3.7 and those are
not taken in the above equation because the dynamic term from kinetic
energy gives no contribution to the line integrals.
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So, the above equation becomes

153
J |:H{—hpib — DV*w + g}dwdxdy | dt = 0 (3.116)
51 R

Thus, we have from Equation 3.116 the differential equation of motion of
plate as

DV*w + phiv = q (3.117)

where D = #’iﬂy which is not a function of x and y, but a constant at this

stage. In the next section, it will be considered a function of x and y and the
corresponding equation of motion will be derived.

3.9 Differential Equation for Transverse Motion of Plates
by Elastic Equilibrium

Consider an elemental parallelepiped cut out of the plate as shown in Figure
3.1, where we assign positive internal forces and moments to the near faces.
To satisfy the equilibrium of the element, negative internal forces and
moments must act on its far sides. Then, the equation of motion of the
plate element in transverse direction is given as

Pw  9Q Q
phdxdy 5 = ax" dxdy + 8—;

dxdy (3.118)

where t is time variable; x, y are the space variables in the domain R occupied
by the plate; and p and h are density and plate thickness respectively.
Dividing the above equation by dxdy, we have

Pw Q.  0Qy

PYoE = ax oy

(3.119)

Taking moments of all the forces acting on the element about the line through
the center of the element and parallel to y-axis, it turns out to be

aé\ﬁx dx) dy — M,dy + <Myx +

an dx dx .
- <Qx + o dx> dy7 — Qs dy.7 =0 (3.120)

OM,x )
dy |dx — M, dx
ay Y v

M+




Vibration Basics for Plates 99

Neglecting higher-order terms and simplifying, we get

OM, n OM,yx
Ox oy

=Qx (3.121)
Similarly, taking moments about the line through the center of the element
and parallel to x-axis, the following is obtained:

oM, N OM,,
dy Ox

=Qy (3.122)

Substituting Q, and Q, from Equations 3.121 and 3.122 in Equation 3.119 and
using M,,, = M, reduces to

Fw _ PM.  PMy M,

h— =
Plor = o2 * Oxoy * oy?

(3.123)

Putting the values of M,, M,,, and M, from Equations 3.75 through 3.77 and
noting now that D is, in general, a function of x and y, we get

2D Pw 2D Pw 82D Pw 5w
2 2.0\ _ (1 _ - or
VOV) 0057 5 g ) T g =
(3.124)
where
PP
2 _ v
== +ay2 (3.125)

Equation 3.124 is the differential equation governing the transverse motion of
a plate with variable D, i.e., the flexural rigidity being a function of E, h, and p
and these may not be constant. In particular, for a plate with variable
thickness, Equation 3.124 is the governing equation of motion.

3.10 Boundary Conditions
Let Cbe the boundary of the plate as shown in Figure 3.5 (Equation 3.104). Then,
as discussed in Section 3.7, we require one of the following conditions on C:

1. Either My =0 or dw/0¢ is prescribed where ¢ denotes the normal to
the plate boundary.

2. Either Q¢ + (?Mg” = 0 or w is prescribed, where 1 denotes the tangent
to the boundary



100 Vibration of Plates

From the above, we have the following boundary conditions of a plate (if
all classes of elastically restrained edges are neglected).

1. Clamped boundary

and

ow
€~ OonC (3.126)

2. Simply supported boundary

w=0
and
Mg=0o0nC (3.127)
3. Completely free boundary
M:=0
and
Q: + a?ﬁf” =0onC (3.128)
S

3.11 Various Forms of Equation of Motion of a Plate
in Cartesian Coordinates

In a nutshell, we may now write the various forms of the governing equation
of motion for plates as the following:

1. Biharmonic equation for plates from Equation 3.105 with a load
distribution g(x, y) and constant thickness

DV?w = q(x,v) (3.129)

2. Equation of motion for bending vibration of a plate is given by
Equation 3.117, which is a modified form of Equation 3.105 as
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Po

4

DV:w + ph Fi q(x,y) (3.130)

3. Equation of motion of vibration of a plate with variable thickness,
h=h(x,y) from Equation 3.124

62
VDY) - (1 = »O*D, ) + ph s = qey) (3.131)
_*D P*w PD Fw  PD Pw

where, OYD,w) = 5757 250 meoy T o o

(3.132)

called the die operator.
4. Equation of motion of vibration of a plate with a linear foundation
modulus k may similarly be written as
22 4 P w
VA(DV-w) — (1 — v)$*(D, w) + phw +kw = q(x, y) (3.133)

If we put q(x,y) =0 in the above equations of motion, then one can get
the governing equations for free vibration study.

3.12 Formulations in Polar and Elliptical Coordinates

The previous sections addressed the equations of motion of a plate in terms
of Cartesian coordinates. Although these coordinates may very well be used
for circular and elliptical geometries, sometimes the circular and elliptic
peripheries are handled in terms of polar and elliptical coordinates in simple
cases of vibration analysis. Accordingly, in the following section, these will
be discussed in few details.

3.12.1 Polar Coordinates

These coordinates are shown in Figure 3.6, where the polar coordinates of a
point A may be written as

X =rcosf (3.134)
and

y =rsind (3.135)
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FIGURE 3.6

Vibration of Plates

Polar coordinate system.

The bending and twisting moments are then given in polar coordinates

similar to Cartesian coordinates as in Equations 3.75 through 3.77

Pw 10w 1 d*w
Mr__D[arz+V(r8r+r2602>]
10w 1 0*w Pw
MG__D[EEﬂ_ZW”W}

0 (10w
M,y = —D(1 — V)E (; %)
The Laplacian operator in polar coordinates reduces to

CO(e) 10(-) 1)
T o T or 2 9e?

VA(+)
and the transverse shearing forces are given by

- 9 o2
Qr=-Do (V)

Q)= ~D- 25 (V)

(3.136)

(3.137)

(3.138)

(3.139)

(3.140)

(3.141)

Equation of motion in polar coordinates may be derived as given in Section
3.11, where the Laplacian operator is given by Equation 3.139 and the

biharmonic operator is written as

V() = VAVA(4)

(3.142)
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3.12.2 Elliptical Coordinates
These coordinates are denoted by (¢, ) and Figure 3.7 shows this coordinate
system along with the Cartesian system (x,y) and the relation between these
systems may be written as
X = Ccosh £écosn (3.143)
Y = Csinh &sinn (3.144)

where 2C is the interfocal distance.
Laplacian operator in elliptical coordinates may be derived as

2 _PC) P 2 (fﬂ(-) a2<->> 6145

Vo= 02 + ay? :Cz(cosh 2¢ —cos2m) \ 92 - on?

The bending moments, twisting moments, and the transverse shear can
easily be derived from Cartesian equations given in earlier sections.

Again, the equation of motion in terms of elliptical coordinates may simi-
larly be written, as given in Section 3.11 by using Equations 3.143 and 3.144
along with the Laplacian operator (Equation 3.145) and biharmonic operator
(Equation 3.142).

o

|
|
|
|
[}
|
e C

FIGURE 3.7
Elliptical coordinate system.
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Exact, Series-Type, and Approximate
Methods for Transverse Vibration of Plates

We have obtained the equation of motion for the transverse vibration of a
plate in Chapter 3 as

Pw
DV%H#MEEZO (4.1)

where
w is the transverse displacement of the plate
p is the density of the material of the plate
h is the thickness of the plate
D= % is the flexural rigidity
v is the Poisson’s ratio
E is the Young’s modulus of elasticity
V* is the biharmonic operator

O*w Ftw  Ftw

4 —_——_— —_— —_—
Vw=gat Ox2x1y? + oyt

(4.2)

Also, V*w = V*(V*w) where V? is the Laplacian operator, and this has been
defined in Chapter 3 in the cases of rectangular, polar, and elliptical coord-
inates. For free vibration with circular (natural) frequency w, we can write the
motion of the plate in polar coordinates as

w(r,0,t) = W(r, 0) e 4.3)
and in Cartesian coordinates

w(x,y, t) = W(x, y) e 4.4)
In general, this will be written in the form

w = We'®* (4.5)

105
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By substituting Equation 4.5 in Equation 4.1, we get

(VE—BHYW =0 (4.6)
B phw?
Bt = D 4.7)

Equation 4.6 is then written as
(V2 + BV =YW =0 (4.8)

whose solution may be obtained in the form of two linear differential
equations:

(V2 +BHW; =0 4.9)
(V2= BHW, =0 (4.10)

One can write the solution of Equation 4.8 as the superposition of the
solutions of Equations 4.9 and 4.10. Let W; and W, be the corresponding

solutions. Then, one may have the solution W of the original differential
Equation 4.8 as

W=W;+W, (4.11)

4.1 Method of Solution in Polar Coordinates

The polar coordinate system has already been discussed in Chapter 3, where
the Laplacian operator V* is given by

() 10(0) 1 9()
o2 T or 12 pe?

V3(-) (4.12)

Let us consider the previous two differential equations, viz., Equations 4.9
and 4.10; first we will put

Wi(r, 0) = R1(1)©1(0) (4.13)

in Equation 4.9 for finding out the solution as separation of variables and
obtain the following:

d2R1 @1 de R1 d2®1
P R PR R T

+ /\2R1®1 =0
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The above is written by multiplying with #:)1 as

dzR 1dR 1 1 d2®
2 1 1 2 2
—_ - — —Jrﬁ = —— 4.14
4 l( dr? r dr > R4 ‘| @1 d02 ( )

Equation 4.14 is satisfied only if each expression in the above is equal to
a constant (say) k>. Thus, we obtain two ordinary differential equations
(ODEs) as

d’0,

@ KO, =0 (4.15)
d’R;  1dR, , K
EP) +rdr+( ﬂ)Rlo (4.16)
Solution of Equation 4.15 will become
®, = Gy cosk® + Hy sink6 (4.17)

where G, and H; are constants. Next, we will introduce a variable
&= Br (4.18)

in Equation 4.16 and thus we get a Bessel equation of fractional order as

2 2
dd? +% dd—l?Jr (1 - ;)Rl =0 (4.19)

The solution in terms of Bessel functions of the first and second kinds, viz.,
Ji(¢) and Yi(€) with ¢ = Br, may be written as

R; = AJi(B,) + BYi(B,) (4.20)
Therefore, from Equations 4.13, 4.17, and 4.20, we obtain
Wi(r, 8) = AJi(Br) + BY(Br)(G1 cos k® + Hy sin k) (4.21)

Similarly, Equation 4.10 may again be solved by separation of variables by
assuming a solution of the form

W (r, 6) = Ra(r)®1(6) (4.22)
Replacing B by i3, Equation 4.10 is expressed as

(V2 + (iB)*]W, = 0 (4.23)
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Putting Equation 4.22 in Equation 4.23 and multiplying by

72

R0,
we can obtain two ODEs as before:
e, ,
a0 +k°0, =0 (4.24)
and
d’R, 1dR, [, ., K
TRl {(1,8) - ﬂ} R =0 (4.25)
Again, introducing a new variable
n =iBr (4.26)

in Equation 4.25, the solution in this case may be written as
Ry = Elk(ﬁi’) + 5Kk(31’) (4.27)

where I;(Br) and Ky(Br) are the modified Bessel functions of first and second
kinds, respectively. As done earlier, the solution of differential equation
(Equation 4.24) is written in the form

®, = G, coskb + H sin k6 (4.28)

It is to be noted that k can be a fractional number, whereas plates that are
closed in 6 direction indicate that ® must be a function of period 2m. So, in
this case k must be an integer. Therefore, we will write

k=n (4.29)

wheren=0,1,2,3,...
Putting Equations 4.27 and 4.28 in Equation 4.22, the solution of Equation
4.10 becomes

Wa(r, 0) = [CL(Br) + DKy(Br)] (G2 cos k6 + Hy sin k) (4.30)
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Combining Equations 4.21 and 4.30 and putting Equation 4.29 for k=n
in Equation 4.11, we have

W(r,0) = (AJ.(Br) + BY,,(Br))(G; cos nf + Hy sinné)
+ (CI/(Br) + DKy(Br))(Gz cos nf + H, sinnf)
= (AJ,(Br) + BY,,(Br) + CIL,(Br) + DK, (Br)) cos nd
+ (A*],(Br) + B*Y,,(Br) + C*,,(Ar) + D*K,,(Br)) sinné

4.31)

where the constants

A=AG);, B=BG;, C=CG,, D=DG,
A*=AH;, B*=BH;, C*=CH, D*=DH,

General solution may now be written from Equation 4.31 in the form

Wy (r,0) = [Au]n(Br) + B, Y (Br) + cul(BY) + D, Ky (Br)] cos nb
+ [A%]a(Br) + BiYu(Br) + cilo(Br) + DiKy(Br)]sinng  (4.32)

where

B phw?
D

34

Both Y, (8r) and K,, (Br) are singular at 8r=0; i.e., at r =0. So, for a plate such
as a circular one, we take constants B,,, B,,* and D,,, D,,* as zero. We may also
note that for a circular plate with a concentric hole (i.e., annular circular
plate) of radius b <7, these functions must be considered because there is no
singularity at the origin. But in the present case, two additional boundary
conditions are to be specified at r=b.

4.1.1 Circular Plate

Let us consider a circular plate as shown in Figure 4.1, where a is its radius
and let the origin of polar coordinate system be taken as the center of the
circular plate. As mentioned in Section 4.1, for a circular plate the constants
B,, B,* and D,,, D,;* in Equation 4.32 are neglected. Moreover, if the boundary
conditions possess symmetry with respect to one or more diameters of the
circular plate, then we also discard the terms involving sin n6. With these
clarifications, Equation 4.32 is now written as

Wi (r0) = [An]u(Br) + Cyl(Br)] cos n (4.33)

where the subscript n will denote the number of nodal diameters. The
coefficients A, and C,, determine the mode shapes and may be solved from
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FIGURE 4.1
Circular plate.

the boundary conditions. As mentioned eatrlier, J, and I,, are Bessel functions
and modified Bessel functions of the first kind and

B phw?
D

B (4.34)

In the next few sections, frequency equations for a circular plate with three
types of boundary conditions, viz., clamped, simply supported, and com-
pletely free all around, will be addressed.

4.1.1.1 Circular Plate with Clamped Condition All Around

Let us consider a circular plate with radius a as shown in Figure 4.2. If the
edge of the plate is clamped, then we have the boundary conditions

W(r,0)|,_, =0 (4.35)

and

=0 (4.36)

r=a

oW
E(”/ 0)

FIGURE 4.2
Clamped circular plate.
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Putting Equation 4.33 in Equations 4.35 and 4.36, we have

Auln(Ba) + Culy(Ba) =0 (4.37)
Ad]l(Ba) + CuIl(Ba) = 0 (4.38)
where
dJu(.) _dLi()

O =552 and [0 =5F

The above two equations, viz., Equations 4.37 and 4.38, are written in matrix
form as

Jn@A) L) | fA.| _ fO

i e 1o &)

A= Ba (4.40)

where

For nontrivial solution, we get the characteristic determinant as zero, i.e.,

Lo L[
1y Loy =° (4-41)

This gives the frequency equation
TnMLA) = T, A) =0 (4.42)
Utilizing the recursion relation of Bessel’s function
o) = 10) = Jora ) (443)
and
[,0) = TLA) + L) (4.44)

in Equation 4.42, the frequency equation is written as
JnMWLiaQ) + LA (M) = 0 (4.45)

where the eigenvalue A is the frequency parameter that is given by

7
A2 = B2 = dPw % (4.46)
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and the corresponding natural frequencies are written as

(4.47)

To find the mode shapes, we may use either of Equations 4.39. If we take the
first one, then we may write

& e
4.1.1.2 Circular Plate with Simply Supported Condition All Around
In this case (Figure 4.3), the boundary conditions are given by
W(r,0),_,=0 (4.49)
and
M;(r,0)|,_, =0 (4.50)
This translates into
W(a) =0 (4.51)
and
M,(@) =0 (4.52)
where from Chapter 3, we have the bending moment
M, = -D [%Z—rf + ; %—ﬂ = (4.53)

FIGURE 4.3
Simply supported circular plate.
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Substituting Equation 4.33 in Equation 4.51, we get
AnJn(Ba) + Cul,(Ba) =0 (4.54)
Again putting Equation 4.33 with Equation 4.53 in Equation 4.52, we have

14

Ba

14

An{ (Ba) + &

I;(Bu)} + cn{l,z'wa) n I:,wa)} —0  (455)

Equations 4.54 and 4.55 are now written as

Jn(A) L(A) A [0
[ TN +ELA) L)+ )%I;(/\)] { ol } - {o} (4.56)

where A = Ba.
For nontrivial solution, the characteristic determinant is set to zero. Thus,
we get the frequency equation as

Jn() I, ()
T+ B+ e | 7 )
Differentiating Equation 4.43 and using the identity
2
Jni2 = X(n + Vi1 — Jn (4.58)
we may obtain
" nn—1 1
L (4.59)
and then we have
, v, nn—1) nv 1
n/(/\) +X]n()‘) = |: 22 -1+ /\2} Jn + X(l — V)n41 (4.60)

Again, differentiating the identity (Equation 4.44) and using the relation
2
Lipo =1, — X(” + Dlysa (4.61)
we get

nn—1 1
n= [ - t62)
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and obtain

nn—1 n 1
B+ 2w = [ e v @)

From Equation 4.56, by expanding the determinant and utilizing Equations
4.60 and 4.61, the frequency equation becomes

i) | o) 24
In()\) ]n()\) B 1-v

(4.64)

Solution of Equation 4.64 gives the frequency parameter A. Corresponding
mode shapes for simply supported circular plate are determined from the
first of Equation 4.57, i.e.,

A LY

(4.65)

Co  Juld)

4.1.1.3 Circular Plate with Completely Free Condition All Around

We have the boundary conditions for completely free case (Figure 4.4) as

M, (r,0)|,_, =0 (4.66)
Vr(i’, 0)‘r:a =0 (467)
which translates to
M,(a@) =0 (4.68)
and V,@) =0 (4.69)

For the first boundary condition (Equation 4.68), we arrive similarly as in
Equation 4.55

14

Al + -

L@(ﬁa)} Lc, [14’(&1) n [%I;wa)] —0 @)

FIGURE 4.4
Completely free circular plate.
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For the second boundary condition, viz., Equation 4.69, we will write

1 OMré
Vr: r T T T an
Q +r 00

9 2
So, we have the condition as
9 (Pw 10w
or\orr r Or

By substituting Equation 4.33 in Equation 4.71, we can get

=0 “.71)

r=a

]. 1 " 1 ].
An{,’H)—\ /{—)7];} + Cu {In +)—\L’{—P1;} =0 (4.72)

Here, we will not give the details regarding the derivation of the frequency
equation, but the same may be obtained from Equations 4.70 and 4.72 as

ATa) + (1 =) [A,Q0) = [y W)] — ATA) + (1 = mr? AL, A) = Ja)]

ALA) — (1 = v)[AL Q) — n2LA)]  APLQ) — (1 — v)n2[ALQR) — L(A)]
(4.73)

Solution of Equation 4.73 gives the frequency parameter A.
Next, we will study circular plates with concentric circular holes. These are
generally called annular plates.

4.1.2 Annular Plates

As mentioned, these plates have circular outer boundary and concentric
circular inner boundary. It has already been seen that three types of bound-
ary conditions exist in a circular plate, viz., clamped, simply supported, and
completely free. Because of the circular hole in an annular plate, this (hole)
will also have three boundary conditions: clamped, simply supported, and
completely free. As such, there exist nine possible combinations of simple
boundary conditions for the two boundaries (Figure 4.5). Various authors
(given in references) have introduced the frequency equations for nine com-
binations of the boundary conditions for axisymmetric, one diametral node,
and two diametral nodes. In this section, we will only incorporate the
frequency determinant for axisymmetric case, which can be used for getting
the exact results, though in later chapters, these annular plates will be
considered in greater detail for obtaining the first few modes of vibrations.
Accordingly, these nine cases as per the axisymmetric modes will be
addressed. We denote the boundary conditions clamped, simply supported,
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FIGURE 4.5
Annular circular plate.

and free as C, S, and F, respectively. In the annular region, the first symbol
designates outer boundary and the second denotes inner boundary.

4.1.2.1 Circular Annular Plate with Outer and Inner Both Clamped (C-C)

Here, the first symbol “C”" and the second symbol “C”” denote, respectively,
the clamped outer and clamped inner boundaries. Let us consider an annular
circular plate with outer radius a and inner radius b as shown in Figures 4.6a
with the said boundary conditions.

Now, we will substitute the solution (Equation 4.32) with the cosnf term
only into the clamped boundary conditions at r =4 and r =b. So, we will have

W(r,0)|y= = W(r,0)|,_,= 0 (4.74a)
and
dw dw
W(r' 0) T (r,0) o 0 (4.74b)

This will give four homogeneous equations in four unknowns A,, B,, C,,
and D,,. Similar to the complete circular plates in the previous section for a
nontrivial solution, the determinant of coefficient will be zero. The frequency

(@)

FIGURE 4.6
Annular circular plate with outer as clamped and inner (a) clamped, (b) simply supported, and
(c) completely free.



Exact, Series-Type, and Approximate Methods 117

determinant will consist of Bessel function of higher orders. These are
reduced to first and zeroth order by using various identities of Bessel’s
functions. Here, the details in this regard will not be included. Only the
frequency determinant for axisymmetric case (i.e., n=0) is given below.

Jo@)  Yo@) L) Ko@)
i) Y1) L) Ki(d)
Jo(ad)  Yo(ad)  Io(@r)  Ko(ah)
Jil@d) Yi(@d) —L(eA) Ki(ed)

(4.75)

where @ =b/a=m, which is the ratio of inner radius to outer radius of the
annular plate. Solution of the determinant (Equation 4.75) will give the
frequency parameter for various m.

4.1.2.2 Circular Annular Plate with Outer Clamped and Inner Simply
Supported (C-S)

Again, C-S denotes outer clamped and inner simply supported. Here, the
boundary condition at r=a is clamped and at r=b is simply supported
(Figure 4.6b). Accordingly, we will have

W(r,0),_, =0, aalrv(r, 0 =0 (4.76a)

r=a

W(,0)|,_, =0 and M,(r,0)|,_, =0 (4.76b)

Putting again the solution (Equation 4.32) with cosnf term into Equations
4.76a and 4.76b and simplifying, we have the frequency determinant for
axisymmetric case (n =0) as

Jod)  Yo(d) L(A) Ko(d)
Ji)  Ya(d) —h) Ki(d) 0 @77)
Jo(@d)  Yo(ad) Io(ad) Ko(an)
Ji(@d) Yi(ad) paly(ad) — L[(ad) PaKy(ad) + Ki(al)
where
2\
P= 1—v
a=bla=m

Frequency parameters may be obtained by the solution of Equation 4.77 for
various m=>b/a.

In the remaining seven boundary conditions, the frequency determinants
for n =0 (axisymmetric) case are written in the following subsections, as the
reader may now be clear with the boundary conditions that are to be satisfied
at each specified boundaries of the annular plate.
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4.1.2.3 Circular Annular Plate with Outer Clamped and Inner Free (C-F)

Frequency determinant for # =0 in this case is obtained as (Figure 4.6¢).

Jo@)  Yo(d) L) Ko(A)
Jid) - Ya@d) —Li) Ki(d) —0  (478)
Jol@d) Yol@h) —Io(@d) + Qli(ad) —Ko(ah) — QK (ah) '
B Yiled)  Tied) ~Ki(ad)
where
a =bjla=m
_2(1—-v)
Q= aA
4.1.2.4 Circular Annular Plate with Outer Simply Supported
and Inner Clamped (S-C)
Here, the frequency determinant is found to be (Figure 4.7a)
Jo@)  Yod) L) Ko()
B i) PO~ hA) PM) K)o
Jo(ad)  Yo(ad) ING2Y; Ko(an) .
Ji(ad)  Yi(ad) —Ii(ad) Ki(aA)
where
a=bla=m
2\
P= 1—-v

4.1.2.5 Circular Annular Plate with Outer and Inner Both Simply
Supported (S-S)

For this boundary condition, the frequency determinant is (Figure 4.7b)

FIGURE 4.7
Annular circular plate with outer as simply supported and inner (a) clamped, (b) simply
supported, and (c) completely free.
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Jod)  Yo(d) I(A) Ko(d)
J)  Yad) Ply(A) — Li(A) Pko(A) + Ki(A)
Jol@d)  Yo(ah) Io(a) Ko(ad)

Ji(eAd) Yi(ad) Paly(ad) —1(ad) PaKy(ad) + Ki(ad)

where o and P are as given above.

4.1.2.6 Circular Annular Plate with Outer Simply Supported
and Inner Free (S-F)

Frequency determinant here may be given by (Figure 4.7c)

Jo@)  Yo(d) I,(A) Ko()
Jid) - Y1) PI,(A) = Li(A) PKo() + ka(A)

Jol@d) Yolad) —Io(@h)+Qhiar) —Kolad) — QKy(ah)|

Ji(ad)  Yi(ad) I1(aA) —Ki(an)

where P and « are defined earlier.

4.1.2.7 Circular Annular Plate with Outer Free
and Inner Clamped (F-C)

The frequency determinant is obtained as (Figure 4.8a)

Jo@)  Yo@)  —L@A)+RLQA) —ko(A) — RK;3(A)

Jh@)  Yi(d) L) —Ki(d)

Jo(@A)  Yo(ad) Io(aA) Ko(an)

Ji(@d)  Yi(ad) —h(ad) Ki(ar)
where R = 2(1)\_ V).

(a) (c)

FIGURE 4.8
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(4.80)

(4.81)

(4.82)

Annular circular plate with outer as completely free and inner (a) clamped, (b) simply supported,

and (c) completely free.
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4.1.2.8 Circular Annular Plate with Outer Free and Inner Simply
Supported (F-S)

For n=0, the frequency determinant is written in the form (Figure 4.8b)

Jo)  Yod)  —I,A)+RL(A)  —Ko()—RKi(d)

JiA)  Ya(d) Li(A) —Ki(d) _
Jolad) Yolad)  Iah) Koa) |70 @
Ji(@d) Yi(aA) Paly(ad) — L(ad) PaKy(ad) + Ki(al)
where
21 -v)
R= A
2A
P= 1—v

4.1.2.9 Circular Annular Plate with Outer and Inner Both Free (F-F)

In this case for (n =0), the frequency determinant will become (Figure 4.8c)

Jo)  Yo@A)  —I(A)+ RLA) —Ko(A) — RK1(A)

JiA) - Yi(d) L) —Ki(d) _0 (4s84)
Jo(ad)  Yo(ad) —Io(ar) + Qli(ar) —Ko(ar) — QKi(ad) '
Jil@d)  Yi(aA) Li(a)) —Ki(an)

where
R— 2(1 —v)
A
_2(1-v)
Q= al

It is to be noted here that the lowest roots of 7 =0 and n =1 are rigid body
translation and rotation modes in case of the annular plate when both outer
and inner boundaries are free.

So, we have to obtain the frequency determinant for n =2 for finding the
lowest root. Accordingly, the frequency determinant with n=2 for this
boundary condition may be given as

]o()\) YO(A) AIO()\) — BL (A) AKO()‘) + BK; (A)
Jid) - Yi@d)  Cl@A) — DL) CKo(A) + DKy (1)
Jol@A)  Yo(ad) Aly(ad) — Blj(ah) AKy(aA) 4+ BK;(aA)
Ji(@A)  Yi(@A) Cli(ad) — DIj(@A) CKg(ad) + DKq(ah)

where

=0 (4.85)
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o 48(1 -

121 —p?) — A4
D712(1—V)(7+v+)\2)—)\4

B 12(1 — v)? — A4
— al 3+v\=
A1(4_ 2a)\>c
- aA 3+4+v aAd  3+v\=
B_Z—i_ 2a\ (I_ ZaA)D
— 48(1 — v)ar
C= .

12(1 — v2) — (aA)
and

5_12(17V)[7+v+(a/\)2]7(a/\)4

12(1 — v)* — (ar)*

Equations 4.75 and 4.77 through 4.84 give the form of frequency determin-
ants that may be obtained for the possible nine simple boundary conditions
for annular circular plates. From these determinants, the frequency param-
eters for axisymmetric case may be computed for desired value of m. Next,
we will provide the two rows in each case of the boundary conditions that
may be placed in the determinant to generate the frequency determinants for
any of the above boundary conditions.

(i) Clamped boundary

{]o(x) Yo(x)  Io(x) Ko(x)}
i) Yi(x) —hL(x) Ki(x)

(ii) Simply supported boundary

{Io(x) Yo) L) _ Ko@) }
Jix)  Yi(x) Plo(x) — Li(x) PKo(x) 4 Ki(x)

(iii) Completely free boundary

{fo(x) Yo(x) —lo(x) + QL(x) —Ko(x) —QKl(x)}
Jilx) Yi(x) Li(x) —Ki(x)

One has to put

xX=A

- 2\
Pil—v
and

— 2(1-v)
Q:
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in two rows of the above cases (i) through (iii) to have each of the
above-mentioned boundary conditions for the outer edges. Simi-
larly, for getting each of the boundary conditions in the inner bound-
ary of the annular circular plate, we have to substitute

X =aA
— 2aA
P:

1—v
and
= 2(1-v)
Q= al

in the two rows of the cases (i) through (iii).

4.2 Method of Solution in Elliptical Coordinate System

For exact analysis of vibration problem in elliptical coordinates, such as an
elliptic plate, the flexural vibration displacement W of the plate in Cartesian
system (x,y) is considered first. We had the differential equation of motion
for a plate from Equation 4.6 as

(VA= BHW =0 (4.86)
where
2
Bt = ”Pg" (4.87)

Solution of Equation 4.86 was written in terms of two linear differential
equations:

(V2 +B5)W; =0 (4.88)
and
(V2= BYW, =0 (4.89)
The solution W of the original differential equation is
W =W; + W, (4.90)
Equations 4.88 and 4.89 are written in the form

9*Wy N 0*Wy
ox? oy?

+B*W; =0 (4.91)
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and

0*W, L O*W,
ox? oy?

—B*W, =0 (4.92)

Let us now introduce the elliptical coordinates (¢, 1) as shown in Figure 3.7
such that
x = Ccoshécos
¢ "} (4.93)

y=Csinhésinn

where C is the semifocal length of the ellipse. As given in Chapter 3, the
Laplacian operator in elliptical coordinate is given by

o o
2 . —_ — . JEE—
V() axz( )+ay2

()
(4.94)

_ 2 LA
~ C%(cosh2¢ — cos2m) \9g  On?

Putting the Laplacian operator in elliptical coordinates from Equation 4.94
into the differential equation (Equation 4.91), we arrive at

PW;  PW 2c?
8521 87721 + P > (cosh2¢ — cos2n)W; =0

Putting
BC =2k (4.95)
we get

W, 9*W,

5 g+ 2(cosh2g — cos2mWy = 0 (4.96)

Similarly, we can have from the differential equation (Equation 4.92)

W, O*W,

o0& * om: 2k*(cosh 2¢ — cos 2m)W, = 0 (4.97)

The solution of the differential equation of motion of an elliptic plate may be
obtained from Equations 4.96 and 4.97 in terms of Mathieu functions.

Here, we will write the above two equations in terms of Mathieu’s differ-
ential equation only. For variable separation, we put

Wi (€, m) = U(€)V(n) (4.98)
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in the first Equation 4.96 and then it leads to

U PV
V=— 4+ U=— + 2k*(cosh 2¢ — cos2n)UV =
Y + o + 2k“(cosh 2¢ — cos2m) 0

Dividing both sides by UV again, two ODEs are obtained:

10U
Y 252 + 2k cosh2¢ — a (4.99)
and
1 2V
v 22—772 —2k?cos2m = —a (4.100)

where 7 is the arbitrary separation constant.
Equations 4.99 and 4.100 are now written as Mathieu’s differential
equations:

o*u

— — (@ —2qcosh2§)U = 0 (4.101)
o0&
and
A%
el +(@a—2qcos2n)V =0 (4.102)
where
q=K (4.103)

Equation 4.102 is called Mathieu’s differential equation and Equation 4.101 is
known as Mathieu’s modified differential equation.
Similarly, in Equation 4.97, we put

Wa(&, 1) = R(€)(n) (4.104)
which then will become
2 2
z,lfg?zj + Ng—:zf — 2k*(cos h2é —cos2m)Ny = 0

Dividing both sides by N, we obtain two ODEs:

1 6°N

Nz 2k* cosh2¢ = b (4.105)
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and

1%

o + 2k* cos2n = —b (4.106)

where b is the arbitrary separation constant. As before, the Equations 4.105
and 4.106 may be written as Mathieu’s differential equations

‘22: [b — 2(—q) cosh2¢]X =0 (4.107)
and

g:g +[b — 2(~q) cos 2]y = 0 (4.108)
where g=K>.

The solution of Mathieu’s differential equations (Equations 4.101 and
4.102) for U and V and Equations 4.107 and 4.108 for X and ¢ are substituted
in Equations 4.98 and 4.104 for W, and W), respectively. Thus, W may be
obtained from Equation 4.90.

We will incorporate here directly the solutions for Wy and W,, which are

= Z [Amcem(§/ q) + BmFe]/ym(g/ Q)] cen(n, q)

Z [ConSen(€, 9) + DuGeym(E, 9)lsen(n, q) (4.109)
m=1

and

o0

Wy = Z [Amcem(g Q) + B Pekm(f Q)] Cem(n/ _Q)

m=o

+ 3" [CuSené, —q) + DuGekn(, —q)]sen(n, —q)  (4.110)
m=1

where Ce,, cey, Sem, sew, Feyn, Fek,, Gey,, and Gek,, are ordinary and
modified Mathieu functions of order m.

Au, By Coiy Dy Ay, B, Ciy and D, are the constants. As in circular plate
when we consider the problem of elliptical plate (Figure 4.9) without hole, we
may write the final solution from Equations 4.109 and 4.110 as

o0

Wl = Z [AmCEm(g, q)Cem(n, q) —+ chem(g, 7q)cem("f[, 7[1)]

m=o0

+z [CuSem(€,q) + sem(n, q) + CuSem(é, —q)sem(n, —q)]  (4.111)

m=
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FIGURE 4.9
Elliptical plate.

In Figure 4.9, a and b denote, respectively, the semimajor and semiminor axes
of the elliptic plate. For symmetric vibration (i.e., mode shapes having
symmetry with respect to both the axes x and y), Equation 4.111 will become

W= Z [Amcem('f/ q)cem(n, q) + AnCen(, —q)cen(m, _q)] (4.112)

m=o0

4.3 Method of Solution in Rectangular Coordinate System

Rectangular coordinate system will be used here for free vibration of rect-
angular plates. Let us consider a uniform rectangular plate in the domain of
xy-plane as shown in Figure 4.10, where a and b are the two sides of the
rectangular region. The equation of motion for free vibration of plate is given
in Equation 4.1. It has been also shown that this equation may be written in
the form of Equation 4.8, i.e.,

(V24 B)(V*-BYW =0 4.113)

FIGURE 4.10
Rectangular plate showing the rectangular coord-
inate system. y
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where

B phw?

B 5 (4.114)
and V2 in this case has been shown to be
V() = a;;) + 8;;2) (4.115)
Equation 4.113 is again written as
(V2 +B)(V* + (iB)")W =0
The above may now yield two linear ODEs:
(V2 +BHW; =0 (4.116a)
and
(V2 + (iB)W2 =0 (4.116b)
Then, the final solution is expressed in the form
W=W;+W,=0 (4.117)

due to linearity of the problem. For the solution of Equation 4.116, we
will put

Wi(x, y) = Xa(x)Ya(y) (4.118)
and obtain the ODE

d*x, d*Y;
Yi—— + X1 —— + X1 Y18 =
g2 T 1dy2+ 1187 =0

This differential equation is now written in the form of two equations:

X,
o HadX: =0 (4.119)
and
d*y
LtadY; =0 (4.120)

dy?
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where
B =al + a3 4.121)

Solutions of the second-order differential equations (Equations 4.119 and
4.120) are given by

X1(x) = Asinajx + Bcosaix (4.122)
Y1(y) = Csinaay + D cos any (4.123)
and the solution of Equation 4.118 is obtained as

Wi(x,y) = (Asinajx + B cos a1x)(Csin aay + D cos aay)
= Asinajxsinayy + Bsinajx cos ayy + C cos ax sin apy
+ D cos a1x cos azly (4.124)

where A = AC, B=AD, C = BC, and D = BD.
Similarly, if we put

Wa(x,y) = Xa(x)Ya(y) (4.125)
in Equation 4.117, then we can derive the solution as

X»(x) = Esinh ayx + Fcosh aqx (4.126)
Y>(y) = Gsinhany + H cosh asy (4.127)

Using Equations 4.126 and 4.127 in Equation 4.125, W, (x, y) turns out to be

Wa(x, y) = E sinh ajx sinh apy + F sinh a1 x cosh apy
+ G cosh ey x sinh apy + H cosh ey x cosh apy (4.128)

where the constants are
E=EG, F=EH, G=FG, and H=FH

Combining Equations 4.124 and 4.128, the complete solution for W(x,y) is
obtained as

W(x, y) = Asina;x sinayy + Bsina;x cos ayy
+ Ccos ayx sinayy + D cos a1x cos apy
+ E sinh ayx sinh apy + F sinh a1 x cosh apy
+ G cosh ajx sinh ey + H cos a1 x cosh any (4.129)
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The constants A, B, C, D, E, F, G, and H depend on the boundary conditions
of the plate. It is worth mentioning now that there exist altogether 21
combinations of classical boundary conditions, viz., clamped (C), simply
supported (S), and completely free (F), for a rectangular plate. Gorman
(1982) and Leissa (1969) give the solution and other details regarding most
of the boundary conditions. In this chapter, we only study one case of the
boundary condition of a rectangular plate. The results and solutions related
to all boundary conditions will be covered in the later chapters of this book.
The three types of classical boundary condition equations for rectangular
plates are addressed next.

(i) Clamped (C) boundary condition in rectangular plate
Along x =0 and x =a, the condition would be

oW
W= d —=0 4.130
0 an o ( )

The conditions along y =0 and y = for clamped edge are

OW
W=0 and ——=0 (4.131)
dy

(ii) Simply supported (S) boundary condition in rectangular plate
Along x =0 and x =4, the conditions are given by
W=0 and M,=0 (4.132)
Conditions along y =0 and y =b are written as
W=0 and M, =0 (4.133)

Equation 4.132 gives the conditions

along x=0and x=a:

*W PW
W=0 and Mx——D|:6x2+Vay2:|:0

Then, we obtain from above

PW

because x is constant along the two directions.
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Similarly, Equation 4.133 gives the conditions
along y=0and y=">bas
W P W] _0

from which we obtain

2
W=0 and 871/2\/ =0 (4.135)
Oy
because y is constant along the above two directions.
(iii) Free (F) boundary condition in rectangular plate

Along x =0 and x =a, the boundary conditions are

PW PW
M"_D[WJ”’a—yZ]_O
and
M, d [BPW PW]
Q=3 __DE{W”z_V)a—yz]o

Combining the above two gives the boundary conditions along x =0
and x=a as

PW PW

= - = 4.1
2 0 and pre 0 (4.136)
The free conditions along y =0 and y =b will become

2
MyZ—D{@—F 8W] =0

ap o
OMyx a9 [0*W O*W
Again combining the above two, we obtain the boundary conditions
along
y=0and y=>bas
2 3
oW VZV =0 and IW _ 0 (4.137)
dy oy
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Now, we will consider some detailed analysis for a simple case of a boundary
condition, viz., when all sides of a rectangular plate are simply supported.
The corresponding boundary conditions (Equations 4.134 and 4.135) are

*W

atx=0 and x=a, wzmzo (4.138)
2

aty=0 and y=09, W:%TVZVZO (4.139)

First, we write the solution for x-coordinate, i.e., W(x) from Equations 4.122
and 4.126 as

W(x) = Xi(x) + Xa(x)
= Asina;x + Bcosayx + Esinh ax + Fcosha;x (4.140)

PW

W' (x) = e —Aad sinax — Baj cos ayx + Ea? sinh ayx 4 Fa? cosh g x
(4.141)
Imposing the boundary condition W(0) = 0 in Equation 4.140, we have
B+F=0 (4.142)
Using the boundary condition W(a) = 0 in Equation 4.140, we get
Asinaja + Bcosaya + E sinh aqa + Fcosh aqa = 0 (4.143)

Putting Equation 4.141 in boundary conditions W"(0) = W"(a) =0, respect-
ively, yields

~a&?B+alF=0 (4.144)

and
—Adaj sinaja — Baj cosaqa + Eaj sinhaja + Fajcoshapa =0 (4.145)
From Equations 4.142 and 4.144, we may conclude that B = F =0, since

2
aj #0.
Therefore, Equations 4.143 and 4.145 are written as

Asinaqa + Esinh aja =0 (4.146)
and

—afAsinaa + ofE sinh aja = 0 (4.147)
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Equation 4.146 gives
Esinhaja = —Asinaja (4.148)
Putting Equation 4.148 in Equation 4.147, the following is obtained:
Asinaja = 0. (4.149)

From Equations 4.148 and 4.149, one may arrive at E = 0 since sinha; a # 0.
So, the solution for W(x) becomes

W(x) = Asinagx (4.150)

Then, Equation 4.149 yields either A = 0 or sinaya =0. But A cannot be zero,
so we are left with

sinaja =0 (4.151)
which leads to
a =— (4.152)
where m=1,2,3,...

One may directly obtain Equation 4.152 if the Equations 4.142 through
4.145 are written in matrix form as

0 1 0 1 A 0
sinaia cosaa sinh a1a coshaqa B 0

! ! ! ! ol (4.153)
0 —a? 0 a2 E 0
—alsinaja —a3cosaia afsinhaja afcoshaja E 0

and the above matrix equation is satisfied only if the determinant is zero.
Expanding the determinant, we may have directly

sinajasinhaja =0 (4.154)

Since sinh a1a cannot be zero, so
sinaja = 0, which again gives @ = "7, which is the same as Equation 4.152.
In a similar fashion, if we take the y-coordinate solution, i.e., W(y) from
Equations 4.123 and 4.127 and we write W(y) as

W) = Y1(y) + Ya(v)
= Csinagy + Dcosapy + Gsinhayy + Hcoshapy — (4.155)

then one may arrive at

sinaxb =0 (4.156a)
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So, only the constant C will be nonzero. Accordingly, we have
W(y) = Csinagy (4.156b)
Therefore, the solution W(x, y) is found from Equations 4.150 and 4.156b as
W(x, y) = Asinayxsinasy (4.157)

where A=AC
Moreover, similar to Equation 4.151, we will have for y-coordinate solution

ni

; (4.158)

ay) =
wheren=1,2,3,...

Substituting values of «; and a, from Equations 4.152 and 4.158, in
Equations 4.121 and 4.114, we obtain

g2 = w\/% = [(%)W%? (4159

and therefore the frequency w is written with suffix m and n as
— 22 (M (] 2
O = T {(a) +(3) } i (4.160)
mn=1,2,3,...

Solution (Equation 4.157) may also be written as

Wi (x, }/) = Amn sm? . sin%

which are also known as the corresponding eigenfunctions for a rectangular
plate with sides a and b. In this case, the fundamental natural frequency
occurs for m=n=1.

(4.161)

4.4 Approximate Solution Methods

In the previous sections, either exact solution or series-type solutions are
introduced for some standard problems. In vibration problems, sometimes it
is not possible to get the exact or series solutions in particular to plate
problems. The complexity due to the domain occupied by the plate and the
specified boundary conditions make the problem more complex. Thereby,
we need to use approximate methods as discussed in Chapter 2. There exist
various approximate methods to handle these problems. Next, the approxi-
mate methods, viz., Rayleigh and Rayleigh-Ritz methods, will be discussed
to handle the vibration of plate problems, because only these methods will be
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mainly used in the rest of the chapters of this book by using a newly
developed solution methodology.

Energy formulations are sometimes an alternative to the differential equa-
tions that govern the equations of motion. Energy principles are the basis for
many powerful numerical methods for solving complex problems such as
plate vibration. There exists a direct connection between the energy and the
differential equation approaches through the principle of virtual displace-
ments as well as through different extremum principles. These will not be
discussed here as it is beyond the scope of this book.

4.4.1 Rayleigh’s Method for Plates

As discussed in Chapter 2, only the first, i.e., the fundamental frequency, may
be approximated by this method. Let us assume that a plate is vibrating
freely with natural frequency w and let w = w; be its fundamental frequency.
The kinetic energy T of the plate is written as

1
T = > ”hpw(x, y, H)dxdy (4.162)
R
A solution of the form is assumed as
w(x,y,t) = Wi(x,y) cos wit (4.163)

Substituting Equation 4.163 in Equation 4.162 and taking the maximum
value of T as Trax, We write
1
Toax = E(,)Zﬂmyvvf(x, y)dxdy (4.164)
R

where for the maximum value, we have sin’w;f=1.
Also, the maximum strain energy from Equation 3.93 is written as
0w )2 0w PPw

1
R

where g is taken as zero in Equation 3.93. Again, putting Equation 4.163 in
Equation 4.165 and taking the maximum value of U as Upax One can obtain
82W1>2_82W1 Wy

1
R

We now equate the maximum kinetic and strain energies of the system, as
there is no dissipation. Accordingly, we have

Tmax = umax (4 . 167)

(Viw)* +2(1 — V){ (

(V2Wi)? +2(1 — v){(
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Putting the values of Tyhax and Upax from Equations 4.164 and 4.166 in
Equation 4.167, we obtain

”D [(vzwl)2 +2(1— V){wf,xy - wl,xxwl,yyH dxdy

w? =X (4.168)
thWfdxdy
R
where
82W1 82W1 azwl
Wl,xy = Ml Wi = W’ and ley = 8—y2

The above is known as Rayleigh’s quotient, which gives the first frequency
directly if the integrals in Equation 4.168 are evaluated. For a constant
thickness and homogeneous plate, Rayleigh’s quotient in Rayleigh’s method
may easily be written from Equation 4.168 as

Dﬂ [(vzwl)2 +2(1— y){wfxy - wl,xxwl,w}] dxdy

w? =R (4.169)
hp”ledxdy

R

because in that case D, /1, and p will be constant and so those may be kept out
of the integrals. As discussed in Chapter 2, if W; as assumed in Equation
4.163 also satisfies boundary conditions of the problem, as well as if it
happens to be a good approximation to the first (fundamental) mode
shape, then the first frequency as given by Rayleigh’s method will give
even a better approximation of the fundamental frequency.

4.4.2 Rayleigh-Ritz Method for Plates

This method can yield higher modes along with a better approximation of the
fundamental mode. The method requires a linear combination of assumed
deflection shapes of structures in free harmonic vibration that satisfies at least
the geometrical boundary conditions of the vibrating structure. For the plate
vibrating freely with frequency w, we assume again a solution of the form

w = W(x,y) cos wt (4.170)

We can again easily obtain the maximum kinetic energy and maximum strain
energy as in the Section 4.4.1. Therefore, we would have

Tmax = %wZJJphWdedy (4.171)
R



136 Vibration of Plates

Umax =

N| =

”D [(V2W)2 121 — y){wgy - WxnyyH dxdy (4.172)
R

As there is no dissipation, maximum kinetic energy and the maximum strain
energy of the system are equated. Accordingly, the Rayleigh quotient in this
case is obtained as

ﬂh3 [(V2W)? +2(1 — ){ (W) — W Wy } | dxdy
w2 _ E R
T 12p(1 —12)

”h W2 dxdy )

R

The natural frequencies are then determined by minimizing the above quo-
tient after putting suitable expressions for W that satisfy the prescribed
boundary conditions of the system.

In this method, we assume an approximate solution involving some
unknown constants. Rayleigh’s quotient is then extremized as a function of
these constants. This leads to a system of homogeneous linear equations.
Equating to zero the determinant of the coefficient matrix, we get a polyno-
mial equation in the frequency parameter. Solving this, the natural frequen-
cies are obtained. The associated set of the unknown constants for a given
frequency gives the mode shapes for that frequency. By varying the number
of terms in the approximation, one can build up a sequence of solutions with
the hope that these converge to the exact solution.

To fix the above idea, let us now assume the N-term approximation

N
Wix, y) =D Cidilx, y)
j=1

= C1¢1(x, y) + Cor(x, y) + - - + Cudb,(x, y) (4.174)

where ¢,(x, y) satisfies the boundary conditions and C; are the constants to be
determined. Before proceeding further, we rewrite the Rayleigh quotient by
expanding the Laplacian operator and obtain

H}ﬂ (W2, 4+ W2, + 20We Wy +2(1 = »)W2, | dxdly

po’ =R (4.175)
”hwzdxdy
R
where
PW PW PW
Wxx — W, Wyy — W, and ny —_— Way
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Substituting the N-term approximation (Equation 4.174) in Equation 4.175,

one may get
N N N 2
zcj¢;“) ( cj¢;/y> +2(1— V)< c]-¢;“y> ]dxdy
j=1 j=1 j=1

o P N 2 N 2
/] [(Zw) (S var
R =1 j=1

<N

2

pw™ = N 2
J(ZC]-d)]v) dxdy
RN
(4.176)
where
w_
% =2
2
Y = o ;i
] 8y2
&Y = 82¢’f
7 OxOy
and
2
- 12p(1E v) 4.177)

Minimizing Equation 4.176 as a function of the coefficients C;, C5,..., Cy,
we write

(pw?)
aC;

=0 (4.178)

which gives
N 2 N N N
” S Gy | dudy ” S 3G S o v >
A= @ L = =
N N
Y G2y G Yy
= =
N N ’ N ’
~|Je( ey ) |[[3 | Socier |+ i
R =1 R =1 =1

N N N 2
+2v (Z c,-¢;fX> (Z c,-qb]W) +2(1-0) ( chb;‘y) }dxdy} =0
j=1 j=1 j=1
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Using Equation 4.176, the above is written in the form
2
N N N N
” (Z c]¢]») dxdy [J [ { 7Y G+ B> Ciol + v > Cipl”
=1 & =1 =1 =1

N N
gl > G+ 201 = g Y G } dxdy]
j=1 j=1

{Eelpose ) oe]e e

2
Now since (), Cidy;) # 0, Equation 4.179 leads to

XN: Ci ”{qbi‘xcbfx + ¢>¥y¢]w + v(¢;<X¢]W + ¢Zyy¢}cx> +2(1 - ,,)d);fy(b;cy} dxdy

j=1
N
—p® > G ” ;p;dxdy = 0 (4.180)

=1

If the following nondimensional forms
h
, Y=%, and H= 0 (4.181)

are used in Equation 4.180, we have

N

Z JJ |:¢XX¢XX+¢YY¢)YY+ ((b?(xtb]yy_i_d)lyy(b]xx)

j=
N
+2(1 - v)¢§y¢;ﬂ dXdY — pe® C]-”Hd)id)]-dXdY (4.182)
]':] R’

where
a is some characteristic length of the problem

h, is the thickness at some standard point, which we have taken as the
origin

Here, R’ is the new domain in nondimensional form.
Equation 4.182 may now be written as

N
> (@ —a*’pby)C; =0
=1
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The above is rewritten in the form

N
Z (a,-j — Azbij‘)Cj =0 (4.183)
j=1

where A% = a4w2p. Putting the value of p from Equation 4.177, we obtain

2 _ 12pa*(1 — 1v*)w?

A
ENn

(4.184)

known as the frequency parameter. The expressions a; and b;; are,
respectively,

aj= ”H3 [+ B v (FE BN+ 81 G ) 201 - 1) $1 | dxdy
.
(4.185)

and

bj = ”Hqﬁld)jdXdY (4.186)

R1

Equation 4.183 is known as the generalized eigenvalue problem, which can
be solved for frequencies and mode shapes for free vibration of plates of
various shapes and with different boundary conditions.

It is now important to note here from Equation 4.186 that if the functions ¢;
considered in Equation 4.174 are orthonormal with respect to the weight
function H, then

b — {O fori#j

771 fori=j
This will turn the generalized eigenvalue problem into a standard eigenvalue
problem. However, this requires some assumption and analysis before
choosing or generating the orthogonal polynomials that satisfy the boundary
conditions. This procedure of applying the orthogonal polynomials in
Rayleigh-Ritz method is applied recently throughout the globe to study
vibration problems. Present book is mainly devoted to the study of vibration
of plates using this newly emerging, intelligent, and powerful method. The
benefit and the other usefulness will all be discussed in subsequent chapters
for different types of vibration of plate problems. We discuss in Chapters 5

and 6 about generating and using the one- and two-dimensional orthogonal
polynomials. Before switching over to the discussion of these polynomials in
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the next chapters, the following are some discussions related to strain energy
procedures.

As per the above discussion, it is now understood that the strain energy
stored in a plate due to deformation is very useful. In particular, to obtain
approximate solution by Rayleigh-Ritz method, this energy expression is
important to know. Accordingly, here the strain energy stored in elastic body
in different cases is given.

Strain energy in polar coordinates:

uzgﬁ

a 10w\ \* *wf1ow 1w

Strain energy for rectangular orthotropic plate:
1 Pw Pw Puw Pw Pw\
U”D( >+2VD +D( >+4D < > dydx
ZR Ox? Vo2 o oy? Y\ 0:0,

(4.188)
The D coefficients are bending rigidities defined by

Fu 1o 1 Fw)’
o2 r or 12 96

D. — E.lW°
Y1201 — wywy)

D — Eyh3
Y12(1 — vyVy)

Dyvx = Dyvy
and
nyh3
Dy ==5

where E, and E, are Young’s moduli, », and v, are Poisson’s ratios in x,y
directions, and Gy, is shear modulus.
Strain energy for polar orthotropic plates:

2 2 2
U:%” D, (a ) +2v4,D, 8—w(18—w+la—w)
R

or? or2 \r or 12 96>
10w 1 8w\” 0 (1 ow
- — 98 — rdod 4.189
+De(r e 502> +4D"{a ( ae)” ro (@189
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where
E}B
D=—nu—
1201 — vever)
D,Eg
Dy = ——
o E,
and
13
Dr0 = Gr0 E

in which E, and E4 are Young’s moduli in 7 and 6 directions, respectively, G,
is the shear modulus, and vy, vy, are the Poisson ratios.

I
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5

Development of Characteristic Orthogonal
Polynomials (COPs) in Vibration Problems

Vibration analysis of different shaped structures has been of interest to
several engineering disciplines over several decades. Dynamic behavior of
the structures is strongly dependent on the boundary conditions, geometrical
shapes, material properties, different theories, and various complicating
effects. Closed-form solutions are possible only for a limited set of simple
boundary conditions and geometries. For the analysis of arbitrarily shaped
structures, a variety of numerical methods such as finite element method,
finite difference method, and boundary element method are usually applied.
Although such discretization methods provide a general framework for
general structures, they invariably result in problems with a large number
of degrees of freedom. This deficiency is overcome by using the well-known
Rayleigh—Ritz method.

Recently, tremendous work has been done by using a newly developed
method of orthogonal polynomials in the Rayleigh-Ritz method first proposed
in 1985. This method provides better accuracy of the results and is much
efficient, simple, and easy for computer implementation. The importance of
orthogonal polynomials is well known in the problems of numerical approxi-
mation. For generating such polynomials in one variable, we can start with a
linearly independent set such as {1,x,x%x>,...} and apply the well-known
Gram-Schmidt process to generate them over the desired interval with an
appropriate weight function. Fortunately, in this case the whole exercise is
greatly simplified because of the existence of a three-term recurrence relation.
This naturally saves a lot of computation. Perhaps, this is the reason why
problems that are one-dimensional can easily be treated by using such
polynomials. When certain boundary conditions are to be satisfied, one can
start with the set f(x) {1,x, 1%, x%,...), where flx) satisfies the condition of
the problem. Before going into the details of the characteristic orthogonal
polynomials (COPs), we will discuss few terms and theories related to
orthogonal polynomials that will be used in the contents in this book.

143
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5.1 Preliminary Definitions

n-Tuple: An ordered set X = (x1, xy, ..., x,,) of n elements is called an n-tuple,
which is also called a point or vector in n-dimensional space. The scalars
X1,%o,...X, are said to be the coordinates of the vector X.

Equality of two vectors: Two vectors X and i where X =(x,x,..., x,,) and
Y= Y2 .-, yn) are termed as equal iff (i.e,, if and only if) x;=y; for each
i=1,2,...,n. We define the zero vector denoted by 0 as the vector (0,0, ..., 0).

Addition of vectors: Addition of two vectors X and ¥ is defined as
X—’—y = (xl +y11x2+y2r~--/xn +yn)

Scalar multiplication: Let a be a scalar. Then, scalar multiplication is
defined as

aX = (axy,axy, ..., axy,)

Linear vector space: A collection of vectors 4, b, ¢,... is known as a linear
vector space or vector space or linear space V,, over the real number field R if
the following rules for vector addition and scalar multiplication are satisfied:

Vector addition: For every pair of vectors 2 and b, there corresponds a unique
vector (@ + b) in V,, such that:

(1) It is commutative: a+b=>b+a

(2) It is associative: (@ +b) +c=a+ (b+¢)

(3) Existence of additive identity element: there exists a unique vector 0,
independent of 4, such that

a+0=a=0+a
(4) Existence of the additive inverse element: for every g, there exists a

unique vector (depending on a) denoted by —a such that a +(—a) =0

Scalar multiplication: for every vector 4 and every real number « € R, there
corresponds a unique vector aa (product) in V,, with the properties:

(1) Associativity: a(Ba) = (aB)a, a, B € R

(2) Distributive with respect to scalar addition: (o + B)a=aa + Ba
(3) Distributive with respect to vector addition: a(a + b) = ad + ab
4) la=al=a
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In short, one may prove a set of vectors to be a vector space in V,, in the
following way:

(1) One should first define the rules of vector addition and scalar multi-
plication of a vector over the set.

(2) Closure property must be verified, i.e., if a,beV,, then aa+ ,BE eV,
for all scalars «, B € R.

Linear combination of vectors: Let ic(l), 92(2),. . ..,55(”) be n vectors, then any
vector ¥ = a1¥V + a,¥® + - - - 4+ @, " where ay, ay, .. ., @, are scalars is called
a linear combination of the vectors ¥V, @, ..., x™.

5.1.1 Linear Dependence and Linear Independence of Vectors

Linear dependence:

If V,, is a linear vector space, then a finite nonempty set (xz®,x@ . xtm)
of vectors of V,, is said to be linearly dependent if there exists scalars
ay,ay, ..., o, not all of them zero (some of them may be zero) such that

alx(l) + a2jc(2) R amg’((m) =0 (5.1)

Linear independence:
If V, is a linear vector space, then a finite nonempty set {J_C(l), 2 ..,J_C(m)}
of vectors of V,, is said to be linearly independent if every relation of the form

a1 XV 4+ apx® + - 4 @,y x™ =0

implies that a;=0 for each 1 < i < m.
It is to be noted here that if «,, # 0 (and other scalars are zero), then from
Equation 5.1, we have

m—1
—(m (i o
X =3"px0, g=-—L, j=1,2,...,(m-1) (5.2)

= (&377]

So, we may define that the given vectors are linearly dependent if and only if
one of them is a linear combination of the other vectors.

Inner product and norm:

We now introduce norm to measure the length of a vector or the difference
between two vectors of a linear vector space and to measure the angle
between two vectors, the concept of an inner product is introduced. Inner
product is analogous to the scalar product of geometric vectors.

Norm of a vector:

If we consider V as a linear vector space over the real number field R, then a
norm on vector space V is a function that transforms every element x € V into
a real number denoted by ||x|| such that ||x|| satisfies the following conditions:
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(1) ||x|]| > 0and ||x||=0if x=0
2) llee x[| =lall|x]], @ € R
G lx+yll < lxll +lyll, x,y €V

Moreover, a linear vector space on which a norm can be defined is called a
normed linear space.

Inner product:

Let us consider that F is a field of real numbers. Then, an inner product on
a linear vector space V is defined as a mapping from V x V into F, which
assigns to each ordered pair of vectors x, y in V, a scalar <x,y>in F in such
a way that

1) <xy>=<yx>
@ <ax+Byz>=a<xz>+B<yz>
B)<x,x>>0and <x,x>=0iff x=0

forany x,y,z€ Vand o, B € F.
The linear space V is then said to be an inner product space with respect to
that specified inner product defined on it and a norm is defined with every

inner product by || x||= /< x,x >

Orthogonal systems of vectors:

Two vectors X and j in an inner product space I, are called orthogonal if their
inner product is zero, i.e., if <X, y> =0. The orthogonality, in general, tells us
about perpendicularity. If the vectors are nonzero, then orthogonality
implies that the angle between the two vectors is /2. A set of nonzero
vectors ¥V, ¥ ..., #® or in short ") is called an orthogonal set if any
two vectors of the set are orthogonal to each other, i.e.,

<xD 2 >=0 for i#]j (5.3)

A set of vectors ¥, ¥@ ... ¥® is said to be orthonormal
if <x0,x0 >=§; (54)
where §;; is called the Kronecker delta (i.e., 8;;=0 for i # j and §;; =1 for i = ).

Accordingly, any nonzero set of orthogonal vectors may be converted into
an orthonormal set by replacing each vector X with x%/||x?].

Orthogonal system of functions:
A set of functions {¢;(x)} is said to be orthogonal over a set of points {x;} with
respect to a weight function W(x) if

< ), dex) >=0, j#£k (5.5)
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where the inner product may be defined as
N
< i), de(x) >=> " W(xi)p;(xi)y(xi)
i=0

On a closed interval [a,b], the set of functions {¢;(x)} is said to be orthogonal
with respect to the weight function W(x) if Equation 5.4 holds, and in this
case the inner product is defined as

b
< () byx) >= JW<x>¢j<x>¢k<x>dx (5.6)

The orthogonal functions {¢;(x)} may now be orthonormalized by the relation

¢i(x)
| i) |

and is denoted by $;(x) and so < ¢i(x), qlAJj(x) >=§j.

Sequence of orthogonal polynomials:

A sequence of polynomials, viz., Py(x), P1(x), P2(x), ... (finite or infinite) is

orthogonal if Pj(x) are all orthogonal to each other and each Pi(x) is a

polynomial of exact ith degree. In other words, this can be written as:
Sequence of polynomials Pi(x), i=0, 1, 2,...are orthogonal if

(1) < Pi(x), Pi(x) >=0 for i#j
(2) Pi(x) = Cix' + P;_; for each i with C; # 0
where P;_; is a polynomial of degree less than i.
Let us consider now an example with the functions Py(x) =1, P1(x) = (x—1),

and P,(x) = (x> — 2x +2/3), which form a sequence of orthogonal polynomials
and these are orthogonal on [0,2] with respect to the weight function W(x) =1.

< Py,P1 >=|1.(x—1)dx=0

and

< Py,Py>=|(x—1)(x* —2x +2/3)dx =0

S

Therefore < Pi(x), Pj(x) >=0 for i#]j
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Hence, Py, Py, P, are said to be orthogonal polynomials.
It may easily be proved that the set of functions {sin®*}, n =1,2,... is
orthogonal in [0,!] and we can find the corresponding orthonormal set.

Here, the norm of ¢; may be written as

sin—
I

s
1/2

I
J sin? (?) dx

- ~1/2

Therefore, orthonormal set ¢(x) is written as

=49 1 _ \ﬁ fmx
60~ {ry) { lsml}

5.2 Construction of Orthogonal Polynomials

It has been already pointed out that in one-dimensional case, there exits a
three-term recurrence relation for generating the orthogonal polynomials.
But for higher dimensions, we have to use the Gram—Schmidt method to
generate them. In the following discussions, the three-term recurrence rela-
tion and the Gram—Schmidt orthogonalization procedure are given for one-
dimensional case.

5.2.1 Three-Term Recurrence Relation

It is possible to construct a sequence of orthogonal polynomials using the
following three-term recurrence relation:

br1(X) = (¥ — e)Pix) — prpy1 (), k=0,1,2,... (5.7)

and
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< Xy, > < Xy, 1>
where ey = 7(’5}‘ P and = —¢k Pr-1

k= (5.8)

< bp, b > < bp 1, b1 >

Here, it is worth noting that we get the sequence of orthogonal polynomials
with leading coefficients as 1. If the leading coefficient of the sequence of
orthogonal polynomials is required to be other than unity, then in general we
can write the above three-term recurrence relation as

¢k+1 (x) = (dkx - ek)¢k(x) - Pkd)k—l (x)r k= 0,12,... (59)

where d, e, and pi can be obtained from the orthogonality property.

5.2.2 Gram-Schmidt Orthogonalization Procedure

The above recurrence relation is valid only for polynomials. Now, let us
suppose that we are given a set of functions (fi(x), i=1, 2,...) in [a,b]. From
this set of functions, we can construct appropriate orthogonal functions by
using a well-known procedure known as the Gram-Schmidt orthogonaliza-
tion process as follows:

$1=h
¢y =fo —angy
b3 =fs — asip; — aznd, (5.10)
where
_<h$> _ <fo 1> _<fu b >
B T A T S Sl
In compact form, we can write the above procedure as
é1=h
= 5.12
¢ =fi— Z Ofijd’]' ( )
=1
and
b
b, JW)fi(x)eb;(x)dx
ajj = :;‘Zji = (5.13)
P [W@)ei(x)e;(x)dx

The above procedure is valid only when the inner product exists for the
interval [a,b] with respect to the weight function W(x). Now, we will show
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that the functions fi(x) =1, fo(x)=x, and f_:;(x):x2 in the interval [0,2] can
be made orthogonal by Gram-Schmidt process where the weight function
W(x)=1.

For this, we will write as per the Gram—Schmidt procedure

$1(x) = filx) =1
hr(x) =fo — o1y = x —any

b3(x) = f5 — asipy — azmd, = x* — azd; — aznd,

The constant a»; may be found from Equation 5.11 as

2
[ xdx
a21:<x1¢)1>:0 :1
<¢1/¢1> jdx

0

So, we may write the second orthogonal polynomial from above as
$r() = (x = 1)

Then the constants a3 and a3 may also be found similarly (using
Equation 5.11) in the following way:

2
x2dx
o <x2,¢1 > g 4
31 = = ==
< , > 2 3
1,01 fdx
0
and
2 2
x%(x — 1)dx
Qv = <x2/¢2 > _6[ ( ) -2
BT <y > 2 -

[ (x — 1)°dx
0

Accordingly, the third orthogonal polynomial may be written as

¢5(x) = 2 —%.(1) —2x—-1)= <x2 — 2x+§)

Thus, one can generate the orthogonal polynomials {¢;} from the set of
functions {f;}.
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5.2.3 Standard Orthogonal Polynomials

Some well-known orthogonal polynomials, viz., Legendre and Chebyshev
polynomials, do exist and those have been used also in vibration problems,
but these are mainly suitable for one-dimensional problems or to problems
that can be solved in terms of one-dimensional coordinates. It is to be noted
here that although the Gram-Schmidt orthogonalization procedure may be
applied to find a set of orthogonal polynomials, we often use the well-known
orthogonal polynomials also. This is out of the scope of this text. However,
we just give here first few of these polynomials.

Legendre polynomials:
The few orthogonal polynomials described here are known as Legendre
polynomials, which are defined in the interval [-1,1] only:

do=1
b =x
¢2:x2—1/3

¢hy =2 — gx, etc.
Chebyshev polynomials:
These polynomials are also defined in the interval [—1,1] and the following
are few orthogonal polynomials known as Chebyshev polynomials with the

weight function = -

b =
¢ =x
¢2:x2—%

5.3 Characteristic Orthogonal Polynomials

Although it is advantageous to apply the well-known method of Rayleigh—
Ritz in various engineering problems, it is often difficult to obtain the
meaningful deflection shape functions in the said method. So, a class of
characteristic orthogonal polynomial (COPs) can be constructed using
Gram-Schmidt process and then these polynomials are employed as deflec-
tion functions in the Rayleigh—Ritz method. The orthogonal nature of the
polynomials makes the analysis simple and straightforward. Moreover,
ill-conditions of the problem may also be avoided.

It is well understood now that the Rayleigh-Ritz method is a very power-
ful technique that can be used to predict the natural frequencies and mode
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shapes of vibrating structures. The method requires a linear combination of
assumed deflection shapes of structures in free harmonic vibration that
satisfy at least the geometrical boundary conditions of the vibrating struc-
ture. Expressions for the maximum kinetic and potential energies are
obtained in terms of the arbitrary constants in the deflection expression. By
equating the maximum potential and kinetic energies, it is possible to obtain
an expression for the natural frequency of the structure. Applying the con-
dition of stationarity of the natural frequencies at the natural modes, the
variation of natural frequencies with respect to the arbitrary constants is
equated to zero to obtain an eigenvalue problem (Meirovitch, 1967). Solution
of this eigenvalue problem provides the natural frequencies and mode
shapes of the system. The assumed deflection shapes were normally formu-
lated by inspection and sometimes by trial and error until Bhat (1985a,b)
proposed a systematic method of constructing such functions in the form of
COPs. The restrictions on the series are the following:

1. They satisfy the geometrical boundary conditions.
2. They are complete.
3. They do not inherently violate the natural boundary conditions.

When the above conditions are met, the numerical solutions converge to the
exact solution and it depends also on the number of terms taken in the admis-
sible series. Different series types, viz., trigonometric, hyperbolic, polynomial,
give different results for the same number of terms in the series and the effi-
ciency of the solution will depend to some extent on the type of series chosen
(Brown and Stone (1997)). Bhat (1985a) used the Gram-Schmidt orthogonaliza-
tion procedure to generate the COPs for one dimension and showed that the
orthogonal polynomials offered improved convergence and better results.

To use COPs in the Rayleigh-Ritz method for the study of vibration
problems, first the orthogonal polynomials are generated over the domain
of the structural member, satisfying the appropriate boundary conditions.
After the first member function is constructed as the simplest polynomial that
satisfies the boundary conditions, the higher members are constructed using
the well-known Gram-Schmidt procedure (Wendroff (1961); Szego (1967);
Freud (1971); Askey (1975); Chihara (1978)). The developed COPs are then
used in the Rayleigh—Ritz method for the extraction of the vibration charac-
teristics. Next, we discuss the one- and two-dimensional COPs.

5.4 Characteristic Orthogonal Polynomials in One Dimension

Here, the first member of the orthogonal polynomial set ¢(x), which is
function of a single variable say x, is chosen as the simplest polynomial of
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the least order that satisfies both the geometrical and the natural boundary
conditions. In general, the first member is written in the form

b1(x) = co 4+ c1x + cox® F 3’ + - - (5.14)

where the constants ¢; can be found by applying the boundary condition of
the problem. It is to be mentioned here that this function should satisfy at
least the geometrical boundary condition. But, if the function also satisfies the
natural boundary condition, then the resulting solution will be far better.

The other members of the orthogonal set in the interval 4 < x < b are
generated using Gram-Schmidt process as follows (Bhat (1985a)):

$o(x) = (x — Ba)py (x)

5.15
dr(x) = (x = By _1(x) — Crpy_»(x) ( )
where
b
| xX[b_1 ()P W(x)dx
B =%
J [ 1P W(x)dx
: (5.16)
X1 (x) o (X)W(x)dx
Cp="1

b
[ [p_ ()P W(x)dx

and W(x) is the weight function. The polynomials ¢(x) satisfy the orthogon-
ality condition.

b

[wesosmar—o i k21

a

(5.17)
£0 if k=1

It is to be noted that even though ¢,(x) satisfies all the boundary conditions,
both geometric and natural, the other members of the orthogonal set satisfy
only the geometric boundary conditions.

Dickinson and Blasio (1986) and Kim and Dickinson (1987) further modi-
fied the method of Bhat (1985a) for the generation of COPs as

b1 (x) = (%) — Brlpp(x) — Cidpye1 (v), k=1,2,... (5.18)

where f(x) is a generating function chosen to ensure that the higher-order
orthogonal functions also satisfy all the boundary conditions.
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Similarly, the vibration of structures such as rectangular plates whose
deflection can be assumed in the form of product of one-dimensional COPs
may be analyzed using one-dimensional COPs. Various studies related to the
vibration problems of plates, beams, and with other complicating effects are
handled using COPs. Those are surveyed in a recent paper by Chakraverty
et al. (1999). Some details of those studies will be incorporated in later
chapters.

5.4.1 Beam in [0,1] with Both Ends Clamped

Let us consider a beam in [0,1] with both ends clamped as shown in
Figure 5.1.
Then, the boundary conditions are given by

$1(0) = ,(0) = ¢ (1) = $,(1) = 0 (5.19)
Now, consider the deflection function
d1(x) = ag + arx + ax® + azx® + agxt (5.20)

Substituting the boundary conditions in the above equation, the coefficients
a; are determined to yield

b1 (%) = ag(¥® — 22> + x*) (5.21)

The coefficient a4 can be appropriately chosen so as to normalize ¢;(x)
such that

1
J<¢1<x)>2dx —1 (5.22)
0

Then, the Rayleigh-Ritz method may be applied as discussed earlier.

FIGURE 5.1 I _________ E%
Beam with both ends clamped.
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5.4.2 Condensation with COPs in the Vibration Problems

This section gives refinement in the above method by introducing condensa-
tion in the Rayleigh-Ritz method using the characteristic orthonormal poly-
nomials for the deflection function. The method has been discussed here by
taking a simple problem of vibration of a cantilever beam [0,1], i.e., of unit
length where the left end (x =0) is clamped and the right end (x=1) is free.
This can be solved by using one-dimensional COPs and taking only two
terms for the deflection function, the efficiency and reliability of the method,
is shown below.
For the present problem, let us choose two functions

fi=x* and fr=x (5.23)

It can easily be seen that the geometrical boundary conditions for the prob-
lem are satisfied by the above two functions. The COPs for the above
functions in [0,1] can be constructed by the procedure as mentioned above
and let us denote these by ¢ and ¢, For the generation of these orthogonal
polynomials, the Gram—-Schmidt orthogonalizing procedure is used and ¢,
and ¢, are written as

$1=h

¢2 :fZ - 0121(1)1
_ <fZ/¢)1>

T Gy

where

1
<¢i/¢i> = J(¢i)2dx
0
and is known as inner product as defined in the previous sections.

Using the above definition of the inner product with the orthogonalizing
procedure, the orthogonal polynomials ¢ and ¢, may be written as

¢ =x> and ¢, =5x* —6x° (5.24)

The corresponding orthonormal polynomials may be generated by dividing
each ¢; by its norm, i.e.

o o; _ @b,
YTl b
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Then, the orthonormal polynomials can be constructed by the above
procedure as

¢ = V522 and $, = V7[¥3(5 - 6x)] (5.25)

Using these orthonormal polynomials, one can easily write down the mass
“M’" and stiffness ““K’’ matrices for the cantilever beam as follows, in which
the mass matrix will be an identity matrix due to the orthonormality of the
shape functions (Meirovitch (1980) and Singh and Chakraverty (1994)):

_ 10 _ 20 —16v35
M_pA{O 1] and K_EI{_16\/% 104 (5.26)

where p, A, E, I are material density, cross-sectional area, Young’s modulus,
and moment of inertia, respectively. Then, the equation of motion (in terms
of Rayleigh-Ritz method) may be written as

(KT = A[M]),,»1q} = {0} (5.27)

where the frequency parameter is given by

The orthonormal functions will render the problem (Equation 5.27) into a
standard eigenvalue problem rather than a generalized one. This conversion
to standard eigenvalue problem has been first discussed in Chakraverty
(1992) and Singh and Chakraverty (1994) and they first time named their
orthogonal polynomials as the BCOPs. However, details of those will be
addressed in the next chapter. The straightforward solution of the above
eigenvalue problem will give w; =3.5327 and w, = 34.8069.

Now, the problem may be solved by reducing the order of the above
eigenvalue problem by condensation (Meirovitch (1980)).

To reduce the order of the general eigenvalue problem of order n x n

([K] = A[M]),,,,iq} = {0} (5.28)

in the Rayleigh—Ritz method, it is possible to express the mass and stiffness
matrices to lower order (as required) say p X p, p <n as

Mm(nfp)xrJ M22<,,,p)x(,1,p)

KHPXP Klsz(H—p)
K21(nfp)><p Kzz(nfp)x(nfp)

[M] — l Mllpxp Mlsz(”*f’) ‘|

[K]nxn =
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and

_ q _Jm
w={,7 1={ 529)

The condensation is done from Equation 5.28, using above mass and stiffness
matrices and Equation 5.29 by writing as follows:

(K11pyp — AM11,5p) (K12p s n—p) — AM12p 5 4—p)) { g1 } _ { 0 }
(K211 p)p = AM2L(1pyp) - (K2201-p)x(n—p) = AM2201-pyxap) | L 42 0

Ignoring the inertia terms in the second row of equations, we have

(g2} = [~(K224pyxu—p) " (K21 pyp)] {1}

Thus, {7} may be written as

=1 1 jia
qr= —(K22(n_p)><(;1—p))_1(K21(71—P)><P) "

Finally, the pxp condensed eigenvalue problem can be written as

T
1
i [K — AM]
{—(KZz(n_p)x(n—p)) 1(K21(n—mxzﬂ)}

1
~={0 5.30
) {—(K22<np>x<np>)1(K21(np>xp)} . 530

The condensed eigenvalue problem for the present example is then given by

-1
1 KI1-A K12 1
{ _K227'K21 } [ K21 K22 A] { _K227'K21 } = 63D

Putting the values of Kj1, Ki2, K»1, and Ky, from Equation 5.26 in the present
condensation scheme given in Equation 5.31 and reducing it to a single
coordinate and solving, the first frequency is obtained as w; =3.5328. The
exact solution of the problem may be found out and the first frequency is
given by 3.5156.

If the orthonormal polynomials as developed are not used, i.e., if the
polynomials mentioned in Equation 5.23 are used, then the mass and stiff-
ness matrices will be given by

1/5 1/6

M:”A{lm 1/7

| ealf

. 12 (5.32)
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TABLE 5.1
Comparison and Evaluation for the Proposed Solutions
Condensed Condensed
Non-Orthogonal Orthonormal Non-Orthonormal Orthonormal
Exact Polynomial Polynomial Polynomial Polynomial
Frequency Solution Solution Solution Solution Solution
1 3.5156 3.5329 3.5327 3.80528 3.5328

2 22.0336 34.8881 34.8069 — —

and then use of Equation 5.27 gives the frequencies as w;=3.5329 and
w> =34.8881. Moreover, if we use the condensation as discussed above
with the non-orthonormal polynomials, this gives the first frequency w, as
3.80528. Thus, it is seen that the exact frequency is more closer by using the
characteristic orthonormal polynomials with the present condensation
method. In this regard, Table 5.1 gives easy comparison and evaluation for
the above solutions:

It is to be noted from Table 5.1 that the orthonormal polynomial solution
gives almost the same accuracy for the first frequency with less computation
in comparison with the non-orthogonal/orthonormal polynomial solution.
However, for the second frequency, the orthogonal /orthonormal polynomial
solution has been obtained by taking only two terms of the series. So, the
agreement for the second frequency is not good. The accuracy for this
frequency and for the higher frequencies may be obtained by taking more
terms in the orthonormal polynomial series as obtained in plate problems
with noncondensed orthogonal polynomials by Chakraverty (1992)
and Singh and Chakraverty (1994). The proposed condensed orthonormal
polynomial solution gives a higher accuracy for the first frequency
when compared with the condensed non-orthogonal/orthonormal poly-
nomial solution.

The powerfulness and reliability of the COPs when used with condensa-
tion in the Rayleigh—Ritz method are now very well understood. Here, only
the first two orthonormal polynomials have been taken and then it is shown
how the condensation with the COPs may reduce the labor when one is
interested in smaller number of vibration characteristics than in solving the
whole eigenvalue problem. The orthonormal polynomials convert the mass
matrix to an Identity matrix as shown in Chakraverty (1992) and Singh and
Chakravery (1994). This also makes the condensation method more easy to
handle and comparatively more efficient as discussed in Chapter 6.

5.4.3 Free Flexural Vibration of Rectangular Plate Using One-Dimensional
Characteristic Orthogonal Polynomials

The vibration of structures such as rectangular plates whose deflection can be
assumed in the form of product of one-dimensional COPs may be analyzed
using one-dimensional COPs. Various studies related to the vibration
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problems of plates, beams, and with other complicating effects are handled
using COPs. Those are surveyed in a recent paper by Chakraverty et al.
(1999). Some details of those studies will be incorporated in later chapters.

However, here the problem of rectangular plates studied by Bhat (1985a)
will be discussed for clarity. Accordingly, let us assume a rectangular plate
with plate dimensions a and b, whose deflection due to free vibration may be
expressed in terms of the COPs along x and y directions as

WEY) =D Audn@i,v) (5.33)

where x=¢/a and y=n/b, with £ and 7 the coordinates along the two sides
of the rectangular plate. Corresponding maximum kinetic energy Tpn.x and
maximum strain energy U,.x then may, respectively, be written as

11
Tonax = %phabwz J JWZ (x, y)dxdy (5.34)
00
1 11
zDabJ J 2+ 20 Wi Wy +2(1 — v)ﬁ2w§ydxdy] (5.35)
00

where
B =a/b is the side ratio
p is the density of the material of the plate
v is the Poisson’s ratio
D is the flexural rigidity of the plate

Putting the deflection function (Equation 5.33) into the above maximum

kinetic and strain energies and minimizing the Rayleigh quotient with
respect to the constants A;;, we get the eigenvalue problem

3 [cmm] ~ AEQVFY °>}A =0 (5.36)
m n
where

Comij = EGPFSY + BESVFSY 4 vg? [ESPFGY + ESOF?)|

+2(1 — »)B2ESY Ff}] 2 (5.37)

EP) — J &y, &7 i gy (5.38)

dx?  dx
0
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1

Foa) J &y, Y (5.39)
nj dyr dy ’
0
m,n,i,j=123,...,p9=0,1,2
and
B phw?a*
A= 5 (5.40)

Solution of the eigenvalue Equation 5.36 will give the vibration character-
istics. It may be noted that the COPs as proposed yield superior solution as
given in Bhat (1985a). The detailed results using orthogonal polynomials for
various geometries will be included in later chapters.

In the above, a two-dimensional problem, viz., rectangular plate, has been
analyzed using one-dimensional COPs. As such, studies related to one-
dimensional problem, viz., beams and with various complicating effects,
have been carried out by different researchers using one-dimensional ortho-
gonal polynomials. On the other hand, two-dimensional and three-dimensional
problems with regular geometry with and without complicating effects such
as cutouts, anisotropic, laminated, and plates with different theories have been
handled using one-dimensional orthogonal polynomials also by various
investigators. As mentioned earlier, Chakraverty et al. (1999) reviewed the
detailed studies in this respect.

5.5 Characteristic Orthogonal Polynomials in Two Dimensions

In view of the above, one may conclude that simple geometries, in particular
one-dimensional problems and higher-dimensional problems whose deflec-
tion can be assumed as the product of one-dimensional functions, may be
investigated by one-dimensional COPs. But, plates with bit complex shapes
such as triangular and polygonal do require two-dimensional assumed
functions. Accordingly, Bhat (1986b, 1987) proposed two-dimensional char-
acteristic orthogonal polynomials (2DCOPs) to study vibration behavior of
non-rectangular plates in the Rayleigh—Ritz method. Polynomials are gener-
ated by using again the Gram-Schmidt orthogonalization procedure in two
variables (Askey (1975)). Polynomials in two dimensions may be generated
by using simple monomials in a specific order

1,xy, xz,xy, yz, ..., xi,xi‘ly, .., xi‘kyk (5.41)
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The first member of the orthogonal polynomial set is so constructed that it
satisfies at least the geometrical boundary condition of the plate. As in
one-dimensional case, here also as proposed by Bhat (1987), the first member,
¢1 (x,y) is taken to be of the form

d1(x,y) = o + c1x + oy + c3x° + caxy + syt + - - (5.42)

where the constants c; are to be determined by the specified boundary
conditions of the plate. The steps about how the higher members of the
orthogonal set and the first polynomial are actually generated will be
shown in the following sections for an example of triangular plate as given
in Bhat (1986b, 1987).

Accordingly, for a triangular plate, there will be six geometrical boundary
conditions and so the first member of the orthogonal set may be written in
the form

b1(x,y) =co + c1x + oy + 63x2 + caxy + 65y2 + c6x3 (5.43)

to satisfy all the six geometrical boundary conditions and the constants c; can
be found using those boundary conditions. After getting the first orthogonal
polynomial, we will write as in Bhat (1987) the second orthogonal poly-
nomial, i.e.,

$r(x,y) = Xy + andy (v, ) (5.44)

where x%y is the next term of the monomials given in Equation 5.41 after the
last monomial used in ¢1(x, ), i.e., the monomial x’y appears after x° in the
sequence. Here, a5, is the constant to be determined by orthogonal property.
The orthogonality condition between the polynomials ¢ and ¢, requires that

[[re 015 0t sty = {57 (549
R

where 7(x, y) is a weight function and u; are constants. Now, using Equations
5.44 and 5.45, the constant 4,7 may easily be obtained as

1@“ n(x, y)(¥2y): (x, y)dxdy
- 5.46
- }fif n(x, y)[1 (x, ) dxdy (5.46)

where the integration in the numerator and denominator is to be evaluated
exactly if possible or by any numerical methods. After finding a,; from
Equation 5.46 and then putting this in Equation 5.44, we finally get the
second orthogonal polynomial ¢,(x, ). The next COP may now be written as
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b3(x, y) = Xy + an i (x, y) + azndy(x,y) (5.47)

Again, the constants a3, and a3, can be found in a similar way as above using
the orthogonality property and those are obtained as

g n(x, y)(xy?)by (x, y)dxdy
I )l oy Petady

asy = (548)

£J7](x/ y)(xy2)¢>2(x, y)dxdy
It e, pPdxdy

and azp = (5.49)

The above procedure of constructing the orthogonal polynomials may be
continued until the required number of orthogonal polynomials is found. It is
worth mentioning here that (till this point of discussion) we do not have any
recurrence scheme for two or higher dimension as in one dimension, so we
have to orthogonalize with all the previously generated orthogonal polyno-
mials in the set, although we will introduce a recurrence scheme of higher
dimensions for generating BCOPs in the next chapter. Bhat’s procedure of
generating the 2DCOPs may now be written in general form in the following
manner.
For this, we will first designate the monomials in Equation 5.41 as

h=LhA=xfi=y = fai=xyifs =y fo = =%y fs = xy% . ..
(5.50)

Let us also suppose that there are m boundary conditions to be satisfied, then
the first polynomial will be

m

b1(x, y) = cif (5.51)

i=0

where ¢;, i=0,1,..., m are the constants to be determined by the specified
boundary conditions. The two-dimensional COPs of the whole set may now
be written as

i—1

G5, ) = frma + > audy i=23,... (5.52)
k=1

where the constants a; of Equation 5.52 may easily be obtained by using the
orthogonal property as
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JI;I N Y)(firm1)i(x, y)dxdy

T 5.53
h Q"n(xr NIi(x, y)dxdy (5.53)

After finding the double integrals in the numerator and denominator, one
can get the constants a;. On substitution of these constants in Equation 5.52,
the whole set of the required COPs is generated. For uniform and homo-
geneous plate, the weight function n(x,y) in the above integrals is taken as
unity. But, for variable thickness, non-homogeneity and other complicating
cases of the plates, the weight functions have to be written accordingly, as
will be shown in the later chapters.

5.5.1 Free Flexural Vibration of Triangular Plate Using Two-Dimensional
Characteristic Orthogonal Polynomials

Again, the example of triangular plate will be discussed here from Bhat
(1987). We define the deflection function of a triangular plate vibrating freely
in terms of COPs as

W(x, y) =D cibilx, y) (5.54)
i=1

where x={/a and y=r7/a, a and b are the sides of the triangle as shown in
Figure 5.2 and ¢ and 7 are the Cartesian coordinates. Then, the maximum
kinetic and strain energies may be written as

Trnax = %phazw2 ”WZ (x, y)dxdy (5.55)
R

1
Unax = Dazﬂ [wﬁx + W2, + 20 W Wy +2(1 — y)w,%y} dxdy  (5.56)

=

,T
a’

A FIGURE 5.2
%¢ Triangular plate geometry.



164 Vibration of Plates

Putting the deflection function from Equation 5.54 into the above maximum
energies (Equations 5.55 and 5.56) and minimizing the Rayleigh quotient
with respect to the coefficients c;, we have the eigenvalue problem as
(Bhat (1987)),

> Ej = AFY0le; =0 (5.57)
i

where Ej = F702% 4 FP202) 4 p[F0220) 4 p2002] 4 o(1 — p)Fi ) (5.58)

s [[[d" ey [d"di(xy)] [d iy [d¢(xy)
[ e ey
R

where

_ phate?
D
ij=1,2,3,...

m,n,r,s=0,1,2

A

Solution of the above eigenvalue problem will extract the vibration charac-
teristics, viz., the natural frequencies and mode shapes of the said plate
problem.

Different vibration problems, viz., plates with polygonal shape and with
other complicating effects, have been solved by using the above-discussed
2DCOPs. Again, those are surveyed in Chakraverty et al. (1999). In Chapter 6,
another form of the method, viz., BCOPs, will be introduced for efficient
solution and simple computer implementation, which will be shown to
render the vibration problem to a simpler form. The rest of the chapters in
this book will use those in the solution for vibration behavior of complex
plate problems.

I
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6

Boundary Characteristic Orthogonal
Polynomials (BCOPs) in Vibration of Plates

The importance of orthogonal polynomials is well known in numerical
approximation problems. Methods of least squares, Gauss quadrature, inter-
polation, and orthogonal collocation are a few areas in which the advantage
of orthogonal polynomials is well documented. Recently, the orthogonal
polynomials are being used in the Rayleigh—Ritz method to study vibration
problems, particularly the vibration of plates. Furthermore, Chakraverty
et al. (1999) provided a survey of literature that used these polynomials in
vibration of structures. Chapter 5 addressed the vibration problems using
characteristic orthogonal polynomials (COPs) in one and two dimensions. It
is already known that for generating such polynomials in one variable, we
can begin with a linearly independent set, such as {1, x, x% %, ...} and apply
the Gram—-Schmidt process to generate them over the desired interval with an
appropriate weight function. Fortunately, the whole procedure in this case is
greatly simplified owing to the existence of three-term recurrence relation.
This saves a lot of computation. As such, the problems in one dimension are
well handled accordingly, as discussed in Chapter 5. When certain boundary
conditions are to be satisfied, one can start with the set f(x) {1, x, LSIE ST
where f(x) satisfies the boundary conditions of the problem.

Quite a large variety of one-dimensional problems have been solved using
orthogonal polynomials. Subsequently, the application was extended to
two-dimensional problems, either using one- or two-dimensional orthogonal
polynomials, as briefed in Chapter 5. Chakraverty (1992) and Singh and
Chakraverty (1994) generated and used two-dimensional orthogonal polyno-
mials to study vibration problems of plates for a variety of geometries. These
polynomials were named as boundary characteristic orthogonal polynomials
(BCOPs) by Chakraverty (1992) and Singh and Chakraverty (1994). In this
chapter, the method and procedure for generating these polynomials, specific
to the vibration of plates, will be discussed. Furthermore, a type of recurrence
scheme that was generated for the two-dimensional BCOPs by Bhat et al.
(1998) will be addressed along with the illustration of some discussions on
the refinement of the procedure.

The use of BCOPs in the Rayleigh-Ritz method for the study of vibration
problems involves three steps. The first step is the generation of orthogonal
polynomials over the domain occupied by the structural member and

167
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satisfying the appropriate boundary conditions. After the construction of
the first member function that satisfies the boundary conditions, the higher
members are constructed using the well-known Gram-Schmidt procedure.
The second step is the use of these polynomials in the Rayleigh—Ritz method
that renders the problem into a standard eigenvalue problem, rather than as
a generalized one. This is the main advantage and beauty of this method,
which converts the problem into a simple, straightforward, and computa-
tionally efficient form. The third and the last step involves the solution of this
eigenvalue problem to get the vibration characteristics.

6.1 Boundary Characteristic Orthogonal Polynomials
in n Dimensions

Let us consider that X = (x1, X, x3,...,X,) is a member in an n-dimensional
domain D,,. We denote the boundary of D,, as dD,,. Then, as in Chapter 5, we
can describe the inner product of the two functions F;(X) and F(x) defined
over the n-dimensional domain D,, as

Gﬂﬂ&@»:JM@H®B@MDn 6.1)

D,

where (¥) is a suitably chosen weight function defined over the domain
considered. Subsequently, the norm of a function for the above inner product
can be written as

2

Hahwﬁﬁzjww&wwm 6.2)
D,

If we consider that a function g(x) satisfies the desired boundary conditions
on 0D,,, then for generating the orthogonal sequence, we can start with the
following set:

gx)fix)}, i=1,23,... (6.3)

where the functions f{(x) are linearly independent over the domain D,,. It is
important to note that each member of the set in Equation 6.3 does satisfy the
same boundary conditions. Thus, the final orthogonal polynomials generated
are the BCOPs. Now, to generate the orthogonal polynomial sequence
denoted as {¢;}, the Gram-Schmidt process is utilized:
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(;bl — gfl (64)
i1
b= St =234, ©3
=1
where
TS oo

The orthonormal polynomial sets may be obtained by dividing each ¢; by its
norm, which can be written as

e
e — 6.7
Y =TT ) €7

It may be pointed out that the problem of generating orthogonal polynomials
is inherently an unstable process. Hence, small errors introduced at any stage
of computation may lead to loss of significant digits and the results may
become entirely absurd after a few steps. So, it is advisable to carry out all the
calculations in double-precision arithmetic. There exists a variety of problems
in different engineering applications, such as in fluid mechanics, elasticity,
diffusion, electromagnetic theory, and electrostatic theory, where the prob-
lem can be formulated in the form of differential equation or in terms
of variational formulation. If the BCOPs are used as the basic functions in
the Ritz or other variational methods, the final equations are simplified
greatly because the cross-terms vanish for the orthogonality. Thus, the
solution of the problem becomes straightforward and easy. Moreover, the
setback of ill-conditioning, which is invariably present in such problems, is
also reduced to a great extent. Hence, in that case a few approximations are
sufficient to provide reasonably accurate solutions. This book only includes
the problems of vibration of plates, where the use of BCOPs has proved to be
extremely powerful and useful. Accordingly, the generation of BCOPs in two
variables will be discussed in general.

6.2 Boundary Characteristic Orthogonal Polynomials
in Two Dimensions

To generate the BCOPs for any geometry, we start with a linearly independ-
ent set of the form

Fix,y) =g, y)fitx,y), i=1,23,... (6.8)
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where
g(x,y) satisfies the essential boundary conditions of the problem
fi(x,y) are suitably chosen linearly independent functions

These will be described in the subsequent discussions in this chapter. Let us
define the inner product of two functions p(x, y) and g(x, y) in two dimensions,
similar to n dimensions, over the domain occupied by the plate as follows:

pa) = ”df(x, Yp(x, y)q(x, y)dxdy (6.9)

R

where i(x,y) is a suitably chosen weight function depending on the problem.
Now, the norm of a function p(x,y) in two-dimensional case may be written as

1/2
IpCe, )ll= (px, ), per,y)* = [ﬂw(x, Yip, y)}zdxdy} (6.10)

R

The orthogonal functions ¢i(x,y) can then be generated using the Gram-
Schmidt orthogonalization process in the two-dimensional case as

¢1(x,y) = F1(x, ) (6.11)
i—1

b, y) =Filx,y) = Y _aydix,y), i=2,3,4,... (6.12)

j=1
where the constants «;; are determined by

_ <Fi(x/y)r ¢](x/]/)>

Y G, b)) (6.13)
]:1/2//(1_1)1 1:2,3,

Accordingly, the orthonormal functions can be obtained as

j. _ oY) 15, 6.14
PN Ty T o1

Now, we will go a little further with respect to two dimensions, takingi=1, 2,

and 3 and show the generation of the BCOPs, each of which satisfies the

essential boundary conditions. Thus, from Equation 6.8, one can derive
Fi(x,y) = g(x,y) filx,y) (6.15)
F>(x,y) = g(x,y) fo(x, y) (6.16)
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and
F3(x,y) = gx,v) f5(x, ) (6.17)

where the function g(x,y) satisfies the essential boundary condition.
The orthogonal functions ¢1(x, y), $2(x,y), and ¢s(x,y) can then be generated
using the Gram-Schmidt orthogonalization process as

$1(x,y) = Fi(x,y) (6.18)
by (x,y) = Fa(x, y) — andq(x,y) (6.19)
d)?;(x/ y) = F3(.X', ]/) - a31¢)1(x/ y) - a32d)2(x/ ]/) (620)

The above orthogonal polynomials can be written in terms of the functions
g(x,y) and fi(x,y) by utilizing Equations 6.15 through 6.17 as

$1(0,y) = g, y)hi(x,y) (6.21)
$a(x,y) = 8(x, y)h(x, y) — angx, Yfi(x, y)
= g, Yl y) — anfilx, v (6.22)
d3(x,y) = g(x, Y)fs(x,y) — azg(x, Yi(x, y) — azng(x, yL(xy) — anfi(x,y)]
=g, YY) — asfilx,y) — axn(fL(x,y) — anfi(x,y))] (6.23)

Thus, all the BCOPs generated will also satisfy the essential boundary condi-
tions owing to the existence of the function g(x,y) in each of the Equations 6.21
through 6.23. The constants a1, @31, and a3, are obtained from Equation 6.13.
For example, a»; is given as

o (P2l ), 10, y)
T y), 16 y)
_ g b y), g il y))

- (g yhly), g hix,y)
Ifzf P, PG, IFPF(x, Y)fa(x, y)dady

1{[ P, i, Y (x, y)Pdxdy

(6.24)

The functions ¢1(x,y), $2(x,y), and ¢5(x,y) can be expressed in terms of f1(x,y),
fo(xy), f3(x,y) from Equations 6.21 through 6.23 as

b1(x,y) = (%, y)Bufi(x,y) (6.25)

b2(x,y) = 8(x, YBfi(x,y) + Buf2(x, y)] (6.26)

$3(x,y) = g(x, [Ba1fi(x,y) + Barfo(x, ¥) + Baafs(x, y)] (6.27)
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where

B = 1,B21 = —0(21,322 = 1,331 = 21032 — (31
B3 = —az, and B33 =1 (6.28)

Thus, the functions ¢; and qASi can be expressed, in general, in terms of f, f>,
f3,...such that

bix,y) =80y Y B f; (6.29)
j=1
and
b =8,y By f; (6.30)
j=1

where the constants 8;; and é,-j can be written similarly as in Equation 6.28.

Now, we will proceed to outline the steps to generate the BCOPs for some
important domains in R? (two dimensions), which are generally required for
the study of vibration of plates. To use these BCOPs in the vibration of plates,
one can consider only the following three cases to satisfy the geometrical
boundary conditions

1.¢;=0 on 0D, i=1,23, ... (6.31)
0¢; .
2.¢;=0 and n =0 on 0D, i=1,23, ... (6.32)
3. No conditions are imposed on ¢; (6.33)
where %n" designates the normal derivatives of ¢; at the edges.

6.2.1 Elliptic and Circular Domains

Let us assume that the domain D occupied by an ellipse (Figure 6.1) is
defined by

2P
D= {(x,y) such that a_2+ﬁ < 1}

where a and b are the semimajor and semiminor axes of the elliptic domain.
When a =0, a particular case of circle will follow. Next, we will introduce a
variable u so that
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y
u=0
x2/a®+ bt =1
b
Ve -7 o N
D u=1 \
7
N N o o 7/ a X
u = Constant
oD
FIGURE 6.1
Geometry of the elliptic plate.
1o (ELEY, g<us<t 6.34
u=1-— a—z + ﬁ ’ SUS ( . )

Thus, u =0 would give the boundary of the elliptic domain, and u =1 gives
its center. Moreover, the curves 1 = constant designate the concentric ellipses,
as shown in Figure 6.1. For generating the BCOPs similar to that discussed
earlier, we will start with the set {g(x,y)fi(x,y)}, where

2 2 s
gloy) =u' = {1 - <Z—2 + Z—zﬂ (6.35)

and f; can be taken as the sequence

fi={Lxy < xy ...} (6.36)

It is to be noted that we are having three geometrical boundary conditions,
clamped, simply supported, and free, to be satisfied, as s =2, 1, or 0, respect-
ively, for vibration of elliptic and circular plates. We may note accordingly that

1.Ifs=2,¢(x,y)=0 and % =0ondDi.e., clamped condition (6.37)
2. If s=1,8(x,y) =0 on 0D i.e., simply supported condition (6.38)
3.If s=0,g(x,y) =1 on 0D i.e., free condition (6.39)

When the integrals in evaluating the inner products in the mentioned Gram-
Schmidt process are determined either by closed form if possible or by better
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FIGURE 6.2
Mapping of the elliptic domain into a circular domain.

numerical methods, then the BCOPs may be generated and used in the
Rayleigh-Ritz method for further analysis in the vibration behavior.

One can also generate the BCOPs by transforming the x—y coordinates to
& coordinates such that

_x _Y
f—a, =3 (6.40)

so as to map the elliptic domain into a circular domain of radius unity, as
shown in Figure 6.2. In that case, we can have the BCOPs in the circular
domain (which is easier) and the rest of the calculations can be carried out in
terms of x and y by using the relation (Equation 6.40). The variable u in this
transformed case will be

u=1-E+n)=1-1r (6.41)

where r is the radius of the unit circle in é&-n plane. The BCOPs are then
generated with the following set:

w(l,Emé énm’, .. ) (6.42)
(1 - 7'2)5{115177/5215”’7/772/ e } (643)

The term in the first bracket again controls the boundary conditions at the
edges, viz., clamped, simply supported, and free according as s=2, 1, or 0,
respectively.

6.2.2 Triangular Domains

Let us assume that a general triangular domain as shown in Figure 6.3 is
defined by the parameters 4, b, and c. Here again, we will first transform the
general triangular domain D in x—y plane to a standard right-angled triangle
D’ in &-m plane by the relation
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<bv—>
FIGURE 6.3
Mapping of the general triangular domain into a standard right-angled triangle.
x =aé+ by (6.44)
y=cnm (6.45)

As in Section 6.2.1, it is now sufficient to generate the BCOPs in this standard
right-angled triangle and then to convert them into the original coordinates
using the above relations (Equations 6.44 and 6.45). Subsequently, one can
use the BCOPs in further analysis of the vibration behavior.

For instance, we have three sides for a triangular region. Hence, we can
have any of the three boundary conditions, viz., clamped, simply supported,
and free, on each of the sides. One can define the three sides of the standard
right-angled triangle from Figure 6.3 by

£=0, =0, and &+ n=1 (6.46)

Accordingly, we can write

gEm =011 — E+ 0l (6.47)

where r, 5, and t can take any of the values 2, 1, or 0 becoming the clamped,
simply supported, and free edges of the domain, respectively. For example,
if r=2, the approximating functions and their normal derivatives vanish for
£=0. If r=1, the functions vanish for £=0, and the side is free if r=0.
The parameters s and ¢ will have similar interpretations for the boundary
conditions as discussed for the parameter r.

Thus, we may start with the set

SEMLENE Enm’, .. ) (6.48)
= fr”flq(l - g - n)t{lrfr’fhéﬂ/f”h”fz e } (649)
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to use them in the Gram-Schmidt orthogonalizing process as discussed
earlier for generating the BCOPs in the triangular domain.

6.2.3 Parallelogram Domains

We define parallelogram domain using three parameters, viz., 4, b, and «, as
shown in Figure 6.4. Again, the general parallelogram domain D in x—y plane
is transformed into a unit-square domain D’ in é—n plane by the following
relations:

x=aé+ (bcosa)n (6.50)
y = (bsina)n (6.51)

The BCOPs are first generated in é—7 coordinates and then we can revert
back to the original coordinates x—y, using the above relations (Equations
6.50 and 6.51). There are four sides in the square or parallelogram domain.
Accordingly, each may have any of the clamped, simply supported, or free-
boundary conditions. Here also, one can define four sides of the square as

£E=0, ¢€=1, n=0, and n=1 (6.52)
Accordingly, we can again have
§Em =1 - &1 —n)y (6.53)

The boundary conditions of the sides are handled by plugging the values of
2,1, or 0 to the parameters p, g, r, and s. For clarity, p =2 will force the side
£=0 to be clamped; p =1 designates the side £ =0 to be simply supported;
and p =0 signifies that the side £=0 is free. Now, we may start with the
following set to generate the BCOPs:

gEMLENE Enn, .. ) (6.54)
y n
1
/A
~
(x’y) b 1 (; 77) 1
D D'
o
a x 1 3
FIGURE 6.4

Mapping of the parallelogram domain into a unit-square domain.
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é:ﬁ(l - f)qﬂy(l - ”’7)5{1/5/771521577/772/ s } (655)

It is worth mentioning here that the procedure for generating BCOPs in
rectangular and square domains will be similar to the parallelogram domain
as discussed earlier. In the rectangular case, one may take a =90°, while for
the square case, we can take a2 =b along with « =90° and use the method as
discussed above.

In the earlier discussions, the procedures of generating BCOPs in simple
geometrical domains have been shown. The same methodology can be
adopted for more complicated geometries and problems in two dimensions,
such as annular circular, annular elliptic, parallelogram with hole or triangle
with hole, and mixed boundary condition at the edges. The approach can
also be extended for the generation of BCOPs in three dimensions. The BCOP
generations also depend on the computation of the integrals in the inner
product while using the Gram—Schmidt procedure, and also in the Rayleigh—
Ritz method. For regular domains, closed-form integrals exist (which will be
reported in the subsequent chapters). However, if this is not possible, then
one may use some good numerical formulae. Similarly, in three-dimensional
cases, in simple geometries such as ellipsoid, tetrahedron, and parallelepi-
ped, one can find the integrals in closed form, but for complex geometries the
numerical methods must be used. In this connection, one may refer to the
paper by Singh and Chakraverty (1999), where some BCOPs are reported for
regular geometrical domains. These BCOPs can be directly used for their
specific problems.

We may now refer to Equations 5.183, 5.185, and 5.186 and owing to the
orthogonality (actually orthonormal) one can easily observe the conversion
of the generalized eigenvalue problem to a standard eigenvalue problem

N
> (a5 =A%) =0, i=12,...,N (6.56)

j=1

Thus, Equation 5.186 will become

b = ”Hq,’)i(bjdXdY = Jj (6.57)
RI

where §;; is the Kronecker delta and is defined as

0, if i#j
5,]_{1’ it il (6.58)

This simplifies the problem to a great extent, and the convergence of the
results is also improved significantly.

It is important to mention that (as pointed out earlier) for one-dimensional
COPs, we have the three-term recurrence relation to generate them.
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However, no such recurrence relation was employed in constructing the two-
dimensional COPs/BCOPs. They were generated by orthogonalizing with all
the previously generated orthogonal polynomials. Quite recently, Bhat et al.
(1998) proposed a recurrence scheme for the generation of two-dimensional
BCOPs involving three classes of polynomials, which will be discussed in the
next section.

6.3 Recurrence Scheme for the BCOPs

In this scheme, the polynomials are first organized into the following classes
forming a pyramid given by

2 2
©) 2 (©) ; ®)
4 b5 ¢
4 4 4 4
¢( ) ¢§; ) ¢( ) (10)
(m) (n) () ()
¢ Ll(nﬂ (n—1)} ¢ :11H+1) —(n-2)} - . . - d) n n+1) _1) ¢ n n+1)}

where superscript in ¢,/ denotes the class number j to which it belongs.
Now, in general, class j will have j orthogonal polynomials, which can be
generated by the following recurrence scheme given by Bhat et al. (1998):

. i—1 m—1 .
Xl yy — zafkqbk 2 agd! =Y adl P i={L—(-1),..... (L1},
— k:p

¢(/‘) _ k=m
! -1 . m—1
8 ,1)) Za7k¢k kZ aikd’;(f Z ik ¢ )i
j=2,3,...,N (6.59)
where
I= {](]%1) o (e 1)}, describes the first orthogonal polynomial of the jth
class

L= M describes the last orthogonal polynomial of the jth class

m= {(’ D (- 2)}, describes the first orthogonal polynomial of the
(G—1 th class

p= {(’ 2 (G- 3)} > 0, describes the first orthogonal polynomial
of the (j —2)th class
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and
(j (r)
e A R A
Aj = ();—1) y ) (660)
R S
W)

where r=j, (j—1), and (j —2), corresponding to «j appearing in the first,
second, and third summation terms, respectively, in Equation 6.59. These
three summation terms in Equation 6.59 clearly demonstrate that all
the orthogonal polynomials in the jth class can be constructed using only
those previously generated in that class so far, and those of the previous two
classes, i.e., (j — 1)th and (j — 2)th classes.

Thus, this method saves the undue labor of orthogonalizing with all the
previous orthogonal polynomials. As reported by Bhat et al. (1998), this
algorithm makes an efficient and straightforward generation, when com-
pared with the previous methods and the execution time is also greatly
reduced.

6.3.1 Recurrence Relations for Multidimensional Orthogonal Polynomials

For one-dimensional orthogonal polynomials {¢; (x)}, we have the three-term
recurrence relation as follows:

¢k+1(x) = (dkx + ek)¢k(x) + pkd)k—l(x)/ k=0,1,2,... (661)

where the coefficients dy, e, pr, k=0, 1, 2,...can be determined using the
orthogonality property.

A similar three-term recurrence relation among the n-variables of the
orthogonal polynomials was reported by Kowalski (1982a, 1982b). To
develop such a recurrence scheme that can be numerically implemented for
two variables, some preliminaries are discussed as follows:

Let []) be a Vector space of all polynomials with real coefficients in n
variables, and let H be its subspace of polynomials whose total degree in
n variables is not greater than k, then

dimlj zk: B <n+k>

i=0

where rk = <”+]I§_ 1) is the number of monomials in this basis whose

degree is equal to k. .
If a basis in [[,° is denoted by {¢; },fog .1, where each polynomial is of the
degree indicated by its superscript, then we can define
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B0 = [#0 e, W] (6.62)
and
x6¢(0) = [0 [rai (). fru ()] (6.63)
where
Xx=(x1,%, ..., %) ER", k=0,1,...

A recurrence formula with respect to ¢;_;, ¢, and ¢, can be written as

Xy = Axr 1 + Bepy + Crdpr_y

0= T T 9 (6.64)
Or11 = Dixdy + Exdy + Grpyy, k=0,1, ...

where Ay, By, Ci, Dy, Ei, and G, are matrices with

A nr® s 7 B X <k, Gt x A1
Dy I’ﬁJrl x nrk Ex: I’ﬁJrl X 7‘]:1, Gg: I’ﬁJrl X 1{;71

n’/

and
¢ 1=0, Co=Gyp=0
Further, if relations (Equation 6.64) hold true, then

DA, =1
E. = —DyBy (6.65)
Gy = —DiCi

6.3.2 Kowalski’s Relations in Two Dimensions

It is interesting to note that in each class of the polynomials, the number of
orthogonal polynomials is equal to the class number. For example, class
number 2 contains two orthogonal polynomials that can be obtained as

$ = F = X¢{" — az g’ (6.66)
and

(32) =F= Y¢(11) - a31¢§1) - C¥32¢(22) (6.67)



Boundary Characteristic Orthogonal Polynomials in Vibration of Plates 181

where

1 1

_ (Xel, 1)
@21 =770 )
(17, ¢17)

(Yo, o) (Yo", 4%

1 1 4 a32 - 2 2 4
(@1 1) (05, 95)

a3z =

and so on. It is to be noted here that the above relations (Equations 6.66 and
6.67) are the same as Kowalski's relations given in Equation 6.64, where

1 0 a1
A = , Br=
= law 1) =[]
1 0 —ao]
Dy = , E.=
k [—a32 l} k [—a31 +Oé320lzl}
and Cik=Gy=0

Moreover, the above matrices also satisfy Equation 6.65. In general, class j
will have j orthogonal polynomials that can be generated by the recurrence
scheme given in Equation 6.59.

6.3.3 Matrix Form of Kowalski’s Relations

Starting with the first polynomial, for example, d>(1k), we may write the
polynomials in the next class by using Equation 6.64 as

o) T 1 0] xe® E ©
{d,gk“) - [Dzl 1] y¢§k) + [E;ﬂ{ ! } (6.68)

From the above matrix equation, the polynomials can be written as
o1 =g + Eng!’ (6.69)
& = Dol +yo” + Enpl? (6.70)
Using Equation 6.69, we can obtain
¢>(2k+1) = y¢§k) + D21</>(1k+1) + (Ex1 — D21Ell)¢(1k) (6.71)

The constants D,q, E11, Ex; can be easily obtained by using orthogonality
relations.
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Similarly, we can write

k+2

¢§k* ’

2

d)(z +2)

(k+2)
3

The three polynomials in this step may be written as

(l')(zkﬂ) = D21x</>§k+l) + x¢>§"“) + E21¢§k+1) + Ezzd’gkﬂ) + leff’(lk)

1
= | Dy
D3

Fu
+ | Fu
F3

k k k k
¢(1 = xd>§ IS E11¢(1 oy F11¢>(1)

0
1
D3,

0
0
1

()

Using Equation 6.73, we obtain

kil

xd’g b En

xq,’)(zi*l) + | En
1

wio | LEn

Vibration of Plates

¢(2k+2) = x¢(2k+1) + D21¢(1k+2) + (E21 — D21E11)¢§k+1) + Ezz‘ﬁ(zkH)
+ (Fn — D21F11)¢§k)

Similarly, we can write the polynomial ¢5

(k+2)

d)gk+2) =y ¢(2k+1) + Dy ¢(2k+2) + (D31 — D3Da1) ¢§k+2)
+ [Es1 — D31E11 — D3o(Eor — D21E11)]¢(1k+1) + (Ex2 — D32E22)¢(2k+1)
+ [F31 — D31F11 — D3o(Fo1 — D21F11)¢§k)]

Again, one can obtain the next step in the matrix form as

¢¥+h

¢ék+1) }
(6.72)
(6.73)
(6.74)
(6.75)

after some calculation as

(6.76)

k

f+9 1 0 0 o7fx{™

d)(zk+3) Dy 1 0 0 X ¢(2k+2)

(3k+3) D31 D32 1 0 X ¢ék+2)

k+3 D D D 1 k+2

51 +3) 41 42 43 J yqbé )
E11 0 0 §k+2) F 11 1)
Ex Exn O F H

+ E21 E” c RN F21 }kﬂ)} 6.77)

31 Esz Ess ¢(k 2 31 oy
Eyn Ep Eg 3 Fyn Fp

Thus, we can arrive at the following polynomials from the above matrix
equations after little adjustments and calculations as:
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d)(lk+3) _ xd)(lk+2) n E11¢§k+2) n Fnd)(lkH) (6.78)

¢ = x5 + D¢ + (Eat — DnEr)od{™ + Engp
+ (Fa1 — Dot Fi)p{™ + Fapp$ (6.79)

(3k+3) = x¢(3k+2) + D32¢(2k+3) + (D31 — D32D21)¢(1k+3)
+[E31 — D31E11 — D3a(Ean — DnEn)1$ ™ + (B3 — DinEx)dy > + Ezzpy
+[F31 — D31 F11 — Daa(Fa1 — Doy i)™ + [Fay — DapFan]p™ (6.80)

k k k !
§7 =y¢§™ + Diad§ ™ + (Dyp — DD}y

+[Dy1 — DyyDa1 — Dg(D31 — D3y Do) + [Eyy — Dy Eny

—Dap(Ez1 — Dy Ent) — Das{Es1 — D31 E1y — Dsa(Ea1 — DanEnn)} 1

+ [Es2 — DapEy — Daz(Ezp — DEn) 1y 2 + [Eaz — D43E33]¢>§"*2)

+[Fs1 — Dyt F11 — Dap(Fa1 — Dot Fin) — Das{Fa1 — D31 Fii — Dsp(Fa1 — Do Fin)} 1)
+[Fi2 — DiaFyo — Diys(Fz2 — D3F2) 1% (6.81)

The above constants in the matrix equations can easily be written in terms of
a;;, as shown in Section 6.3.2.

6.3.4 BCOPs in Terms of the Original Functions

In this section, we will first consider that functions fi =1, =x,f3=y,fa=2>,
fs=xy,...are given and the function satisfying boundary conditions is
denoted by g. Let, the ¢4, ¢a, @3, ... are the BCOPs generated by the recur-
rence scheme as mentioned earlier. As such, the first six BCOPs can be
written in terms of the original constants, fi,f,,f,.... This would lead to
easy computer implementation to generate the BCOPs. Accordingly, the
first six BCOPs are

¢ =8h (6.82)

by = XPpy — anhy (6.83)

b3 = yP1 — azip; — aznd, (6.84)

by = XPy — andy — andy — awds (6.85)

$5 = X3 — as1p) — a2y — aszP3 — Asapy (6.86)

b6 = YP3 — 6191 — a2y — 633 — Aeaby — AesPs (6.87)

where the constant @;; can be obtained as discussed earlier. Thus, Equation
6.82 can be written as

b1 = gB11fi (6.88)
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where [811] =[1.0]. Substituting ¢, from Equation 6.88 in Equation 6.83, ¢»
can be obtained as

2 =8B fi — Bnf) (6.89)

where 851 = a1, B8 =1 or
Bn| _ |an
[322} B [ 1 ] (690)

Similarly, we can easily obtain the BCOPs, ¢3 through ¢, in terms of the

functions fi=1,fr=x,f3=y,fa= X%, fs=xy,...as follows:
¢3 = 8(Bs1f1 — Bsof2 — Basf3) (6.91)
2
Bz a3y + az1Bq; kzzjl “skBa
where By | = a3 B =| 2 (6.92)
Ba 1 k; 3B
1
¢y = 8Bufi — Bufo — Busfs — Buafs) (6.93)
_ s -
> B
Bu 3Pz + agpfy + an Py 3 =
where |P2| = | @B tanfn+Bn | _ E By + B (6.94)
43 ag3fBs; k=2 3
Baa 1 1;3 a4kPBis
L1 ]
&5 = 8(Bs1.fi — Bsofo — Bssfs — Bsafa — Bss f5) (6.95)
-y _
> asBr
k=1
Bs1 as4By + as3Pa + asPor + 5181 :
Bs> asaByp + as3PBa + 5B + B kgzaSkBk2 *Pa
where | Bs; | = as4Baz + as3Bs3 4 (6.96)
Bsa asaBys + B ,gaSkB k3
B55 1 4
I;laSkBM + B3
L1 |
and b6 = 8Be1fr — Berf2 — Besfs — BeaSs — Besfs — Bes fo) (6.97)
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Be [ 65Bs1 + aeaPar + @63Bar + a2PBar + a61Bi
Be2 ae5Psy + aeaPfan + 3Bz + @62Bxm
where Bes | _ a65Bs53 + @6aBus + e3Pz + Ba
64 a65B51 + @64Bas
Bes @65B55 + B3
Bes L 1
I _
> a6k
k=1
5
> aeBro
k=2
5
+
— k; a6kBrs + Bs1 (6.98)
5
> a6Bra
k=4
5
> a6ePis + Baz
k=5 )

Thus, the required BCOPs may be obtained in terms of the original functions
as discussed earlier, which are easy for computer implementation.

6.4 Generalization of the Recurrence Scheme
for Two-Dimensional BCOPs

The BCOPs have been used by various researchers in the Rayleigh-Ritz
method to compute natural frequencies and mode shapes of vibrating
structures. As mentioned, the generation of the BCOPs for one-dimensional
problems is easy owing to the existence of three-term recurrence relation.
Recurrence scheme for two-dimensional BCOPs has also been proposed
recently. However, this scheme sometimes does not converge for special
geometrical shapes for evaluating all the modes at the same time. The method
also requires a large number of terms for the convergence. This section
addresses a procedure with a recurrence scheme for the two-dimensional
BCOPs by undertaking the computation individually for the four types of
modes of vibration.

The recurrence scheme, as employed in constructing the BCOPs (Bhat et al.
(1998)), sometimes does not converge for special geometrical domains as the
procedure requires, to evaluate all the modes at the same time. Moreover, it
also requires large number of terms for the convergence. This may be clear
from the studies of Singh and Chakraverty (1991, 1992a, 1992b), for example
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in the case of elliptical plates, where the procedure has been adopted by
dividing it into four cases, viz., (1) symmetric-symmetric, (2) symmetric—
antisymmetric, (3) antisymmetric-symmetric, and (4) antisymmetric—anti-
symmetric modes. This way, the rate of convergence was also increased
and the numerical instability of the problem was overcome.

This section introduces a strategy to handle these four types of modes
separately, using the proposed recurrence scheme for two-dimensional prob-
lems, thereby requiring less number of terms for the necessary convergence.
The three-term recurrence relation to generate multidimensional orthogonal
polynomials, presented by Kowalski (1982a, 1982b), did not consider these
polynomials to satisfy any conditions at the boundary of the domain. How-
ever, in the proposed scheme, the two-dimensional orthogonal polynomials
are constructed for each of the four different modes so as to satisfy the
essential boundary conditions of the vibrating structure.

6.4.1 Numerical Procedure for Generalization of the Recurrence Scheme
for Two-Dimensional BCOPs

For the implementation of the numerical scheme, the first polynomial is
defined as

& =F =g A (6.99)

where g(x, y) satisfies the essential boundary conditions.

To incorporate the recurrence scheme, the polynomials are written in the
classes, forming a pyramid, as shown in Section 6.3.

The inner product of the two functions $:9(X,Y) and ¢ (X,Y) is defined as

@08") = [[oV cx g x, axay

R

The norm of (131@ is thus given by

167 |1= (@7, 7)1/

It is already mentioned that in each class of polynomials, the number of
orthogonal polynomials is equal to the class number.

The procedure to generate two-dimensional orthogonal polynomials for
four types of models, viz., symmetric-symmetric, symmetric-antisymmetric,
antisymmetric-symmetric, and antisymmetric-antisymmetric, is discussed
as follows:

Symmetric-symmetric mode:
For this mode, f; is taken as unity in Equation 6.99 and the two orthogonal
polynomials of class number 2, for instance, can be written as
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¢f = F2 = 2¢}) —ane’ (6.100)
P =F =y - and — and (6.101)
where
(i’ o17) o a) (P05

a21—ﬁ/ a3 = 0 My - ¥R2= 2) (2 (6.102)
(@, o) (" o) (@5, ¢)

Now, generally, class j will have j orthogonal polynomials that can be
generated by following the recurrence scheme:

. i—1
Xy~ X aFi i={-( =D} .. -1

; 2508
d)l(']) =Fi= (,2 b i1
de){]i—j} - > agky i=1
k=P2=5it8
2
j=23,...,n (6.103)
where
de)(l 1) Fe> ) )
B T | (A V| N e
FTY <onellms
T <EL B> i=1
> —5j+8
k=(]27]+), L, (i=1) (6.104)

Thus, all the BCOPs in the nth class of symmetric-symmetric mode can be
generated by using only the previous two classes, and the entire last gener-
ated orthogonal polynomials obtained in the nth class so far. orthogonal
polynomials generated last can be derived from the nth class so far.

The procedures for generating the BCOPs for symmetric-antisymmetric,
antisymmetric-symmetric, and antisymmetric-antisymmetric modes are
similar to that of the symmetric-symmetric mode. The function f; in Equation
6.99 should be written according to the mode required and Equations 6.102
and 6.103 are valid for all these modes. Accordingly, the expressions for f; in
the generation of the said orthogonal polynomials for various modes can be
written as follows:

1. Symmetric-symmetric: f; =1

2. Symmetric-antisymmetric: f; =X

3. Antisymmetric-symmetric: f =Y

4. Antisymmetric-antisymmetric: f; = XY
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When the above-mentioned f; is taken along with Equations 6.103 and 6.104,
the BCOPs can be constructed as per the desired modes.
These are then normalized by the condition

)

0 P
)
(Rl

(6.105)

The above recurrence scheme is much convenient in generating the two-
dimensional BCOPs, where separations of the modes are necessary to
study the vibration of the structures. Inclusion of all the terms in the analysis,
as studied previously, makes the procedure less efficient with slower rate of
convergence. However, the procedure presented is quite beneficial for com-
puter implementation, by separating the modes as discussed. The main
characteristic of the method is that it makes the computation much efficient,
straightforward, and also the time of execution is much faster.

Till now, the BCOPs are generated depending on the highest degree, say 7.
A monomial is of degree 7, if the sum of its exponents is equal to # and there
are consequently (n + 1) monomials of degree 7, such that

x", x"’ly, x”’zyz, oy (6.106)
Hence, we started with the monomials according to the degree

fuforf3r farfsi for - - (6.107)
=1xvy, X2, xy, yz, - (6.108)

from which we have generated the BCOPs. In the following section gener-
ation of the BCOPs will be outlined for grade wise.

6.5 Generation of BCOPs as per Grades of the Monomials

Sometimes, one may generate the BCOPs grade-wise that can again be used
in the Rayleigh-Ritz method for studying the vibration behavior of plates.
A monomial x"1/ is of the nth grade, if max(p, g) =n and a polynomial is of
nth grade, if the highest grade of its monomial is n. Degree-wise, there are
(2n+1) monomials of grade n, i.e.,

Xy, o)y, xyt (6.109)

If we order according to the grade, then the starting monomials (Equation
6.107) can be written as
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0,3) (1,3) (2,3) (3,3)

(32)

31

(3,00  FIGURE 6.5
p—q Plane showing the monomial expo-

—_— nents for grade 3.

fl'fZ /f3/f4,f5,f6, .

=1 xxyy xz,xzy,xzyz,xyz,yz; x3,x3y,x3y2,x3y3,x2y3,xy3,y3;... (6.110)

For example, it may be noted from the above expression that grade 3
will contain (2*3 + 1) =7 monomials and their exponents are located on the
off-axis sides of a square with size 3 in the p—g plane, as shown in Figure 6.5.
In general, we can say that polynomial of grade n will contain monomials
whose exponents are located on or inside a square with size n in the
p—4 plane.

Accordingly, the BCOPs in the pyramid form can be written again and the
BCOPs for the first four grades (grade 0, grade 1, grade 2, and grade 3) are
shown as follows:

Grade 0 — ¢gl)

Grade1l — . ¢%Z ESZ g; .
Grade2 — SO ¢ Ol
Grade3 — (1%) (141) (142) @ @ @ @

13 14 15 16

If g(x,y) satisfies the boundary condition, then the recurrence scheme for
generating the above BCOPs can be written as

gl) =F = g(x,y)fl (6.111)
D _ 1) _ gD
¢F =1y — an) — ane? (6.112)

2 1 1 2 2
‘f’f;) = y<f>§ ) 0141‘1’% ) a42¢(2) - 0143¢é)
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d)s) — ¢(22) — s ¢(11) —asg ¢(22) — s ¢(32) —as, d’?
3 2 1 2 2 2 3
6 = oy —andy’ —aandy —aady — aadf — acsds
O = xygy — andl) — andf — andy — andd — arndy — azedy

3 2 1 3
¢é) = x]/¢4(1) — a81¢(1 ) _ a87¢(7)
3 2 1 3
¢é) —yp? —agpll — _ a%d)é)
(6.113)
4) = x¢>(53) - a10,2¢>(22) - a10,3¢é2) — = a10,9¢é3)
3 4
¢11 =y — - — a0
(6.114)
3 2 4
16 = yqb( ) 0416,2<l5(2) — = a16,15¢§5)

where the constants «;; in Equations 6.112 through 6.114 can be obtained
using the property of orthogonality. In general, we can now write

i 4J+5+Z iy +Z i+ Z agd!™;  for i=(P—2j+2)

k=m

oV =3 Xyl ol 1y + Z and! + Z and) ¢ Z aik¢¥72>? for i=(?-2j+3),....(A -1
k=m k=p

¢(/ 12"" Z 1k¢k + Z rk‘;b](! 1)+ Z Qi d)(] 2, for i:jz

k=m

j=2,3,...n (6.115)

where
|=j*—2j+2 describes the first BCOPs of the jth class
m=(j— 1) —2(j + 1) + 2 describes the first BCOPs of the (j—1)th class
= (j —2)> — 2(j — 2) + 2 describes the first BCOPs of the (j—2)th class

a0 )

<¢(kr) ¢(r)> ’ i= (] - 2j + 2)
! 60 )
e = { sy 4 R = (P2 43), (P -] (6.116)
k
{y dﬂ 1;2 ¢<’>>‘

<¢ a0 T

where r=j, (j — 1), and (j — 2) for evaluating a; of Equation 6.115 for the first,
second, and third summation terms, respectively.
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7

Transverse Vibration of Elliptic
and Circular Plates

7.1 Introduction

As mentioned in earlier chapters, although a lot of information is available
for rectangular and circular plates, comparatively little is known about
the elliptic plates. Leissa (1969) provided excellent data on clamped and
free elliptic plates in Chapter 3 of his monograph. Some important reference
works that deal with clamped elliptic plates include Shibaoka (1956), McNitt
(1962), Cotugno and Mengotti-Marzolla (1943), McLachlan (1947), and
Mazumdar (1971). Singh and Tyagi (1985) and Singh and Goel (1985) studied
the transverse vibrations of an elliptic plate of variable thickness with
clamped boundary. The displacements were assumed analogous to axi-
symmetric vibrations of a circular plate. Leissa (1967) presented the funda-
mental frequencies for simply supported elliptic plates. With respect to the
completely free elliptic plates, Waller (1938, 1950) provided few experimental
results for the elliptical brass plates. Sato (1973) presented the experimental
as well as the theoretical results for elliptic plates with free edge, and
compared them with the results of Waller. Beres (1974) applied Ritz method
by assuming the solution as a double-power series, and obtained approxi-
mate results for the first few frequencies when a/b=1.98, where a and b are
the semimajor and semiminor axes of the ellipse, respectively.

The basic aim of this chapter is to address the method of solution and the
results for the elliptic and circular plates with uniform thickness. The bound-
ary may be clamped, simply supported, or completely free. The method is
based on the use of boundary characteristic orthogonal polynomials (BCOPs)
satisfying the essential boundary conditions of the problem. In this method,
the most general type of admissible functions have been used and the
modes of vibration have been computed by segregating the modes as
symmetric-symmetric, antisymmetric-symmetric, symmetric-antisymmetric,
and antisymmetric-antisymmetric. Consequently, one can choose all the
frequency parameters from these four cases in the increasing order.

The use of orthogonal polynomials in the study of vibration problems
commenced only very recently. Some important reference works in this
area of study include, Bhat (1985, 1987), Bhat et al. (1990), Laura et al.

193



194 Vibration of Plates

(1989), Liew and Lam (1990), Liew et al. (1990), Dickinson and Blasio (1986),
and Lam et al. (1990). The results from all these studies of boundaries with
straight edges using characteristic orthogonal polynomials (COPs) were
highly encouraging. Chakraverty (1992) and Singh and Chakraverty (1991,
1992a,b) developed the BCOPs to extend the analysis to the curved bound-
aries, such as ellipse and circle. Since the circular plates have been studied
in detail, a comparison of their results with the known results serves as a test
for the efficiency and powerfulness of the method. They (Singh and
Chakraverty and co-authors) also made comparisons of special situations
with the known results for the elliptic plate. One can refer the works of Singh
and Chakraverty (1991, 1992a,b) for the detailed comparison and results of
the elliptic plates with clamped, simply supported, and free boundary.
One-dimensional BCOPs with modified polar coordinates have been used
for circular and elliptic plates, by Rajalingham and Bhat (1991, 1993) and
Rajalingham et al. (1991, 1993).

As has been mentioned in the previous chapters, this method involves three
steps. The first step consists of the generation of orthogonal polynomials over
the domain occupied by the plate in the x—y plane, satisfying at least
the essential boundary conditions. For this, the well-known Gram-Schmidt
procedure discussed earlier has been used. The second step is the use of
the BCOPs in the Rayleigh—Ritz method that converts the problem into the
standard eigenvalue problem. The third and the last step involves the solution
of this eigenvalue problem for obtaining the vibration characteristics.

7.2 Generation of BCOPs for Elliptic and Circular Plates
with Constant Thickness

For an elliptic plate with semimajor and semiminor axes a and b, as shown in
Figure 7.1, we start by defining a variable u as

2
x2+%:l—u, o<u<i 7.1)

where u vanishes at the boundary and remains as unity at the center, and
m=>/a. The curves u = constant are concentric ellipses. As discussed in the
previous chapters, we take the first starting function as

2\ S
skx, y) = <1—x2—%) =u’

Hence, we can write

Fi=uwfix,y), i=123,... (7.2)
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FIGURE 7.1
Geometry of elliptical plate.

Consequently, one may obtain the following cases depending on the bound-
ary conditions:

Case 1. Clamped boundary:

For this case, we have s =2 and from Equation 7.2, we obtain

Fi = u*fi(x, ) (7.3)
The above function satisfies the essential boundary conditions for the
clamped boundary.
Case 2. Simply supported boundary:

We will consider s =1 and in this case, Equation 7.2 will become

Fi = ufi(x, y) (7.4)

Case 3. Completely free boundary:

In this case, we consider s =0, and therefore,

Fi = fi(x, y) (7.5)

Again, it can be observed that the functions (Equations 7.4 and 7.5) satisfy
the essential boundary conditions for the simply supported and completely
free boundary, respectively. We define the inner product of the two functions
p(x,y) and g(x,y) over the elliptic domain by taking the weight function
(x, y) to be equal to unity. This gives
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(pg) = ij(x, y)q(x, y)dxdy (7.6)

R

with the norm of the function as given in the earlier chapters. We subse-
quently generated the BCOPs ¢(x, v) over R, the elliptic domain, and then
normalized it as mentioned earlier.

If we consider fi(x, y) as the polynomials in x and y, then all the inner
products involved in the above expressions can be found in the closed form.
For this, the following result given by Singh et al. (1985) and Chakraverty
(1992) was found to be very useful:

aripre1 ) el Y
Hx”yqurdxdy = 2 2 (7.7)
R j% +r+2

where p and q are the non-negative even integers and r+1>0 and W
denotes the Gamma function. The integral vanishes if p or g is odd.

7.3 Rayleigh-Ritz Method for Elliptic and Circular Constant
Thickness Plates

Proceeding as discussed in earlier chapters, the Rayleigh quotient for uni-
form thickness plate is given by

5 £j(v2W)2 +2(1— V){wgy - WxxWW}dxdy
“hp [JW2dxdy
R

wZ

(7.8)

By inserting W = Z]’?:l ¢j¢; in Equation 7.8 and minimizing it as a function of
cj's, we get the standard eigenvalue problem

n

Z (ﬂ,’j — )Lzbi]‘)C]' =0, i=1,...n (7.9)
j=1
4 2
where A= 4 a];)ph (7.10)

a; = ” [qbi%}"‘ +o7 ] + u(qb;xqb]W + ¢¥y¢;"‘) +2(1-v)¢'¢Y |dxdy (7.11)
R
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b = ”d),-d)jdxdy (7.12)

R

In what follows, we will provide some numerical results for all the possible
boundary conditions, viz., clamped, simply supported, and completely free.
But before that, we will write the terms in Equation 7.11 with respect to the
orthonormal coefficients and fi(x, y) for the clamped boundary condition. It
has already been shown in the previous chapters that the orthogonal poly-
nomials ¢; may be written in terms of the function f; as

i
b =1 anfi (7.13)
k=1
where fio = x"My (7.14)
my, 1y are integers, and

2

u=1-x*- y—2

m

Accordingly, the first term of Equation 7.11 can easily be written as

thj‘xd);‘xdxdy = PX1 + PX2 + PX3 + PX4 + PX5 + PX6 + PX7 + PX8 + PX9

R
(7.15)

where

k=1 (=1

J ]
PX1 = Z ajmy(my — 1) Zajéml(m[ - 1)”xmk+mﬁ4ynk+ngu4dxdy (7.16)

i j
PX2 = =Y agm(m — 1) au(8my + 4)J xmme 2yt Sdydy  (7.17)

k=1 (=1 R

i j
PX3 = Z am(my — 1) Z Bayjy ||y w1y dxdy (7.18)
k=1 =1

%:

PX4 = Z i (8my + 4) Z ajomy(my — 1) ||xmtme=2ymtngddyxdy  (7.19)

k=1 =1

w_

i ]
PX5 =) aw(Bm+4) ) aj(8m; + 4)”xmk+wy"k+wuzdxdy (7.20)

k=1 =1 R
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i j
PX6 = — Z aik(8my + 4) Z SaﬂJJxmk*mf’zy”k*”’udxdy (7.21)
- =y

PX7 = Zsoz,kzaﬂm/(mg—nﬂ Mty 2 dydy (7.22)

k=1 =1

R
PX8 = Z 8ajy Z aje(8my + 4)” XMy e d e dy (7.23)
k=1 Y4 R
PX9 = Z 8ajk Z Saﬂ;ﬂ M meE e qxdy (7.24)
k=1

The second term of Equation 7.11 can then be written as

ﬂqs?y(z)]wdxdy = PY1+ PY2 4 PY3 + PY4 + PY5 + PY6 + PY7 + PY8 + PY9
R
(7.25)

where

i i
PY1 = Z agng(ng — 1) Z ajong(ng — 1)mek+’”"y”k+””4u4dxdy (7.26)
k=1 =1 )

i j
PY2 = = am(me — 1)) (1 +2ny) % me”m"y"k*’”’zﬁdxdy (7.27)
k=1 (=
R

i ]
PY3 = apm(n — 1)) aje%”x’"”m‘ Y dxdy (7.28)
k=1 (=1

j
PY4 = Zalk(l + an) Zaﬂnl(m - 1)ﬂxmk+m‘y”k+”"2u3dxdy (7.29)
— (= R
4 M g 2
PY5 = Zalk(l +2nk) Za](z(l + 2ny) ﬁ J et et 2dydy (7.30)
B R

J
PY6 = — Zalk —|—2nk) Z 754 ”xm”m‘y””""”udxdy (7.31)
R

= (=
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PY7 = Za,k — Zaﬂng(m - 1)” Mty e 2 dydy (7.32)
PY8 = Zazk — Zaﬂ(m - 1)7” XMy e 2y qydy (7.33)

PY9= i D e ey iy (7.34)
k=1 =1
R

The third term of Equation 7.11 can be obtained as

g% dxdy = PXI1 + PXI2 + PXI3 + PXI4 + PXI5 + PX16 + PXI7 + PXI8 + PXI9
i dxdy
R
(7.35)

where

i i
PXI1 = Zaikmk(mk -1) Zajmg(ng - 1)ﬂxmk+m"’2y”k+”"’2u4dxdy (7.36)
k=1 =1 3

i j
4
PX12= =S agmi(m — 1S a1+ an)W“ P23y (7.37)
k=1 (=1 R

i j
8
PXI3 = Z apm(my — 1) Z aj 7”x’"k*'"f*Zy"k*”fﬂuzdxcly (7.38)
=1 = "
k=1 =1

i j
PXI4 = — Z ay(8my +4) Z ajony(ng — l)ﬂxmﬁm’y”k*”"Zudedy (7.39)
R

PXI5 = Z aj(8my + 4) Z a]/(l + 2ny) 1’:2 ijmk+muynk+ni udedy (7.40)
= (=1 R

i j
8
PXI6 = — Z ay(8my +4) Z aj—; ﬂxmﬁ"“y"k*m“udxdy (7.41)
P = ™M
R
i j
PXI7 = 8ay Y ajmy(ng — 1) ||a"met2ymtni=2y2qxd (7.42)
j y Y
k (=1

R
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PXI8 = Z 8aik Z aje(1 +2n) — ” XMt 2yt qdy (7.43)
k=1 =1
R

i ]
PXI9 = Z 8aj Z aj % ijmk+m£+2ynk+nf+2dxdy (744)
k (=1
R

The fourth term of Equation 7.11 yields

”@W ¢¥*dxdy = PYI1 + PYI2 + PYI3 + PYI4 + PYI5 + PYI6 + PYI7 + PYI§ + PYI9
R
(7.45)

where

PYI1 = Za,knk(nk -1 Za]gmg(mg - 1)H mtme=2ymetn=2ydqydy  (7.46)
k=1

PYI2 = Zazkl’lk(nk — 1) Z a]g(SI’I’I[ + 4)JJ Mt ‘rlk+‘rl/ -2 3dXd]/ (747)
k=1 = R

i j
PYI3 = Zaiknk(nk -1 Z saﬂ”xmﬁmﬁzynﬁnﬁzuzdxdy (7.48)
k=1 /=1

PYI4=— Zalk(l +2m1) 2Zaﬂm,(mg 1)” xmtmi=2ymtne Sdxdy - (7.49)

i 4 j
PYI5 = Zaik(l + an)ﬁ Zaﬂ(Smg + 4)J et ety 2dxdy (7.50)
=1

R

i 4 j
PYI6 = — Z ap(l + an)ﬁ Z Sajéjjxmﬂrmﬂdynkﬂuudxdy (7.51)
(=1

i j
PYI7 = Z i % Z ajemy(my — 1)”xm”m"‘zy”k*"’”uzdxdy (7.52)
=1 =

R

PYI8 = Z Qi — - Z a]g(Smg + 4)J] My +1my ”H'””'zudxdy (7.53)
R
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i 8 j
PYI9 = Z ik ﬁ Z SaﬂJJxmk+mz+2ynk+n[+2dxdy
k=1 (=1 R

The fifth term of Equation 7.11 can be obtained as

ﬂd)fy ¢;Cydxdy = PXY1 4 PXY2 4 PXY3 4 PXY4 4 PXY5 4+ PXY6

R
+ PXY7 4+ PXY8 + PXY9 + PXY10 + PXY11

+ PXY12 + PXY13 4+ PXY14 4+ PXY15 + PXY16

where

i j
PXY1 = Z Ny Z ajlm[nﬁjjxmk+M[_2y,1k+n[_2M4d.Xd]/
k=1 (=1 R

PXY2 = Z g Z o Ay

h.‘

J mk—o—mg—2ynk+n[ u3dxdy

PXY3 = Z QN Z ajedny ey ene2y 3 q e dy

k=1

me—

i J
PXY4 = Z QM g Z ajy % ”xmﬁmkynHmudedy
k=1 (=1

PXY5 = Xl: iy Z ajemgny

_.,

J mk+m;r72ynk+mu3dxdy

PXY6 = Za,k L Za]/ mJ XM= 2y et ner 2y, 2 e dy
R

PXY7 = Zazk Za1’4nfjj mk+m@ynk+mu2dxdy

L4 8
PXY8 = Zalk T Za] E”x’”k*m[ Y2y dxdy
k=1
R

PXY9 = Z agdng Z ajemny || M2 3 dxdy

k=1 =1

w:
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(7.54)

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)

(7.62)

(7.63)

(7.64)
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PXY10 = Z g Z a]z — ” XMt eyt 2 ddy (7.65)
i j
PXY11 = Z ajdng Z ajl4néijmk+mz+2ynk+nzf—2 udedy (766)
k=1 =1

PXY12 = Z aidny Za,é —ﬂ e 2y metey ddy (7.67)

PXY13 = Za,k — Zaﬂ;mmf”xmﬁw 2 dxdy (7.68)
k=1 R
4my e P2
PXY14 = Za,k aﬂ— wbmey et 2y dxdy (7.69)
k=1 =
R

PXY15 = Za,k — Za]An/” M2y ey dedy (7.70)

k=1 l=

=

i 8 < 8
PXY16 = ay - > e = ”xm”m"”y””"”zdxdy (7.71)
k=1 (=1 R

All the terms of Equations 7.16 through 7.71 can easily be obtained by using
the Integral formula given in Equation 7.7. Thus, by evaluating all the
integrals and inserting them in Equation 7.11, we can obtain the standard
eigenvalue problem from Equation 7.9, because the matrix b;; in Equation
7.12 will be an identity matrix owing to the orthonormality condition.

7.4 Some Numerical Results of Elliptic and Circular Plates
7.4.1 Clamped Boundary

Various researchers have used different methods to determine the results for
clamped elliptic plates. Here, the BCOPs have been used by choosing the
functions fi(x, y) suitably, and then generating the corresponding orthogonal
functions, thus carrying out an exhaustive study of the various modes of
vibrations. By taking these functions as even in x and y, one can discuss
all those modes that are symmetric about both the major and minor axes.
When the functions are even in x and odd in y or vice versa, we can have
symmetric-antisymmetric or antisymmetric-symmetric modes. Similarly, if
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TABLE 7.1

First Three Frequency Parameters for Symmetric—

Symmetric Modes (Clamped)

Frequency Parameters

m=b/a First Second Third
0.1 579.36 703.49 1026.1
0.2 149.66 198.55 295.71
0.3 69.147 104.80 166.16
0.4 40.646 71.414 123.61
0.5 27.377 55.985 105.17
0.6 20.195 47.820 93.980
0.7 15.928 43.050 70.776
0.8 13.229 39.972 55.784
0.9 11.442 37.628 45.800
1.0 10.216 34.878 39.773

203

we take the function as odd in both x and y, then we may have the case of
antisymmetric—antisymmetric modes of vibration. One can use various types
of combinations of these functions and obtain the corresponding results for
various values of m="0/a, i.e., the aspect ratio of the elliptic plate.

Tables 7.1 and 7.2 give the representative results for symmetric-symmetric
and antisymmetric-symmetric modes (first three), respectively, for the
clamped plate. The aspect ratio of the domain is taken from 0.1 to 1.0.
From these two tables, we can observe that the frequencies decrease as the
aspect-ratio parameter is increased from 0.1 to 1.0. These tendencies can also

TABLE 7.2

First Three Frequency Parameters for Antisymmetric—
Symmetric Modes (Clamped)

Frequency Parameters

m=b/a First Second Third
0.1 623.23 783.26 1180.1
0.2 171.10 229.81 350.50
0.3 84.979 128.70 205.26
0.4 53.982 93.202 158.49
0.5 39.497 77.037 138.36
0.6 31.736 68.506 115.91
0.7 27.204 63.367 90.972
0.8 24.383 59.650 75.165
0.9 22532 55.875 65.562
1.0 21.260 51.033 60.844
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First three frequency parameters for symmetric-symmetric modes (clamped).

be observed from Figures 7.2 and 7.3. The last rows of these two tables give
the results for clamped circular plate (m=1.0). We have made sure to
continue increasing the order of approximation till the results start agreeing
to the desired accuracy. The only test on the accuracy of the results is the
agreement with known results for b/a=1.0 (circular plate). Just to get a feel
of the convergence, Table 7.3 provides the results for the first three modes for
symmetric-antisymmetric modes with m=0.2, 0.6, and 0.8 from various
approximations. The convergence results have been depicted for m=0.5 in
Figure 7.4. It may be worth mentioning that the first few modes of the overall
may be chosen from the four different mode values. Moreover, for generating
the four separate modes as discussed earlier, if one desires to use all the even

1400
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FIGURE 7.3
First three frequency parameters for antisymmetric-symmetric modes (clamped).
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TABLE 7.3

Convergence Study for Symmetric-Antisymmetric Modes (Clamped)

m=0.2 m=0.6 m=0.8
n First Second Third First Second  Third First Second Third
2 4171 636.96 50.993  96.963 30911  69.634
3 409.79 63549  1493.0 50.131  96.064 172.24 30346  68.168  100.77
4 40576  533.18 924.84 50.095 88205 169.18 30.340 64.163  100.15
5 40487  527.90 917.36  50.077 87.439 16494 30.333  63.454 97.987
6 40475  527.88 917.36  50.061  87.412 15323 30.322  63.337 89.693
7 40378  498.24 696.10 50.060  86.811 143.05 30.322  63.154 89.676
8 403.63  495.65 694.41 50.060 86.663 14293 30.322  63.089 89.604
9 403.63  495.64 694.30 50.060 86.663  142.67 30.322  63.045 89.879
10 403.63  495.64 694.30 50.060 86.663  142.67 30.322  63.045 89.878

and odd functions at the same time and determine the result, then the
obtained result may not be so accurate and acceptable. Accordingly,
Table 7.4 incorporates a comparison between the first three frequency para-
meters when chosen from all the modes computed separately (denoted by
SEP) as well as taken together at a time (denoted by AT). Both the cases used
the 10th approximation results. The last row of this table gives the frequency
parameters computed from the exact solution using Bessel’s functions. It can
be observed that the results match exactly when the procedure of separating
and computing was carried out in terms of the different categories of modes.
Hence, one should not use all even and odd functions at the same time for
these problems.

Tables 7.5 through 7.7 incorporate the deflection on the domain for
clamped circular modes for the first three modes, respectively. Here, the
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Convergence of results, b/a=0.5 (clamped).
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TABLE 7.4

Comparison of First Three Modes (Clamped) When Chosen from All the Modes
Computed Separately (SEP) and All the Modes Taken together at a Time (AT)
(After 10th Approximately)

Vibration of Plates

Frequency Parameters

First Second Third
m=>b/a SEP AT SEP AT SEP AT
0.1 579.36 594.12 623.2 671.18 703.49 971.45
0.2 149.66 151.46 171.10 177.34 198.55 255.69
0.3 69.147 69.461 84.979 86.145 104.80 124.93
0.4 40.646 40.713 53.982 54.268 71.414 80.765
0.5 27.377 27.395 39.497 39.594 55.985 61.455
0.6 20.195 20.201 31.736 31.780 47.820 50.131
0.7 15.928 15.931 27.204 27.230 38.087 38.125
0.8 13.229 13.231 24.383 24.402 30.322 30.346
0.9 11.442 11.444 22.532 22.547 25.021 25.039
1.0 10.216 10.217 21.260 21.275 34.878 36.275
1.07 10.216 21.260 34.878

? Computed from the exact solution.

domain in terms of x and y coordinates taking the values from —1 to 1 at the
step of 0.2 are shown. The first three modes have been chosen from the sets of
results of the symmetric-symmetric, antisymmetric-symmetric, symmetric—
antisymmetric, and antisymmetric-antisymmetric modes. The deflection
results of Table 7.5 show that there exist no nodal lines in the case of the

TABLE 7.5

Deflection on the Domain for Determining Nodal Lines of Circular Plate for First
Mode of Vibration (Clamped): Shows No Nodal Lines, m =1.0

x— -1.0 -08 —-06 —-04 02 0.0 0.2 0.4 0.6 0.8 1.0
yl

-1.0 0.0

—0.8 0.0 0.043 0.113 0.144 0.113 0.043 0.0

—0.6 0.0 0.085 0264 0426 0489 0426 0.264 0.085 0.0

—0.4 0.043 0264 0558 0799 0.890 0.799 0558 0.264 0.043

—0.2 0.113 0426 0.798 1.09 1.20 1.09 0.798 0426 0.113

0.0 0.0 0.144 0489 0.890 1.20 1.32 1.20 0.890 0489 0.144 0.0
0.2 0113 0426 0.798 1.09 1.20 1.09 0.798 0426 0.113

0.4 0.043 0264 0558 0.799 0890 0.799 0.558 0.264 0.043

0.6 0.0 0.085 0264 0426 0489 0426 0264 0.08 0.0

0.8 0.0 0.043 0.113 0.144 0.113 0.043 0.0

1.0 0.0
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TABLE 7.6

Deflection on the Domain for Determining Nodal Lines of Circular Plate for Second
Mode of Vibration (Clamped): Shows One Vertical Nodal Line, m=1.0

x— -1.0 0.8 —0.6 -04 -02 00 02 0.4 0.6 08 1.0
yl

-1.0 0.0

-0.8 0.0 —0.053 —-0.072 0.0 0.072 0.053 0.0

—0.6 0.0 —-0.162 -0351 -0293 0.0 0293 0351 0.162 0.0

—0.4 —-0.106 -0527 -0.786 —0.582 0.0 0582 0.786 0.527 0.106

—0.2 -0287 -0879 -116 —-0.824 00 0824 116 0879 0.287

0.0 00 -0371 -1.02 -1.31 -0912 00 0912 131 1.02 0371 0.0
0.2 -0.287 -0879 -116 0824 00 0824 116 0.879 0.287

0.4 -0.106 —-0.527 —-0.786 —0.582 0.0 0.582 0.786 0.527 0.106

0.6 0.0 -0.162 —-0.351 —-0.293 0.0 0293 0351 0.162 0.0

0.8 0.0 -0.053 —-0.072 0.0 0.072 0.053 0.0

1.0 0.0

first mode for a clamped circular plate. One can observe from Table 7.6 that
there is one vertical nodal lines, where zero values are obtained at x = 0.0 for
various values of y. Similarly, there are two nodal lines for the third mode of
vibration for a clamped circular plate. This is evident from the zero terms in
Table 7.7, where the deflections are zero. For the clamped elliptic plate
(m=0.8), the results for deflection on the domain are depicted in Tables 7.8
through 7.10 for the first three modes of vibration. From Tables 7.8 through
7.10, we can observe that there are no nodal lines for the first mode, one
vertical nodal line for the second mode, and one horizontal nodal line for the
third mode, respectively.

TABLE 7.7

Deflection on the Domain for Determining Nodal Lines of Circular Plate for Third
Mode of Vibration (Clamped): Shows Two Crossed Nodal Lines, m=1.0

x— -10 -08 -06 —-04 02 0.0 0.2 0.4 0.6 0.8 1.0
yl

-1.0 0.0

-0.8 0.0 0.109 0.384 0.535 0.384 0.109 0.0

-0.6 0.0 0.0 0328 0.905 1.20 0.905 0328 0.0 0.0

—04 -0.109 -0.328 0.0 0.715 1.09 0.715 0.0  —0.328 —00.109
—0.2 —-0.384 —-0905 —-0.715 0.0 0392 0.0 —-00.715 —0.905 —00.384

0.0 00 -0535 -120 -1.09 -0.392 00 —-0392 -1.09 -120 —00.535 0.0
0.2 —-0384 —-0905 —-0.715 0.0 0392 0.0 —-00.715 —0.905 —-00.384
0.4 -0.109 -0.328 0.0 0.715 1.09 0.715 0.0 —0.328 —00.109
0.6 0.0 0.0 0.328  0.905 1.20 0.905 0.328 0.0 0.0

0.8 0.0 0.109 0.384 0.535 0.384 0.109 0.0

1.0 0.0
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TABLE 7.8

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for First
Mode of Vibration (Clamped): Shows No Nodal Lines, m =0.8

x— -1.0 -08 -06 —-04 02 0.0 0.2 0.4 0.6 0.8 1.0
yl

-1.0

-0.8 0.0

—0.6 0.007 0.096 0206 0254 0206 0.096 0.007

—0.4 0.013 0.18 0459 0.699 0793 0.699 0459 0.185 0.013
—0.2 0.099 0420 0.827 1.16 1.29 1.16 0.827 0420 0.997
0.0 0.0 0.148 0522 0978 1.34 1.48 1.34 0978 0522 0.148 0.0
0.2 0.099 0420 0.827 1.16 1.29 1.16 0.827 0420 0.997
0.4 0.013 0.185 0459 0.699 0793 0.699 0459 0.185 0.013
0.6 0.007 0.096 0206 0254 0206 0.096 0.007

0.8 0.0

1.0

7.4.2 Simply Supported Boundary

As mentioned previously, if we consider s =1, then Equation 7.2 will become

Fi = ufi(xy)

For the purpose of computation, fi(x,y) was chosen of the form x™ y",
where m; and n; are integers. For modes symmetric about both the axes, we
can choose m; and n; as even integers. Similarly, by making other suitable

TABLE 7.9

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for Second
Mode of Vibration (Clamped): Shows One Vertical Nodal Line, m =0.8

x— -1.0 0.8 —0.6 —0.4 -02 00 02 0.4 0.6 08 1.0
yl

-1.0

-0.8 0.0

-0.6 -0.014 -0.132 -0.146 0.0 046 0132 0.014

—04 -0.03¢ -0378 —-0.658 —0517 0.0 0517 0.658 0.378 0.034
—0.2 -0259 -0879 -122 0881 0.0 0881 122 0.879 0.259
0.0 00 -0386 -110 -145 -103 00 103 145 110 038 0.0
0.2 -0259 -0879 -122 0881 0.0 0881 122 0.879 0.259
0.4 -0.034 -0378 -0.658 —0.517 0.0 0517 0.658 0.378 0.034
0.6 -0.014 -0.132 -0.146 0.0 046 0132 0.014

0.8 0.0

1.0
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TABLE 7.10

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for Third
Mode of Vibration (Clamped): Shows One Horizontal Nodal Line, m =0.8

x— -10 -08 -06 04 0.2 0.0 0.2 0.4 0.6 08 1.0
yl

-1.0

-0.8 0.0

—0.6 —-0.014 -0.219 —-0.500 —-0.628 —0.500 —0.219 —-0.014

—04 -0.017 -0278 —-0.762 —-123 —-143 -123 -0.762 -0.278 —-0.017
—0.2 —-0.069 -0.333 -0.726 —-1.08 -1.22 -1.08 -0.726 —0.333 —0.069
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 00
0.2 0.069 0333 0726 1.08 1.22 1.08 0.726  0.333  0.069
0.4 0.017 0278 0762 1.23 1.43 1.23 0762 0278 0.017
0.6 0.014 0219 0500 0.628 0.500 0.219 0.014

0.8 0.0

1.0

combinations, one may obtain other modes. Tables 7.11 and 7.12 give the first
three frequency parameters for symmetric-symmetric, antisymmetric-sym-
metric modes for simply supported boundary with v =0.3. The last row of
these tables shows the results from the exact solution of the circular plates
obtained using Bessel’s functions, which are found to be in exact agreement
with the solution obtained using BCOPs. These tables also depict the fact that
as the aspect ratios of the elliptic plate are increased from 0.1 to 1.0 (circular),

TABLE 7.11

First Three Frequency Parameters for Symmetric-Symmetric
Modes (Simply Supported) »=0.3

Frequency Parameters

m=b/a First Second Third
0.1 262.98 358.67 631.36
0.2 69.684 112.92 207.75
0.3 32.813 64.746 128.07
0.4 19.514 46.823 100.67
0.5 13.213 38.354 88.314
0.6 9.7629 33.777 70.271
0.7 7.7007 31.017 52.927
0.8 6.3935 29.139 41.677
0.9 5.5282 27.600 34.208
1.0 4.9351 25.613 29.720
1.0° 4.9351 25.613 29.720

@ Computed from the exact solution.
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TABLE 7.12

First Three Frequency Parameters for Antisymmetric—
Symmetric Modes (Simply Supported) v=0.3

Frequency Parameters

m=b/a First Second Third
0.1 299.24 419.95 766.22
0.2 88.792 141.23 264.65
0.3 46.830 86.882 170.57
04 31.146 66.937 138.65
0.5 23.641 57.625 122.27
0.6 19.566 52.527 90.816
0.7 17.157 49.269 71.655
0.8 15.634 46.687 59.503
0.9 14.615 43.783 52.181
1.0 13.898 39.981 48.582

the frequency parameters decrease. The effects of frequency parameters on
the aspect ratios of the ellipse are shown in Figures 7.5 and 7.6.

To ensure the accuracy of the results, we carried out calculations
for several values of 1, till the first three frequencies in the different categories
of modes converged to at least five significant digits in all the cases. To
get the sense of convergence, the results are given for m=0.2, 04,
and 0.6 in Table 7.13. It is to be pointed out that for small m values, one
should go up to 20 approximations, as sometimes they may not converge up
to n=10. Accordingly, the convergence results are shown in Figure 7.7
for m=0.5.
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FIGURE 7.5
First three frequency parameters for symmetric-symmetric modes (simply supported).
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FIGURE 7.6
First three frequency parameters for antisymmetric-symmetric modes (simply supported).

Deflections on the domain of elliptic plate (m=0.4, v=0.3) with simply
supported boundary for the first and second symmetric-symmetric modes
are incorporated in Tables 7.14 and 7.15. Consequently, it can be observed
that the first symmetric-symmetric modes will have no nodal lines, whereas
the second symmetric-symmetric modes will have two curved-nodal lines.
For the second case, Table 7.15 shows the changing values from positive to
negative at x=[—0.4,-0.2] and from negative to positive at x=[0.2,0,4].
Between these values of x, one may have the nodal lines. These tables may
directly be used to draw the nodal lines and if one desires, may be used to
plot the mode shapes.

Deflections on the domain of elliptic plate (m=0.4, v=0.3) with simply
supported boundary for the first and second antisymmetric-symmetric
modes are listed in Tables 7.16 and 7.17. Thus, it can be observed that the

TABLE 7.13
Convergence Study for Symmetric-Symmetric Modes (Simply Supported) »=0.3

m=0.2 m=0.4 m=0.6
n First Second  Third First Second  Third First Second  Third
2 7788  191.09 21.256  69.159 10.519 49.408
3 71205 18954 933.16 19.627 68299 = 236.97 9.7838  48.342  108.42
4 70.262 130.72 376.25 19.541 50.783 180.13 9.7691 36.006 107.32
5 69.811 123.83 366.22  19.520 48.499 171.50 9.7661 34.562 100.73
6 69.793 123.82 366.21 19.515 48.488 156.36 9.7630 34.519 72123
7 69.710 114.78 21256 19.515 47.052 102.70 9.7630 33.912 72.118
8 69.684 11293 207.80 19.514 46.834  100.83 9.7629  33.779 70.352
9 69.684 112.92 207.75 19.514 46.823 100.67 9.7629 33.777 70.272

=
=]

69.684 11292  207.75 19.514  46.823  100.67 9.7629  33.777 70.271
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Convergence of results, b/a=0.5 (simply supported).

first antisymmetric-symmetric modes will have one vertical nodal line,
whereas the second antisymmetric-symmetric modes will have three nodal
lines. For the second case, Table 7.17 shows one vertical nodal line, along
with the changing values from negative to positive at x=[—0.6,—0.4] and
from negative to positive at x =[0.4,0.6], and between these values of x, one
may find the other two nodal lines.

7.4.3 Completely Free Boundary

We have given the results of the first three frequency parameters of all the
cases of symmetric-symmetric, symmetric-antisymmetric, antisymmetric—
symmetric, and antisymmetric-antisymmetric modes in Tables 7.18

TABLE 7.14

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for First
Symmetric-Symmetric Modes of Vibration (Simply Supported): Shows No Nodal
Lines, m=0.4, v=0.3

x— -1.0 -08 —-06 -04 0.2 0.0 0.2 0.4 0.6 0.8 1.0
yl

—0.4 0.0

-0.3 0.079 0358 0.592 0.682 0592 0358 0.079

—0.2 0.088 0432 0.827 1.14 1.27 1.14 0.827 0432 0.088

—0.1 0252 0.673 1.14 1.52 1.66 1.52 1.14 0.673  0.252

0.0 0.0 0311 0.759 1.26 1.65 1.80 1.65 1.26 0.759 0311 0.0
0.1 0252 0.673 114 1.52 1.66 1.52 1.14 0.673  0.252

0.2 0.088 0432 0.827 1.14 1.27 1.14 0.827 0.432 0.088

0.3 0.079 0358 0592 0.682 0592 0358 0.079

0.4 0.0




Transverse Vibration of Elliptic and Circular Plates 213

TABLE 7.15

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for Second
Symmetric-Symmetric Modes of Vibration (Simply Supported): Shows Two Curved
Nodal Lines in x =[—0.4, —0.2] and [0.2,0.4], m=0.4, v=0.3

x— -1.0 -08 -0.6 04 —0.2 0.0 0.2 0.4 0.6 08 1.0
yl

—-0.4 0.0

-0.3 0170 0.239 -0.276 -0.598 -0.276 0.239 0.170

—-0.2 0320 1.01 0619 -0503 -1.10 —-0.503 0.619 1.01 0.320

—0.1 0958 1.66 0915 -0.638 —-142 —-0.638 0915 1.66 0958

0.0 00 120 190 103 —-0.683 -153 —-0.683 103 190 120 0.0
0.1 0958 166 0915 -0.638 —-142 —-0.638 0915 1.66 0958

0.2 0320 1.01 0619 -0503 -1.10 —-0.503 0.619 1.01  0.320

0.3 0170 0.239 -0.276 —-0.598 —0.276 0.239 0.170

0.4 0.0

through 7.21. Here, v was taken as 0.33 and the aspect ratios of the ellipse
were increased from 0.1 to 1.0 (circular) at the step of 0.1. The last row in
these four tables gives the exact solution from Bessel function with respect to
completely free boundary. Excellent results in this special case prove the
efficacy of the BCOPs method. Moreover, as in other boundary conditions,
the frequency parameters were found to decrease as we increase the values
of the aspect ratio m. These effects are shown in Figures 7.8 through 7.11.
The convergence of results of the completely free elliptic plate (m = 0.5) as the

TABLE 7.16

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for
First Antisymmetric-Symmetric Modes of Vibration (Simply Supported):
Shows One Vertical Nodal Line, m=0.4, v=0.3

x~ -10 -08 -06 —04 -02 00 02 04 06 08 10
yl

—04 0.0

—03 —0.146 —0479 —0412 00 0412 0479 0.146

—02 0199 -0.824 -113 —0818 00 0818 1.13 0824 0.199
—0.1 —0580 -131 -159 -110 00 110 159 131  0.580
0.0 00 -0720 -148 —176 —120 00 120 176 148 0720 0.0
0.1 0580 -131 -159 -110 00 110 159 131 0580
02 0199 -0824 -113 —0818 00 0818 113 0824 0.199
03 —0.146 —0479 —0412 00 0412 0479 0.146

0.4 0.0
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TABLE 7.17

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for Second
Antisymmetric-Symmetric Modes of Vibration (Simply Supported): Shows Three
Nodal Lines in x=[—0.6, —0.4], [0.4,0.6] and One Vertical, m=0.4, v=0.3

x— -1.0 —0.8 —0.6 -04 -02 0.0 0.2 0.4 0.6 08 1.0
yl

—0.4 0.0

-0.3 -0.123 0206 0551 0.0 -0.551 —0.206 0.123

—-0.2 —-0426 —0.821 0400 1.06 00 -1.06 —0.400 0.821 0.426

—0.1 -1.33 -143 0480 138 0.0 -1.38 —0.480 143 1.33

0.0 0.0 -1.69 -167 0498 150 0.0 -1.50 —-0498 167 169 0.0
0.1 -133 143 0480 138 0.0 -1.38 —0.480 143 1.33

0.2 —0.426 —-0.821 0400 106 00 -1.06 —0.400 0.821 0.426

0.3 —-0.123 0206 0551 0.0 -0.551 —0.206 0.123

0.4 0.0

number of approximation increased from 1 to 15 for the first four frequency
parameters are as depicted in Figure 7.12.

From the above tables, one may choose, for example, the first four fre-
quency parameters as 6.4923 (from symmetric-symmetric mode), 8.6797
(from antisymmetric-antisymmetric mode), 16.302 (from antisymmetric—
symmetric mode), and 18.764 (from symmetric-antisymmetric mode) for an
elliptic plate with aspect ratio, m = 0.6 (v =0.33). Accordingly, the deflections

TABLE 7.18

First Three Frequency Parameters for Symmetric-Symmetric
Modes (Completely Free) »=0.33

Frequency Parameters

m=>b/a First Second Third
0.1 6.7077 32.414 78.058
0.2 6.7082 32.5307 78.3724
0.3 6.6959 32.408 71.688
0.4 6.6615 31.988 41.899
0.5 6.5969 27.763 31.223
0.6 6.4923 19.940 30.015
0.7 6.3321 15.198 28.273
0.8 6.0911 12.183 26.092
0.9 5.7377 10.256 23.763
1.0 5.2620 9.0689 21.5275
1.0° 5.2620 9.0689 21.5272

@ Computed from the exact solution.
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TABLE 7.19

First Three Frequency Parameters for Symmetric—
Antisymmetric Modes (Completely Free) »=0.33

Frequency Parameters

m=>b/a First Second Third
0.1 92.294 180.74 299.25
0.2 47.625 100.08 173.31
0.3 33.096 74.772 134.90
0.4 25.945 62.329 107.54
0.5 21.661 54.598 70.535
0.6 18.764 48.970 50.190
0.7 16.629 37.814 44.367
0.8 14.940 29.770 40.281
0.9 13.517 24.310 36.522
1.0 12.243 20.513 33.062
1.0° 12.243 20.513 33.062

? Computed from the exact solution.

on the elliptic domain for the above first four frequency modes are given in
Tables 7.22 through 7.25. Table 7.22 shows two curved-nodal lines along the
changing values from positive to negative at x =[—0.6,—0.4] and from nega-
tive to positive at x = [0.4,0.6], for the first mode of vibration of this particular
elliptic plate, viz., with m=0.6. There are two nodal lines, one vertical and

TABLE 7.20

First Three Frequency Parameters for Antisymmetric—
Symmetric Modes (Completely Free) »=0.33

Frequency Parameters

m=>b/a First Second Third

0.1 17.188 52.404 109.32

0.2 17.223 52.639 109.64

0.3 17.184 52.332 94.993
0.4 17.036 51.429 60.028
0.5 16.754 42.854 49.834
0.6 16.302 33.170 47.355
0.7 15.620 27.343 44.012
0.8 14.665 23.814 40.243
0.9 13.487 21.734 36.522
1.0 12.243 20.513 33.064
1.0° 12.243 20.513 33.061

@ Computed from the exact solution.
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TABLE 7.21

First Three Frequency Parameters for Antisymmetric—
Antisymmetric Modes (Completely Free) »=0.33

Frequency Parameters

m=>b/a First Second Third
0.1 50.097 135.43 229.06
0.2 25.207 72.300 131.47
0.3 16.948 52.162 101.24
0.4 12.826 42.300 86.226
0.5 10.346 36.319 76.591
0.6 8.6797 32.150 69.162
0.7 7.4765 28.923 55.009
0.8 6.5629 26.204 45.723
0.9 5.8437 23.7695 39.499
1.0 5.2620 21.527 35.242
1.0° 5.2620 21.527 35.242

? Computed from the exact solution.

one horizontal, where the deflections are zero, as shown in Table 7.23.
Furthermore, Table 7.24 depicts the three nodal lines, showing one of them
vertical at x = 0.0 and the other two between x =[—0.8,—0.6] and x =[0.6,0.8].
Similarly, Table 7.25 shows three nodal lines, depicting one of them as
horizontal at x =0.0 where the deflections are zero. The other two nodal

90

80 4 —— First
—=— Second
70 Third

60 -

50 4

40 -

30 A

Frequency parameters

20 A

10 4

0 0.2 0.4 0.6 0.8 1
Aspect ratio, m = b/a

FIGURE 7.8
First three frequency parameters for symmetric-symmetric modes (completely free).
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lines can be found at x =[—0.4,—0.2] and x=[0.2,0.4]. In this way, one may
obtain the nodal lines and mode shapes for any of the elliptic plates for any of
the three boundary conditions.

Lastly, the exact solutions of the frequency parameters for a circular plate
with completely free boundary condition taking »=0.33 were determined
and are listed in Table 7.26. The exact solutions were found using the Bessel
function solution as described by Leissa (1969) as well as in the earlier
chapters of this book.

TABLE 7.22

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for First Mode
of Vibration (Chosen from Symmetric-Symmetric Mode) (Completely Free)

x— -1.0 -08 -06 04 -0.2 0.0 0.2 0.4 0.6 0.8 1.0
yl

-0.6 -1.03

-0.5 -03%94 -0.777 -0911 -0.777 —0.39%4

—0.4 0286 —-0.297 -0.682 -0.817 —-0.682 —-0.297 0.286

—-0.3 1.07 0364 -0220 -0.607 —-0.743 -0.607 —0.220 0364 1.07
-0.2 113 0421 -0.164 -0.553 —-0.689 —-0.553 —-0.164 0421 1.13
-0.1 116 0456 —0.130 -0.520 -0.657 —-0.520 —0.130 0.456 1.16
0.0 00 117 0468 -0.118 -0.509 -0.646 —-0.509 —-0.118 0468 1.17 0.0
0.1 116 0456 —-0.130 -0.520 -0.657 —-0.520 —0.130 0456 1.16

0.2 113 0421 -0.164 -0.553 -0.689 —-0553 —-0.164 0421 1.13

0.3 1.07 0364 -0.220 -0.607 -0.743 -0.607 —0.220 0364 1.07
0.4 0286 —0.297 -0.682 —0.817 —0.0682 —0.297 0.286

0.5 -0.394 -0.777 —-0911 -0.777 —0.394

0.6 -1.03

Note: Shows two curved nodal lines in x=[—0.6, —0.4] and [0.6,0.4], m=0.6, v=10.33.
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TABLE 7.23

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for Second
Mode of Vibration (Chosen from Antisymmetric-Antisymmetric Mode)
(Completely Free)

x— -1.0 -0.8 —0.6 —0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0
yl

—0.6 0.0

-0.5 1.25 0.656 0.0 -0.656 -1.25

—0.4 1.42 1.02 0538 0.0 -0.538 —-1.02 —-1.42

-0.3 1.29 1.08 0.784 0413 00 -0413 -0.784 -1.08 —1.29

—0.2 0871 0731 0532 0280 0.0 -0.280 -0.532 -0.731 -0.871
—0.1 0439 0369 0269 0142 0.0 -0.142 -0.269 —-0.369 —0.439

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.1 —-0.439 -0369 -0.269 —-0.142 0.0 0142 0269 0369 0439

0.2 -0.871 -0.731 -0532 -0.280 0.0 0280 0532 0731 0.871

0.3 -1.29 -1.08 —-0.784 —-0413 0.0 0413 0.784 1.08 1.29

0.4 -142 -1.02 -0538 00 0538 1.02 1.42

0.5 -125 —-0.656 00 0656 125

0.6 0.0

Note: Shows two nodal lines (one vertical and one horizontal), m =0.6, »=0.33.

TABLE 7.24

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for Third
Mode of Vibration (Chosen from Antisymmetric-Symmetric Mode)
(Completely Free)

x— -1.0 0.8 -06 —-04 —-02 0.0 0.2 0.4 0.6 08 1.0
yl

—0.6 0.0

-0.5 1.15 0777 00 -0777 -1.15

—0.4 0.636 0972 0.687 0.0 —0.687 —-0.972 —0.636

-0.3 —0.544 0415 0.823 0.614 0.0 -0.614 —-0.823 —-0.415 0.544

—0.2 —0.748 0248 0.711 0.558 0.0 —-0558 -0.711 —0.248 0.748

—0.1 —-0.877 0.144 0.640 0.523 0.0 -0523 -0.640 —0.144 0.877

0.0 00 —-0920 0.108 0616 0511 00 -0511 -0.616 —-0.108 0.920 0.0
0.1 —-0.877 0.144 0.640 0.523 0.0 -0523 -0.640 —0.144 0.877

0.2 -0.748 0.248 0.711 0558 0.0 —0.558 —0.711 —0.248 0.748

0.3 —-0.544 0415 0823 0614 0.0 -0.614 -0.823 —-0415 0.544

0.4 0.636 0972 0687 0.0 -0.687 —-0972 —0.636

0.5 1.15 0777 00 -0777 -1.15

0.6 0.0

Note: Shows three nodal lines (one vertical and another two in x=[—0.8, —0.6] and [0.6,0.8]),
m=0.6, v=0.33.
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TABLE 7.25

Deflection on the Domain for Determining Nodal Lines of Elliptic Plate for Fourth
Mode of Vibration (Chosen from Symmetric-Antisymmetric Mode) (Completely Free)

x— -1.0 -0.8 —0.6 —0.4 -0.2 0.0 0.2 0.4 0.6 08 1.0
yl

—0.6 1.58

-0.5 —0.035 0905 1.26 0.905 —0.035

—-0.4 -1.12  -0.111 0.680 0979 0.680 —0.111 -1.12

—0.3 -1.63 —-0922 -0.136 0484 0719 0484 -—-0.136 —0.922 -1.63

—0.2 -113 -0.659 -0.119 0309 0472 0.309 —-0.119 —-0.659 -1.13

—0.1 —0.582 —-0.343 —-0.068 0.151 0.234 0.151 —-0.068 —-0.343 —0.582

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 00
0.1 0582 0343 0.068 —0.151 —-0.234 —-0.151 0.068 0.343  0.582

0.2 1.13 0.659 0119 -0.309 —-0472 —-0.309 0.119 0.659 1.13

0.3 1.63 0922 0136 —0484 -0.719 —-0.484 0.136 0922 1.63

0.4 1.12 0.111 -0.680 —-0.979 —-0.680 0.111 1.12

0.5 0.035 —-0905 —-126 —0.905 0.035

0.6 —1.58

Note: Shows three nodal lines (one horizontal and another two in x =[—0.4, —0.2] and [0.2,0.4]),
m=0.6, v=0.33.

7.5 Conclusion

The Rayleigh-Ritz method using BCOPs provides a highly accurate and
computationally efficient scheme for finding the vibration characteristics of

TABLE 7.26

Exact Solution of Frequency Parameters for Circular Plate (Completely Free) »=0.33

n

s n=0 n=1 n=2 n=>3 n=4 n=>5 n=6
0 — — 5.2620 12.243 21.527 33.061 46.808
1 9.0689 20.513 35.242 52.921 73.378 96.507 122.23
2 38.507 59.859 84.376 119.90 142.32 175.56 211.54
3 87.812 119.00 153.32 190.67 230.96 27412 320.11
4 156.88 197.92 242.06 289.23 339.36 392.41 448.31
5 245.69 296.59 350.57 407.56 467.54 530.45 596.24
6 354.25 415.01 478.82 545.66 615.48 688.24 763.91
7 482.55 553.17 626.83 703.51 783.18 865.79 951.33
8 630.59 711.07 794.59 881.12 970.63 1063.1 1158.5
9 798.37 888.71 982.09 1078.4 1177.8 1280.1 1385.4
10 985.89 1086.1 1189.3 1295.5 1404.7 1516.9 1631.9
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transverse vibration of elliptic and circular plates. This has already been
demonstrated by several authors and the studies carried out by this author
have been cited in the references. This chapter discusses this method for
elliptic and circular plates. Various comparisons have already been men-
tioned in the author’s previous publications, viz., in Singh and Chakraverty
(1991, 1992a,b) and are not repeated here. The investigator worked with
sufficiently large number of terms till the first three frequencies of all the
categories of modes converged to at least five significant digits. Moreover,
the results from the successive approximations acted as an indication of the
rate of convergence.

References

Beres, D.P. 1974. Vibration analysis of a completely free elliptic plate. Journal of Sound
and Vibration, 34(3): 441-443.

Bhat, R.B. 1985. Natural frequencies of rectangular plates using characteristic ortho-
gonal polynomials in Rayleigh-Ritz method. Journal of Sound and Vibration, 102(4):
493-499.

Bhat, R.B. 1987. Flexural vibration of polygonal plates using characteristic orthogonal
polynomials in two variables. Journal of Sound and Vibration, 114(1): 65-71.

Bhat, R.B., Laura, P.A.A., Gutierrez, R.G., Cortinez, V.H., and Sanzi, H.C. 1990.
Numerical experiments on the determination of natural frequencies of transverse
vibrations of rectangular plates of non-uniform thickness. Journal of Sound and
Vibration, 138(2): 205-219.

Chakraverty, S. 1992. Numerical Solution of Vibration of Plates, PhD Thesis, University
of Roorkee, Roorkee, India.

Cotugno, N. and Mengotti-Marzolla, C. 1943. Approssimazione per eccesso della piu
bassa frequenza di una piastre ellittrica omogenea incastrata. Atti dell” Accede-
mia nazionale dei Lincei Memorie 5, Ser. 8, Sem. 2.

Dickinson, S.M. and Blasio, A. Di. 1986. On the use of orthogonal polynomials in the
Rayleigh-Ritz method for the study of the flexural vibration and buckling of
isotropic and orthotropic rectangular plates. Journal of Sound and Vibration, 108(1):
51-62.

Lam, K\Y., Liew, KM., and Chow, S.T., 1990. Free vibration analysis of isotropic and
orthotropic triangular plates. International Journal of Mechanical Sciences, 32(5):
455-464.

Laura, P.A.A., Gutierrez, R.H., and Bhat, R.B. 1989. Transverse vibrations of a trap-
ezoidal cantilever plate of variable thickness. AIAA Journal, 27(7): 921-922.

Leissa, A.W. 1967. Vibration of a simply supported elliptic plate. Journal of Sound and
Vibration, 6(1): 145-148.

Leissa, A.W. 1969. Vibration of Plates, NASA SP160, U.S. Government Printing Office,
Washington, DC.

Liew, KM. and Lam, K.Y. 1990. Application of 2-dimensional orthogonal plate
function to flexural vibration of skew plates. Journal of Sound and Vibration,
139(2): 241-252.



222 Vibration of Plates

Liew, KM., Lam, K.Y., and Chow, S.T. 1990. Free vibration analysis of rectangular
plates using orthogonal plate function. Computers and Structures, 34(1): 79-85.

Mazumdar, J. 1971. Transverse vibrations of elastic plates by the method of constant
deflection lines. Journal of Sound and Vibration, 18, 147.

McLachlan, N.W. 1947. Vibration problems in elliptic coordinates. Quarterly of Applied
Mathematics, 5(3): 289-297.

McNitt, R.P. 1962. Free vibrations of a clamped elliptic plate. Journal of Aerospace
Science, 29(9): 1124-1125.

Rajalingham, C. and Bhat, R.B. 1991. Vibration of elliptic plates using characteristic
orthogonal polynomials in the Rayleigh-Ritz method. International Journal of
Mechanical Sciences, 33(9): 705-716.

Rajalingham, C. and Bhat, R.B. 1993. Axisymmetrical vibration of circular plates and
its analog in elliptic plates using characteristic orthogonal polynomials. Journal of
Sound and Vibration, 161(1): 109-118.

Rajalingham, C., Bhat, R.B., and Xistris, G.D. 1991. Natural frequencies and mode
shapes of elliptic plates with boundary characteristic orthogonal polynomials as
assumed shape functions, in Proceedings of the 13th Biennial Conference on Mech-
anical Vibration and Noise, Miami, FL.

Rajalingham, C., Bhat, R.B., and Xistris, G.D. 1993. Natural frequencies and mode
shapes of elliptic plates with boundary characteristic orthogonal polynomials as
assumed shape functions. ASME Journal of Vibration Acoustics, 115: 353-358.

Sato, K. 1973. Free flexural vibrations of an elliptical plate with free edge. Journal of
Acoustical Society of America, 54: 547-550.

Shibaoka, Y. 1956. On the transverse vibration of an elliptic plate with clamped edge.
Journal of Physical Society of Japan, 11(7): 797-803.

Singh, B. and Tyagi, D.K. 1985. Transverse vibration of an elliptic plate with variable
thickness. Journal of Sound and Vibration, 99, 379-391.

Singh, B. and Goel, R. 1985. Transverse vibration of an elliptic plate with variable
thickness. Proceedings Workshop of Solid Mechanics, Department of Mathematics,
University of Roorkee, 13-16 March.

Singh, B. and Chakraverty, S. 1991. Transverse vibration of completely free elliptic
and circular plates using orthogonal polynomials in Rayleigh-Ritz method.
International Journal of Mechanical Sciences, 33(9): 741-751.

Singh, B. and Chakraverty, S. 1992a. Transverse vibration of simply-supported elliptic
and circular plates using boundary characteristic orthogonal polynomials in two
dimensions. Journal of Sound and Vibration, 152(1): 149-155.

Singh, B. and Chakraverty, S. 1992b. On the use of orthogonal polynomials in
Rayleigh-Ritz method for the study of transverse vibration of elliptic plates.
International Journal of Computers and Structures, 43(3): 439-443.

Waller, M.D. 1938. Vibrations of free circular plates. Proceedings of the Physical Society
(London), 50, 70-76.

Waller, M.D. 1950. Vibration of free elliptic plates. Proceedings of the Physical Society
(London), Ser. B, 63, 451-455.



8

Triangular Plates

8.1 Introduction

Various researchers around the globe have studied free vibration of triangu-
lar plates. The work of Leissa (1969), being an excellent monograph, has
information related to triangular plates. Further information may also be
obtained from the subsequent review papers by Leissa (1977, 1981, 1987).
In this chapter, the descriptions about the references mentioned in those
review papers will not be repeated. The methods in those investigations
range from experimental to approximate by employing a few term approx-
imations with Rayleigh—Ritz or collocation methods. In some cases, the finite
difference methods were also employed. In most of the cases, the plate was
considered to be either equilateral or isosceles or a right-angled triangle.
Moreover, majority of the investigations deal with the cantilever triangular
plates, i.e., having one edge clamped and the other two free.

Gorman (1983, 1986, 1987, 1989) gave an accurate method, viz., superpos-
ition method, for the free vibration analysis of right-angled triangular plates
that are either simply supported or clamped—simply supported, or having
one edge free. Bhat (1987) had used characteristic orthogonal polynomials
with two variables to discuss the flexural vibration of polygonal plates, but
the results were given for a triangular isosceles or a right-angled plate with
one edge clamped and the other two free. Kim and Dickinson (1990) studied
the free flexural vibration of right triangular isotropic and orthotropic plates
by using simple polynomials as admissible functions. Lam et al. (1990) used
two-dimensional orthogonal plate functions as admissible functions in the
Rayleigh—Ritz method. Numerical results were given for an isotropic right-
angled triangular plate.

In this chapter, free vibration of triangular plates is discussed in the most
general form, viz., for triangular domain of arbitrary shape and size and with
all possible types of boundary conditions on the three edges. In this context,
it is worth mentioning that for a general triangle, there exist 27 different cases
of boundary conditions, of which 10 will be similar (but not the same).
Rayleigh—Ritz method with boundary characteristics orthogonal polynomials
(BCOPs) as the basis functions is applied to generate a sequence of approx-
imations (Singh and Chakraverty, 1992). The process is terminated when the

223
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required number of frequencies is converged to the desired accuracy. It may be
noted that there will be different sets of polynomials over triangles of different
shapes. Accordingly, a mapping function is used to map the given general
triangle onto a standard triangle. Then, a set of orthogonal polynomials
(BCOPs) is generated on this standard triangle satisfying the essential bound-
ary conditions and was used in the Rayleigh-Ritz method. The procedure,
however, will be clear in the following sections.

8.2 Mapping of General Triangle onto a Standard Triangle

Let us consider that the three numbers a4, b, and c determine a triangle
completely, as shown in Figure 8.1. Then, the following transformation is
used to map the interior of a general triangle R onto an isosceles right-angled
triangle T, as shown in Figure 8.2

{ize o1
or
_Y
=2
{ § _ (x—by/c) (82)

It may be noticed here that the transformation is similar to that used in the
finite element method where one element is transformed into another element
of similar shape. But, here the transformation used in Equations 8.1 and 8.2 is
globally used for the whole domain of the plate. We now use the above
transformation and then generate the orthogonal polynomials satisfying the
essential boundary conditions, viz., BCOPs, by using the Gram-Schmidt
process.

(be)

FIGURE 8.1 0,0 (a,0)
A general triangular domain.
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FIGURE 8.2
Mapping of a general triangle onto the standard triangle.

8.3 Generation of the BCOPs over the Triangular Domain

For this, we start with a linearly independent set

where
fEM =711 —-€—n) (8.4)

satisfies the essential boundary conditions of the edges of triangular
plate and

fl(f/’l) = {1/§/nr§2/§n/n2/ s } (85)

The superscripted numbers p, g, and r in Equation 8.4 determine the boundary
conditions of the sides of the plate. These numbers can take the value 0, 1, or 2.
For example, p =0, 1, or 2 designate whether the side ¢ = 0 happens to be free,
simply supported, or clamped boundary. Similarly, 4 and r control the bound-
ary conditions on the sides n =0 and £ + 1 =1, respectively. The inner product
of two functions u and v over the standard triangular domain T is defined as

() = ﬂu(f,mv(sm)dsdn 5.6)

T

Norm of the function # may then be given by

1/2
[[ul]l= <”/”>1/2 = [JJ u2(§,n)d§dn] (8.7)

T
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Proceeding as in the previous chapters, the Gram-Schmidt process can be
described to generate the BCOPs as

¢ =F

i-1
¢, =Fi— Zaif¢j

]:1 1:2, 3, 4, (88)
where

<F1/(7b]> . /
al: , :1’2,..., 1_1
I d) ey

The functions ¢; may then be normalized by using

s
P =TT

Next, these BCOPs are used in the Rayleigh—Ritz method to extract the free
vibration characteristics.

(8.9)

8.4 Rayleigh-Ritz Method in Triangular Plates

We will use the usual procedure and use the N-term approximation
N
Wxy) = cd; (8.10)
=1

for the deflection in the Rayleigh quotient for the plate after equating the
maximum kinetic and strain energy as

. D I [(vzw)z +2(1 - u){wgy - wxxwyy}] dxdy

o = TWedndy (8.11)
R

Then, the above Rayleigh quotient is extremized as a function of c;. The
variables x and y are finally changed to § and 7 and this leads to the
following eigenvalue problem:

Mz

(a; —A\%b)cj=0, i=1,2,...,N (8.12)
j=1
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where

4 = ” [ Aot + Ay (d,lgnqb}gf n ¢1§§¢]§n) A (d);;nd)]‘g*f n ¢1§§¢;m)

T
+ A0+ As (9177 + 8797 + As]")" | dédn (8.13)
by = || #udycean (8.14)
T
and
) a*w?ph
=t (8.15)

and Ay, Ay, As, ..., A are given by

Ay = (1+ 6%
_ 2
4, Z200+0Y
M
2
4=t
W
2(1 — v+ 26%) (8.16)
Ay ="
o
20
AS:_E
1
A = —
6 e
c b
=- and 6=- 17
p=- an ; (8.17)

The integrals involved are available in closed form by using the following
result (Singh and Chakraverty, 1992):

il jl k!

i, 01 _ & __ 0k _
[Jena—e-miaean = L

T

(8.18)

8.5 Some Numerical Results and Discussions
for Triangular Plates

By using the shape functions in terms of the BCOPs, Equation 8.12 will
become a standard eigenvalue problem. The solution of this equation
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TABLE 8.1

Fundamental Frequencies for a Right-Triangular Plate and Sides
with Clamped (C) or Free (F) Boundary Conditions

. Values of c/a
Sides

. No. 123 1.0 1.5 2.0 2.5 3.0
CFF 6.173 5.796 5.511 5.294 5.126
FCF 6.173 2.878 1.658 1.075 0.7528
FEC 12.64 8.895 7.363 6.553 6.054
CCF 29.09 19.78 15.43 12.94 11.34
CFC 41.12 33.93 30.86 29.19 28.14
FCC 41.12 24.13 17.52 14.12 12.07

Note: 6=0, n=1.0,1.5,2.0, 2.5, 3.0, and »=0.3.

NGl = W =W

will give the frequency parameter A and the associated mode shapes. When
we increase N, a sequence of approximation is got to obtain the vibration
characteristics. The computations are carried out up to N = 20, and it was found
thatin almost all the cases, the first five frequencies converged to four significant
digits. Computations were carried out for several values of parameters u and
6 with all the possible combinations of boundary conditions. The value of
Poisson’s ratio has been chosen to be 0.3. The boundary conditions refer to
sides 1, 2, and 3. Moreover, C, S, and F denote boundary conditions of the
edges as clamped, simply supported, and free. Three different geometry of
triangular plates viz. Figures 8.3 to 8.5 are studied here.

Tables 8.1 through 8.5 give results for fundamental frequency parameters
of a right-triangular plate (Figure 8.3) for different values of u, i.e., c¢/a along
with all the possible boundary conditions. All the boundary conditions are
incorporated in terms of the above five tables. In all of these tables, the value
of u has been taken as 1.0, 1.5, 2.0, 2.5, and 3.0. Accordingly, Table 8.1 shows
the fundamental frequencies when the sides are either clamped or free only.
There are six possible combinations in this case as given in Table 8.1.

TABLE 8.2

Fundamental Frequencies for a Right-Triangular Plate and Sides
with Clamped (C) or Simply Supported (S) Boundary Conditions

Values of c¢/a

Sides

. No. 123 1.0 1.5 2.0 2.5 3.0
CSS 60.54 43.78 36.41 32.30 29.68
SCS 60.54 40.40 31.84 27.17 24.25
SSC 65.81 45.96 37.60 33.04 30.15

CcCS 73.40 50.99 41.31 35.96 32.57
cscC 78.89 57.04 47.69 42.57 39.31
SCC 78.89 53.19 42.44 36.64 33.04

Note: 6=0, n=1.0,1.5,2.0,2.5,3.0, and »=0.3.

N Ol = W N = | W
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Fundamental Frequencies for a Right-Triangular Plate and Sides

with Free (F) or Simply Supported (S) Boundary Conditions

Values of c¢/a

Sides
S. No. 123 1.0 1.5 2.0 2.5 3.0
1 FSS 17.31 9.386 6.303 4.720 3.769
2 SFS 17.31 15.00 13.92 13.28 12.85
3 SSF 9.798 6.535 4.905 3.297 3.274
4 FES 19.61 12.60 9.030 7.000 5.711
5 FSF 14.56 8.062 4.861 3.199 2.253
6 SFF 14.56 10.32 7.875 6.352 5.321
Note: 6=0, u=1.0,1.5,2.0,2.5,3.0, and v=0.3.
TABLE 8.4

Fundamental Frequencies for a Right-Triangular Plate and Sides
with Any of Clamped (C), Simply Supported (S), or Free (F)
Boundary Conditions, with no Repetition of the Conditions

Values of c¢/a

Sides
S. No. 123 1.0 1.5 2.0 2.5 3.0
1 CSF 17.96 13.75 11.51 10.12 9.178
2 SCF 17.96 10.56 7.301 5.510 4.395
3 SFC 31.78 25.45 22.77 21.32 20.41
4 FSC 31.78 19.35 14.46 11.93 10.39
5 CFS 23.93 21.36 20.14 19.42 18.94
6 FCS 23.93 12.48 8.121 5.924 4.630
Note: §=0, p=1.0,1.5,2.0,2.5,3.0, and »=0.3.
TABLE 8.5

Fundamental Frequencies for a Right-Triangular Plate and Sides
with All of Clamped (C), Simply Supported (S), or Free (F)
Boundary Conditions

Values of c¢/a

Sides
S. No. 123 1.0 1.5 2.0 2.5 3.0
1 cCcC 93.80 65.46 53.46 46.91 42.81
2 SSS 49.36 34.29 27.79 24.18 21.89
3 FEFF 19.17 10.80 6.466 4.429 2.992
Note: 6=0, n=1.0,1.5,2.0,2.5, 3.0, and v=0.3.
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o Q.

FIGURE 8.3
Right-angled triangle.

Table 8.2 incorporates the results for right triangular plates when its sides are
either clamped or simply supported only. In this case also, there exist only six
combinations as shown in Table 8.2. The cases with the sides either free or
simply supported only are introduced in Table 8.3. The possible six combin-
ations are shown in Table 8.3. When the sides of a right-triangular plate are
clamped, simply supported, or free (i.e., with no repetition), there are six
cases of combinations that are incorporated in Table 8.4. Table 8.5 contains
the fundamental frequency parameters with all the three sides as clamped,
simply supported, or free, respectively. Tables 8.1 through 8.5 show all the
possible 27 combinations of boundary conditions of this triangular geometry.

As such, effect of u =c/a on the fundamental frequency parameter of right
triangular plate and sides with only clamped and free boundary conditions is
shown in Figure 8.6. It may be seen in Figure 8.6 that at u=1, the funda-
mental frequency is same for boundary conditions CFF and FCF and CFC
and FCC, respectively. Moreover, this figure also reveals that frequency
decreases as c/a is increased for all the boundary conditions considered in
this figure. Figure 8.7 shows the effect of w=c/a on the fundamental fre-
quency parameter with sides being clamped or simply supported only. One
may note in Figure 8.7 that the fundamental frequency at u =1 for boundary
conditions CSS and SCS, and CSC and SCC are exactly the same. The effect of
mw=c/a on the fundamental frequency parameter for right-triangular plate
and sides with free or simply supported only is depicted in Figure 8.8.

@ 13 @

FIGURE 8.4 1
Right-angled triangle with angles 30°, 60°,
and 90°. @
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FIGURE 8.5
Equilateral triangle.

Here, the fundamental frequency for FSS and SFS, and FSF and SFF is same
for u=1. The other two cases of the boundary conditions as per Tables 8.4
and 8.5 are shown in Figures 8.9 and 8.10, respectively. In Figure 8.9, one
may note that the fundamental frequency parameters at u=1 is same in
boundary conditions CSF and SCF, SFC and FSC, and CFS and FCS, respect-
ively. All the plots in Figures 8.6 through 8.10 reveal that the fundamental
frequency decreases as u=c/a is increased.

Tables 8.6 through 8.10 give the first five modes for a right-angled triangle
with angles 30°, 60°, and 90°, as shown in Figure 8.4. Sides 1, 2, and 3 have

Frequency parameter

FIGURE 8.6
Effect of ¢/a on the fundamental frequencies of right-triangular plate and sides with clamped or
free boundary conditions.
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Frequency parameter

10 A1
1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
cla
FIGURE 8.7

Effect of c/a on the fundamental frequencies of right-triangular plate for sides with clamped or
simply supported boundary conditions.

25
—o—FSS
—a- SFS
<& SSE
20 4 -x--FFS
~. —%— FSF

Frequency parameter

FIGURE 8.8
Effect of c/a on the fundamental frequencies of right-triangular plate and sides with free or
simply supported boundary conditions.
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Frequency parameter

cla

FIGURE 8.9
Effect of c¢/a on the fundamental frequencies of right-triangular plate with any of clamped,
simply supported or free boundary conditions.

lengths 1/4/3, 1, and 2/,/3, respectively, in nondimensional form. The
parameters 0 and u take the values 0 and 1/,/3, respectively. Combining
the results of Tables 8.6 through 8.10 counts to a total of 27 different cases of
boundary conditions. Table 8.6 gives the first five frequencies for the said
right-triangular plate with sides being clamped or free boundary conditions.

100

90 4

80

70 {
60 4
50 ¢
40 -

Frequency parameter

30
204
10

0

1 1.2 1.4 1.6 1.8 2 2.2 24 2.6 2.8 3

FIGURE 8.10
Effect of c/a on the fundamental frequencies of right-triangular plate for CCC, SSS, and FFF
boundary conditions.
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TABLE 8.6

First Five Frequencies for a Right-Triangular Plate with Angles 30°,
60°, and 90° and Sides with Clamped (C) or Free (F) Boundary

Conditions
Sides

S. No. 123 Aq Ay As Ay As

1 CFF 6.5608 27.962 44.443 68.716 108.97
2 FCF 16.960 49.737 87.604 108.46 180.78
3 FFC 24.139 62.262 106.66 133.86 206.53
4 CCF 52.270 106.77 168.81 192.94 286.47
5 CFC 61.320 122.97 192.37 207.96 319.84
6 FCC 96.710 182.35 247 .97 304.01 400.49

Note: 6=0, n=1/,/3, and v=0.3.

TABLE 8.7

First Five Frequencies for a Right-Triangular Plate with Angles 30°,
60°, and 90° and Sides with Clamped (C) or Simply Supported (S)
Boundary Conditions

Sides
. No. 123 Aq Ay Az Ayg As

CSS 107.07 192.24 280.80 317.06 44291
SCS 119.20 210.04 298.79 339.48 463.29
SSC 124.01 216.47 305.39 343.79 471.95
CCSs 137.05 231.20 324.00 362.31 493.97
CSscC 141.79 237.07 334.00 367.94 505.28
SCC 155.65 255.85 354.68 401.22 516.89

Note: =0, u=1/,/3, and v=0.3.

AN Ul = W N =W

TABLE 8.8

First Five Frequencies for a Right-Triangular Plate with Angles 30°,
60°, and 90° and Sides with Free (F) or Simply Supported (S)
Boundary Conditions

Sides
.No. 123 A As As A4 As

FSS 43.229 112.07 159.06 209.60 293.46
SFS 22.988 65.721 128.26 141.26 223.44
SSF 16.984 55.040 107.13 134.18 191.42
FFS 31.843 68.904 88.635 150.70 167.90
FSF 27.051 64.182 70.245 129.58 165.09
SFF 18.897 34.965 55.685 89.030 117.91

Note: =0, u=1/,/3, and »=0.3.

N Ol = W N = | W
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TABLE 8.9

First Five Frequencies for a Right-Triangular Plate with Angles 30°,
60°, and 90° and Sides with Any of Clamped (C), Simply Supported
(S), or Free (F) Boundary Conditions

Sides

S. No 123 A1 Az As Ay As

1 CSF 26.326 69.907 126.41 151.56 230.23
2 SCEF 37.706 88.151 147.47 176.61 247.31
3 SFC 49.876 106.24 173.57 194.72 289.98
4 FSC 71.883 149.41 207.71 259.29 355.43
5 CFS 30.103 78.874 143.43 157.87 254.86
6 FCS 62.112 141.00 193.83 252.54 337.32

Note: =0, u=1/,/3, and v=0.3.

Similarly, Tables 8.7 and 8.8 incorporate the first five frequencies for the
above plate geometry when the sides are clamped—simply supported and
free-simply supported, respectively. When the sides have any of clamped,
simply supported, and free, the corresponding first five frequencies are
introduced in Table 8.9. Next, Table 8.10 gives the first five frequencies for
the mentioned right-triangular plate when all the sides are clamped, simply
supported, or free.

Table 8.11 gives the results for an equilateral triangular plate as shown in
Figure 8.5, with sides of unity each in nondimensional form. The parameters
0 and u take the values 1/4/3 and /3/2, respectively. By taking all possible
boundary conditions, we have, in all, 10 different cases for which the first five
frequencies have been reported. All combinations of the boundary condition
are categorized as mentioned in Table 8.11. Finally, Table 8.12 incorporates
the convergence of results for this equilateral triangular plate. This table
shows how the frequencies converge as the value of N, i.e., the number of
approximation is increased from 2 to 20.

The present method provides an efficient way for studying the triangular
plate of arbitrary shape and any set of boundary conditions. The shape and
boundary conditions are controlled by five parameters, viz., p, g, 1, 6, and .

TABLE 8.10

First Five Frequencies for a Right-Triangular Plate with Angles 30°,
60°, and 90° and Sides with All of Clamped (C), Simply Supported (S),
or Free (F) Boundary Conditions

Sides
S. No. 123 Aq Ay As Ay As
1 CcCcC 176.58 280.95 380.92 416.53 558.48
2 SSS 92.140 173.94 255.33 288.19 421.06
3 FFF 25.202 53.333 69.258 97.985 123.98

Note: =0, u=1/,/3, and v=0.3.
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TABLE 8.11

First Five Frequencies for an Equilateral Triangular Plate with the Boundary
Condition of the Sides as Mentioned

Sides
S. No. 123 A As As As As
Sides with Clamped (C) or Free (F) Boundary Conditions
1 CCF 40.022 95.891 101.85 174.46 197.11
2 FCF 8.9219 35.155 38.503 91.624 96.725

Sides with Clamped (C) or Simply Supported (S) Boundary Conditions

3 CCS 81.604 165.12 165.52 271.30 286.95
SCS 66.189 142.96 143.73 243.89 262.04

Sides with Free (F) or Simply Supported (S) Boundary Conditions

5 FES 22.666 26.717 71.033 74.867 91.959
SFES 16.092 57.709 68.593 123.67 151.32

Sides with Clamped (C), Simply Supported (S), and Free (F) Boundary Conditions
7 SCF 26.565 75.360 84.432 147 .45 175.07

Sides with all Clamped (C), Simply Supported (S), or Free (F) Boundary Conditions

CcCCC 99.022 189.05 189.22 296.85 316.83
9 SSS 52.638 12291 124.11 218.28 235.79
10 FFF 34.962 36.331 36.337 89.276 92.660

Note: 0=1//3, u=1+/3/2, and v=0.3.

TABLE 8.12

Convergence of Fundamental Frequency for an Equilateral-Triangular Plate with
the Boundary Condition of the Sides as Mentioned

Sides
S. No. 123 2 5 10 15 19 20
Sides with Clamped (C) or Free (F) Boundary Conditions
1 CCF 46.57 40.78 40.05 40.03 40.02 40.02
2 FCF 10.02 9.255 8.945 8.924 8.921 8.921

Sides with Clamped (C) or Simply Supported (S) Boundary Conditions

3 CCS 101.8 83.32 81.71 81.60 81.60 81.60
4 SCS 89.71 68.16 66.33 66.19 66.18 66.18

Sides with Free (F) or Simply Supported (S) Boundary Conditions

5 FFS 28.63 24.99 22.92 22.67 22.66 22.66
6 SES 17.98 16.77 16.11 16.09 16.09 16.09

Sides with Clamped (C), Simply Supported (S) and Free (F) Boundary Conditions
7 SCF 30.09 27.29 26.64 26.57 26.56 26.56
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TABLE 8.12 (continued)

Convergence of Fundamental Frequency for an Equilateral-Triangular Plate with
the Boundary Condition of the Sides as Mentioned

S. No. Sides 123 2 5 10 15 19 20
Sides with all Clamped (C), Simply Supported (S), or Free (F) Boundary Conditions
8 ccCccC 103.3 101.3 99.05 99.03 99.02 99.02
SSS 66.93 59.71 52.84 52.63 52.63 52.63
10 FFF — 40.98 38.76 35.27 34.96 34.96

Note: 0=1//3, u=+/3/2, and v=0.3.

In this chapter, the BCOPs only need to be generated over the standard
triangle. They may then be used over an arbitrary triangle by mapping it
onto the standard triangle, which saves a lot of computations because the
orthogonal polynomials only need to be generated once and can be used for
triangles of arbitrary shape.

I
Bibliography

Bhat, R.B. 1987. Flexural vibration of polygonal plates using characteristic orthogonal
polynomials in two variables. Journal of Sound and Vibration, 114: 65.

Christensen, R.M. 1963. Vibration of 45° right triangular cantilever plate by a grid-
work method. AIAA Journal, 1: 1790.

Cowper, G.R,, Kosko, E., Lindberg, G.M. and Olson, M.D. 1969. Static and dynamic
application of a high-precision triangular plate bending element. AIAA Journal,
7:1957.

Gorman, D.J. 1983. A highly accurate analytical solution for free vibration analysis of
simply supported right triangular plates. Journal of Sound and Vibration, 89: 107.

Gorman, D.J. 1986. Free vibration analysis of right triangular plates with combin-
ations of clamped-simply supported boundary conditions. Journal of Sound and
Vibration, 106: 419.

Gorman, D.J. 1987. A modified superposition method for the free vibration analysis of
right triangular plates. Journal of Sound and Vibration, 112: 173.

Gorman, D.J. 1989. Accurate free vibration analysis of right triangular plates with one
free edge. Journal of Sound and Vibration, 131: 115.

Gustafson, P.N., Stokey, W.F., and Zorowski, C.F. 1953. An experimental study of natural
vibrations of cantilever triangular plates. Journal of Aeronautical Society, 20: 331.
Kim, C.S. and Dickinson, S.M. 1990. The free flexural vibration of right triangular

isotropic and orthotropic plates. Journal of Sound and Vibration, 141: 291.

Kuttler, J.R. and Sigillito, V.G. 1981. Upper and lower bounds for frequencies of
trapezoidal and triangular plates. Journal of Sound and Vibration, 78: 585.

Lam, K.Y, Liew, K M. and Chow, S.T. 1990. Free vibration analysis of isotropic and
orthotropic triangular plates. International Journal of Mechanical Sciences, 32: 455.

Leissa, A.W. 1969. Vibration of Plates. NASA SP-160, Washington, DC.



238 Vibration of Plates

Leissa, A.W. 1977. Recent research in plate vibrations: 1973-1976: Classical theory.
Shock and Vibration Digest 9, No. 10, 13-24.

Leissa, A.W. 1981. Plate vibration research, 1976-1980: Classical theory. Shock and
Vibration Digest 13, No. 9, 11-22.

Leissa, A.W. 1987. Recent studies in plate vibrations: 1981-85. Part I — Classical
theory. Shock and Vibration Digest 19, No. 2, 11-18.

Mirza, S. and Bijlani, M. 1985. Vibration of triangular plates of variable thickness.
Computers and Structures, 21: 1129.

Singh, B. and Chakraverty, S. 1992. Transverse vibration of triangular plates using
characteristic orthogonal polynomials in two variables. International Journal of
Mechanical Sciences, 34: 947.



9

Rectangular and Skew Plates

9.1 Introduction

Free vibration of rectangular, skew, and square plates has been studied
extensively throughout the globe using different methods of solutions.
Among them, Leissa (1969, 1977, 1981, 1987) and Gorman (1982) provided
excellent sources of information regarding the studies carried out by various
researchers in the field of vibration of plate geometries. In fact, Leissa (1969)
included most of the results of rectangular and skew plates till that date.
Moreover, Gorman (1982) published a book, which in particular, is entirely
devoted to the vibrations of rectangular plates. Some other important refer-
ence works, including the studies of Leissa (1973), Barton (1951), Dickinson
and Li (1982), Mizusawa (1986), Mizusawa et al. (1979), Nair and Durvasula
(1973), Durvasula (1968, 1969), Durvasula and Nair (1974), Kuttler and
Sigillito (1980), and many others are provided in the References section in
this chapter. It is worth mentioning that the list of the works related to the
said geometry is very long and hence, citing the names of all the researchers
who worked in this area is quite difficult.

In this chapter, the main focus, as usual, is in the use of the method of
boundary characteristic orthogonal polynomials (BCOPs) in the study of
the vibration of skew plates. Notable references in the use of this method
have already been mentioned in the previous chapters. In particular,
the rectangular plates using orthogonal polynomials have been studied by
Bhat (1985), Bhat et al. (1990), Dickinson and di Blasio (1986), and Lam and
Hung (1990). Liew et al. (1990) and Liew and Lam (1990) used the two-
dimensional orthogonal polynomials for skew plates. The two-dimensional
BCOPs (2D BCOPs) were used by Singh and Chakraverty (1994) for skew
plates with various boundary conditions at the edges.

However, Bhat (1987) introduced the two-dimensional orthogonal polyno-
mials for the first time, but they lacked the property of satisfying the essential
boundary conditions during their generation. Hence, we will not term those
two-dimensional orthogonal polynomials as BCOPs. In another study, Bhat
(1985) generated one-dimensional orthogonal polynomials in both x and y
directions along the edges of the plate, and used their product to approxi-
mate the displacement. A total of 6 x 6 terms (i.e., 36 terms) were used in the
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expansion. Numerical results were given for SSSS, CCCC, SSFF, and CCFF
cases. Dickinson and di Blassio (1986) also used one-dimensional orthogonal
polynomials in both x and y directions to study the flexural vibrations of
isotropic and orthotropic plates. Lam and Hung (1990) used the product of
one-dimensional orthogonal polynomials to study the vibrations of a rect-
angular plate with centrally located square notch and centrally located
internal crack. Liew et al. (1990) analyzed the free vibrations of rectangular
plates using orthogonal plate functions in two variables. Out of the 21
distinct cases, the numerical results were given for 12 cases. In another
paper, Liew and Lam (1990) followed the same procedure to study the
vibrations of skew plates. Out of 22 cases, results were given for four cases
only for different skew plates.

In the above studies, the rectangular and skew plates were studied using
either one- or two-dimensional orthogonal polynomials, directly by gener-
ating the polynomials over their particular domains. However, in this case
the rectangular or skew domains are first mapped into a standard unit-
square domain (Singh and Chakraverty, 1994). The orthogonal polynomials
satisfying the essential boundary conditions, viz., the BCOPs are then
generated over this standard square domain. These are then used in the
approximation by the Rayleigh—Ritz method. Thus, the procedure minim-
izes the computations for generating the BCOPs for each and every skew
plate. In this method, the process of generation of the BCOPs is done only
once, irrespective of the sides and skew angle of the domain. Furthermore,
the boundary conditions of the skew plates are taken care of by the four
parameters. It may also be noted that there exist 21 distinct cases for
rectangular and square plates and 22 distinct cases for a skew plate with
various skew angles. The results corresponding to all of these boundary
conditions are computed for some selected domains to have a better under-
standing of the methodology.

9.2 Mapping of General Skew Domain into a Standard

Unit Square
Let us consider a skew plate R, as shown in Figure 9.1a, which is defined by
three parameters 4, b, and a. It can be easily noted that this particular case of
rectangular domain follows by substituting the angle o =90°. Now, a trans-

formation is used to map the general skew domain into a unit square
domain, say S and the same can be written using the following relation:

x = a€ + b(cos a)n 9.1)
y =b(sina)n (9.2)
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FIGURE 9.1

Mapping of the skew domain into a unit square domain.

where ¢ and 7 are the new coordinates, as shown in Figure 9.1b The above
transformation can now be used and subsequently, the BCOPs can be gen-
erated on the standard square domain using the Gram—-Schmidt process.

9.3 Generation of the BCOPs in the Standard Square Domain

For generating the orthogonal polynomials over the standard unit-square
domain S satisfying the essential boundary conditions, we begin with the
linearly independent set as carried out in the previous chapters

Fi=ff, i=1,2,... 9.3)

where the boundary conditions are controlled by the first term f on the right-
hand side of Equation 9.3 and is given by

f=81-8"A -7y 9.4)

The parameters p, g, r, and s can take any of the values of 0, 1, or 2 indicating
the free, simply supported, or clamped boundary conditions, respectively.
For example, the parameter p can take the values of 0, 1, or 2 accordingly, as
the side £=0 is free, simply supported, or clamped. As such, similar inter-
pretations are given to the parameters g, r, and s corresponding to the sides
£=1, n=0, and n=1, respectively. The functions f; in Equation 9.3 are
suitably chosen and are taken of the form &™ n" where m; and n; are non-
negative integers. As mentioned in the earlier chapters, the choice of m; and n;
determines the mode shapes. Accordingly, the even values of m; and n; give
the symmetric modes, and their odd values give the antisymmetric modes
and so on.
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Next, we define the inner product of the two functions f and g over the
standard square domain as

(fg) = ”f(§,n)g(§,n)d§dn ©5)
S

and the norm of fis written as

1/2
I fll= (£ = Mfz(f,n)dédn] ©.6)

S

The BCOPs are generated as described in the previous chapters. As men-
tioned earlier, all the polynomials will automatically satisfy the essential
boundary conditions. Thus, the procedure for the generation of BCOPs can
be summarized as

b =F

i—1
b =Fi— Y ajd),
=1 , i=2,34,... 9.7)
where

<Fl/¢]>

ozz-]- =

Li=1,2,...G-1)

The functions ¢; may then be normalized by using

b=

- 9.8
A 08

The procedure is independent of the skew geometry of the plate domain. The
parameters p, q, v, and s will control the various boundary conditions of
the plate, and the computations will depend on these four parameters. It can
be observed that the procedure for generating these BCOPs does not require
repetition for other values of a, b, and « and is computed only once.
These BCOPs are then used in the Rayleigh-Ritz method to extract the free-
vibration characteristics.

9.4 Rayleigh-Ritz Method for Skew Plates

The usual procedure is followed as described earlier, and the N-term
approximation is taken as
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N
W(x,y) = Z cjd; 9.9)
=1

for deflection in the Rayleigh quotient of the plate, (after equating the
maximum kinetic and strain energy)

ol |(V2W) + 201 = n){ W2, — W, } | dxdy
“hp [[W2dxdy
R

(9.10)

Consequently, the above Rayleigh-quotient is extremized as a function of the
ci's. The variables x and y are finally changed to { and 7, and this leads to
the following eigenvalue problem

N
Z 4 —A’by);=0, i=1,2,...,N (9.11)
j=1

where

4 = “ [¢§§¢J§E LB, <¢7§n¢j§§ n ¢l§§¢]§n) B, <¢?n¢]§§ n ¢i§§¢;m)

T
BT + By (677057 + 70T ) + Bs | dgln 9.12)
by = |6y 913)
T
and
) a*w?ph
V=" (9.14)

The symbols By, By, Bs, ..., Bs are given by

B1 = —2ucosa

B, = u*(vsin® a + cos’ )

B3 = 2u*(1 4 cos® a — vsin® &) (9.15)
By = —2u’ cosa
Bs =

and

a
p=rt (9.16)



244 Vibration of Plates

The integrals involved are available in closed form by using the following
result (Singh and Chakraverty, 1994)

il 1kl 0
(+j+Dlk+ 0+ 1)

jj £(1 — O (1 — m)'dédn = 9.17)

T

9.5 Some Numerical Results and Discussions for Rectangular
and Skew Plates

The generated BCOPs have been used in the Rayleigh-Ritz method for deter-
mining the vibration frequencies. There are a number of parameters control-
ling the domain as well as the boundary conditions of the plate. Numerical
results have been given here for a =30°, 60°, and 90° covering all the possible
boundary conditions, and Poisson’s ratio has been taken as 0.3 for all the
computations. This chapter comprises the results of square and rhombic plates
(b/a=1.0) with different skew angles, and rectangular plate with b/a=0.5.

It has already been mentioned that there exist 21 possible combinations of
boundary conditions for square and rectangular plates, while the skew plates
may have 22 distinct cases of boundary conditions. Here, these sets of possible
boundary conditions are divided into five categories of subsets involving, (1)
sides with only clamped and free boundary conditions; (2) sides with only
clamped and simply supported boundary conditions; (3) sides with only
simply supported and free boundary conditions; (4) sides with any of the
clamped, simply supported, and free boundary conditions; and finally, (5) all
sides with clamped, simply supported, or free boundary conditions.

Accordingly, Tables 9.1 through 9.5 give the first five frequencies for
a square plate, covering all 21 distinct cases depending on the boundary
conditions on sides 1, 2, 3, and 4 of Figure 9.1a. The letters C, S, and F
denote the clamped, simply supported, and completely free boundary.
As such, Tables 9.1 through 9.5 list the results for the five categories of

TABLE 9.1

First Five Frequencies for a Square Plate and Sides with Clamped
or Free Boundary Conditions

Sides
S. No. 1234 A A, As As As
1 CCCF 23.960 40.021 63.291 78.139 80.689

2 CFFF 3.4864 8.5443 21.325 27.576 31.199
3 CCFF 6.9365 23.948 26.603 47.763 63.386
4 CFCF 22.223 26.556 44.072 61.265 67.649
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TABLE 9.2

First Five Frequencies for a Square Plate and Sides with Clamped
or Simply Supported Boundary Conditions

Sides
S. No. 1234 Aq A Az Ag As
1 CCCs 31.827 63.348 71.083 100.83 118.96
2 CSSS 23.646 51.813 58.650 86.252 101.80
3 CCSSs 27.055 60.550 60.550 92.914 115.04
4 CSCSs 28.950 54.873 69.327 94.703 103.71

TABLE 9.3

First Five Frequencies for a Square Plate and Sides with Simply
Supported or Free Boundary Conditions

Sides
S. No. 1234 Aq A As Ay As
1 SSSF 11.684 27.757 41.220 59.360 62.461
2 SFFF 6.6444 14.931 25.631 26.298 49.534
3 SSFEF 3.3670 17.333 19.318 38.408 51.925
4 SFSF 9.6317 16.135 37.180 39.134 47.280

TABLE 9.4

First Five Frequencies for a Square Plate and Sides with Any
of the Clamped, Simply Supported, or Free Boundary Conditions

Sides
S.No. 1234 A As As Ad As
1 SCSF 12.687 33.067 41.714 63.260 73.870
2 CFSF 15.218 20.613 40.210 49.543 56.671
3 CFFS 5.3600 19.084 24.694 43.296 54.293
4 CFSC 17.555 36.036 51.862 71.218 75.789
5 CFSS 16.811 31.173 51.454 65.735 67.794
6 CSCF 23.411 35.595 62.960 67.355 77.540
TABLE 9.5

First Five Frequencies for a Square Plate with All Sides as Clamped,
Simply Supported, or Free Boundary Conditions

Sides
S. No. 1234 A As As As As
1 CcCcCC 35.988 73.398 73.398 108.26 131.89
2 SSSS 19.739 49.348 49.348 79.400 100.17

3 FFFF 13.714 19.774 24.566 35.596 35.628
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TABLE 9.6

First Five Frequencies for a Skew Plate (« =60°, b/a =1.0)
and Sides with Clamped or Free Boundary Conditions

Sides
S. No. 1234 Aq Ay As Agq As
1 CCCF 29.026 48.139 77.489 84.895 113.70
2 CFFF 3.9454 9.6209 26.011 26.396 42218
3 CCFF 6.3106 24.842 29.154 49.957 73.459
4 CFECEF 27.606 30.933 50.391 74.899 85.538

subsets of the possible boundary conditions. However, Table 9.1 contains four
different distinct cases of boundary conditions with only clamped and free
sides. Table 9.2 also exhibits four cases of sides with clamped and simply
supported boundaries. Sides with only simply supported and free boundaries
can again have four distinct cases, which are presented in Table 9.3. However,
the sides of the square plate that do have any of the clamped, simply sup-
ported, or free boundaries have six cases of conditions (Table 9.4). The last
case, i.e., the fifth category of the subset of the boundary conditions, is when all
the sides are clamped, simply supported, or free, as shown in Table 9.5.

Subsequently, the examples for a skew plate with skew angle 60° and
b/a=1.0 are presented next. In this case, a total of 22 cases of boundary
conditions are possible. Accordingly, Tables 9.6 through 9.10 present the first
five frequencies for the five categories of boundary conditions. Here, it is to
be noted that seven distinct cases are possible in the fourth category of
the boundary condition, compared with the six distinct cases of square
plates. The results of skew plates for «=30° and b/a=1.0 with all
the categories of boundary conditions, including 22 cases are given in Tables
9.11 through 9.15.

Tables 9.16 through 9.20 give the first five frequencies of a rectangular
plate with b/a=0.5. Here, the possible cases of boundary conditions are 21
and as such the above five tables present the results of all the five categories
of the boundary conditions. Similar results of the frequencies for the five
categories of boundary conditions for a skew plate with skew angles 60° and
30° with b/a=1.0 are shown in Tables 9.21 through 9.30, respectively.

TABLE 9.7

First Five Frequencies for a Skew Plate (« =60°, b/a=1.0) and
Sides with Clamped or Simply Supported Boundary Conditions

Sides
S.No. 1234 A1 s As As As
1 cCcCs 40.762 73.132 98.310 110.85 157.51

2 CSSS 30.269 58.812 81.843 94.264 136.09
3 CCSS 34.306 66.412 88.145 101.76 147.12
4 CSCS 31.193 64.390 93.626 103.46 144.11




Rectangular and Skew Plates

TABLE 9.8

First Five Frequencies for a Skew Plate (« =60°, b/a=1.0)
and Sides with Simply Supported or Free Boundary Conditions
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Sides
S. No. 1234 A1 Ay Az Ag As
1 SSSF 14.370 30.969 53.635 61.025 89.704
2 SFFF 6.7253 19.169 22.076 36.740 45.175
3 SSFF 4.3739 18.078 24.814 38.953 61.981
4 SFSF 12.246 17.875 36.424 50.352 65.496
TABLE 9.9

First Five Frequencies for a Skew Plate (a =60°, b/a =1.0) with
Any of Clamped, Simply Supported, or Free Boundary Conditions

Sides
S. No. 1234 Aq Ay Az Ay As
1 CCSF 18.906 40.973 62.782 75.127 104.41
2 SCFC 28.689 42.925 73.032 80.701 104.67
3 SSCF 22.452 37.333 65.886 70.575 98.825
4 SFSC 15.314 36.091 56.002 66.155 97.035
5 FFSC 5.5528 20.903 27.907 44111 68.871
6 CFSC 23.434 42.740 68.883 75.906 106.37
7 FSFC 18.072 24.543 43.139 62.105 73.690
TABLE 9.10

First Five Frequencies for a Skew Plate (« =60°, b/a =1.0) with All
Sides as Clamped, Simply Supported, or Free Boundary Conditions

Sides
S. No. 1234 A As As Al As
1 CcCcCcC 46.166 81.613 105.56 119.98 167.16
2 SSSS 25.314 52.765 73.006 87.478 130.25
3 FFFF 11.690 22.926 27.254 36.512 46.214
TABLE 9.11
First Five Frequencies for a Skew Plate (« =30°, b/a=1.0)
and Sides with Clamped or Free Boundary Conditions

Sides
S. No. 1234 /\1 AZ A3 /\4 A5
1 CCCF 64.924 109.17 168.55 221.98 251.20
2 CFFF 6.1126 17.223 35.275 59.757 69.554
3 CCFF 7.8269 32.033 59.423 72.101 129.60
4 CFCF 68.472 70.707 107.86 146.78 227.16
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TABLE 9.12

First Five Frequencies for a Skew Plate (a =30°, b/a=1.0) and
Sides with Clamped or Simply Supported Boundary Conditions

Sides
S. No. 1234 Aq Ay Az Agq As
1 CcCCCcCs 112.48 167.66 255.91 303.31 400.32
2 CSSS 85.458 130.61 220.47 257.90 359.21
3 CCSs 92.906 151.39 221.70 278.46 407.42
4 CSCs 104.53 148.64 248.26 286.66 368.22

TABLE 9.13

First Five Frequencies for a Skew Plate (¢ =30°, b/a=1.0) and
Sides with Simply Supported or Free Boundary Conditions

Sides
S. No. 1234 A Az As Ay As
1 SSSF 29.934 62.845 96.151 169.66 189.13
2 SFFF 8.1666 23.860 42.965 53.424 88.411
3 SSFF 6.6964 27.003 56.998 58.071 115.19
4 SFSF 30.130 31.102 56.743 84.838 161.87

TABLE 9.14

First Five Frequencies for a Skew Plate (« =30°, b/a =1.0) with
Any of Clamped, Simply Supported, or Free Boundary Conditions

Sides

S. No. 1234 Aq Ay As Ay As

1 CCSF 33.310 76.995 128.02 189.42 193.63
2 SCEC 66.486 103.90 152.42 217.67 244 .96
3 SSCF 58.915 85.896 132.03 208.25 251.66
4 SFSC 29.736 69.995 109.66 170.48 187.76
5 FFSC 7.3343 30.330 60.006 65.538 124.06
6 CFSC 58.212 95.386 149.26 209.69 244.99
7 FSFC 36.264 59.554 77.697 114.88 191.10
TABLE 9.15

First Five Frequencies for a Skew Plate (« =30°, b/a=1.0) with All
Sides as Clamped, Simply Supported, or Free Boundary Conditions

Sides
S. No. 1234 Aq Ay Az Ay As
1 cCcccC 127.06 185.00 282.94 322.61 385.49
2 SSSS 73.135 112.64 209.84 233.52 323.51

3 FFFF 9.8235 23.140 40.033 52.669 78.110
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TABLE 9.16

First Five Frequencies for a Rectangular Plate (b/a=0.5)
and Sides with Clamped or Free Boundary Conditions
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Sides
S. No. 1234 A1 Ay Az Ay As
1 CCCF 31.150 70.235 103.42 129.43 144.21
2 CFFF 3.4578 14.829 21.486 48.444 60.380
3 CCFF 17.159 36.426 73.607 91.007 115.53
4 CFCEF 22.114 36.080 60.896 82.836 110.65
TABLE 9.17

First Five Frequencies for a Rectangular Plate (b/a=0.5)
and Sides with Clamped or Simply Supported Boundary Conditions

Sides
S. No. 1234 A1 Ay A3 Ay As
1 CCCS 73.397 108.22 165.19 210.60 242.77
2 CSSsS 69.327 94.593 141.38 208.44 218.18
3 CCSSs 71.078 100.80 152.22 209.46 233.75
4 CscCs 95.262 115.80 157.40 224.57 254.21
TABLE 9.18

First Five Frequencies for a Rectangular Plate (b/a =0.5)
and Sides with Simply Supported or Free Boundary Conditions

Sides
S. No. 1234 A1 Ay Az Ay As
1 SSSF 16.134 46.746 75.417 97.623 111.43
2 SFFF 13.049 14.858 43.154 49.283 86.857
3 SSFEF 6.6438 25.377 59.295 65.442 89.515
4 SFSF 9.5124 27.579 38.531 65.016 89.501
TABLE 9.19

First Five Frequencies for a Rectangular Plate (b/a = 0.5) with Any
of Clamped, Simply Supported, or Free Boundary Conditions

Sides

S. No. 1234 Aq A Az A4 As

1 SCSF 22.815 50.756 99.779 100.52 132.40
2 CFSF 15.091 31.374 49.112 73.241 103.37
3 CSFF 8.5179 30.990 64.264 71.163 93.587
4 CCSF 26.294 59.789 101.44 113.61 137.89
5 CSSF 20.605 56.334 77474 111.10 117.69
6 CSCF 26.451 67.276 79.964 124.73 127.18
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TABLE 9.20

First Five Frequencies for a Rectangular Plate (b/a =0.5) with All
Sides as Clamped, Simply Supported, or Free Boundary Conditions

Sides
S. No. 1234 Aq Ay Az Ay As
1 cCcCcC 98.317 127.31 179.27 254.39 256.02
2 SSSS 49.348 78.957 129.68 168.42 198.63
3 FFFF 21.683 26.923 60.312 61.572 89.219
TABLE 9.21

First Five Frequencies for a Skew Plate (¢ =60°, b/a=0.5)
and Sides with Clamped or Free Boundary Conditions

Sides
S. No. 1234 /\1 Az /\3 A4 A5
1 CCCF 37.198 79.534 135.84 138.12 190.91
2 CFFF 3.7331 16.154 25.813 47.332 75.980
3 CCFF 17.234 37.658 77.393 105.22 143.04
4 CFCF 114.50 115.49 136.87 171.55 316.22
TABLE 9.22

First Five Frequencies for a Skew Plate (« =60°, b/a=0.5)
and Sides with Clamped or Simply Supported Boundary Conditions

Sides
S. No. 1234 A Az As Ay As
1 CCCS 95.268 133.39 194.40 273.05 289.69
2 CSSS 66.684 104.94 163.94 223.85 260.61
3 CCSS 92.416 124.61 179.37 27211 289.10
4 CSCSs 70.165 114.46 179.91 225.15 261.81

TABLE 9.23

First Five Frequencies for a Skew Plate (¢ =60°, b/a=0.5)
and Sides with Simply Supported or Free Boundary Conditions

Sides
S. No. 1234 /\1 AZ A3 A4 A5
1 SSSF 52.737 71.954 109.97 167.59 216.75

2 SFFF 11.126 21.278 37.791 67.885 76.123
3 SSFF 8.5779 28.427 64.299 80.835 112.40
4 SFSF 50.882 57.037 82.222 121.99 210.44
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TABLE 9.24

First Five Frequencies for a Skew Plate (a =60°, b/a = 0.5) with
Any of Clamped, Simply Supported, or Free Boundary Conditions

Sides

S. No. 1234 Aq Ay As Agq As

1 CCSF 28.782 64.157 117.63 132.70 179.51
2 SCFC 114.12 129.36 158.26 213.27 319.91
3 SSCEF 26.927 65.253 104.44 115.50 163.52
4
5
6
7

SESC 27.273 57.793 108.68 130.55 173.81
FFSC 17.056 35.076 70.934 106.17 129.17
CFSC 34.350 71.459 124.53 134.36 183.89
FSFC 74.093 86.214 106.76 150.21 253.48

TABLE 9.25

First Five Frequencies for a Skew Plate (¢ =60°, b/a =0.5) with All
Sides as Clamped, Simply Supported, or Free Boundary Conditions

Sides
S. No. 1234 Al /\2 /\3 A4 A5
1 ccccC 128.90 159.72 215.29 291.45 341.33
2 SSSS 64.069 96.558 153.76 218.69 237.12
3 FFFF 18.874 34.716 48.554 79.361 107.46
TABLE 9.26

First Five Frequencies for a Skew Plate (¢ =30°, b/a=0.5)
and Sides with Clamped or Free Boundary Conditions

Sides
S.No. 1234 A1 Aa As As As
1 CCCF 84.566 147.70 275.70 382.00 426.66
2 CFFF 5.1282 22.308 55.989 61.458 112.63
3 CCFF 24.459 65.946 117.05 197.36 247.39
4 CFCF 294.59 306.86 370.29 406.41 889.41
TABLE 9.27

First Five Frequencies for a Skew Plate (« =30°, b/a=0.5)
and Sides with Clamped or Simply Supported Boundary Conditions

Sides
S. No. 1234 Al Ay Az Ay As
1 CCcCS 268.38 334.84 473.74 700.38 839.16

2 CSSS 186.73 257.83 399.85 631.10 692.85
3 CCSS 262.94 322.02 422.83 751.71 839.39
4 CSCS 192.94 271.56 444.55 607.31 689.23
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TABLE 9.28

First Five Frequencies for a Skew Plate (« =30°, b/a=0.5)
and Sides with Simply Supported or Free Boundary Conditions

Sides
S. No. 1234 Aq A Az Ay As
1 SSSF 125.86 177.76 228.66 362.36 637.60
2 SFFF 11.012 38.998 49.340 78.362 153.53
3 SSFF 15.346 41.689 95.023 192.28 218.73
4 SESF 129.00 137.63 176.42 215.47 426.01

TABLE 9.29

First Five Frequencies for a Skew Plate (a« =30°, b/a=0.5) with
Any of Clamped, Simply Supported, or Free Boundary Conditions

Sides

S. No. 1234 A A, As A4 As

1 CCSF 62.368 108.47 202.88 312.80 393.35
2 SCFC 288.88 367.79 409.80 510.87 904.29
3 SSCF 61.008 135.55 216.79 31241 425.53
4 SFSC 62.492 107.26 185.80 335.29 394.28
5 FESC 25.444 66.730 108.21 222.84 257.33
6 CFSC 82.128 150.97 251.01 383.33 447.38
7 FSFC 165.35 24496 263.92 307.79 608.52
TABLE 9.30

First Five Frequencies for a Skew Plate (« =30°, b/a=0.5) with
All Sides as Clamped, Simply Supported, or Free Boundary Conditions

Sides
S. No. 1234 A A, As Ay As
1 cCccC 372.52 416.35 552.09 707.17 1010.4
2 SSSS 182.44 240.11 394.64 562.85 675.53
3 FFFF 16.479 41.070 64.904 98.417 136.49
TABLE 9.31
Convergence of First Five Frequencies for a Square Plate with
All Sides Clamped
N N As As As As
2 36.000 74.296 — — —
5 36.000 74.296 74.296 108.59 137.97
10 36.000 73.432 73.432 108.59 137.29
15 35.988 73.432 73.428 108.26 131.89
17 35.988 73.398 73.398 108.26 131.89
19 35.988 73.398 73.398 108.26 131.89

20 35.988 73.398 73.398 108.26 131.89
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In these two skew angles, there again exist 22 distinct cases of boundary
conditions as discussed earlier. The comparison of the results of special cases
can be found in the work of Singh and Chakraverty (1994).

Convergences of the results for the first five frequencies of a square
plate, when all the sides are clamped are shown in Table 9.31. Further-
more, in Table 9.32, the convergence of the first five frequencies for a skew
plate with skew angle 60° and b/a=1.0 having all sides clamped are also
presented. These two tables give a pattern of how the results converge as
we increase the number of approximations, i.e., the BCOPs, and it may
be noted that the results do converge up to 20th approximation. Hence,
all the computations have been carried out taking the number of approxi-
mations as 20.

Now, we will examine how the frequencies behave for some particular
boundary conditions when the skew angles are increased. Figure 9.2
depicts the effect of skew angle on the first five frequencies of a CCCC
plate with b/a=1.0. We can observe from this figure that as the skew
angle is increased, the frequencies decrease. Figures 9.3 and 9.4 show the
effect of skew angles on the first five frequencies for SSSS and FFFF plates,
respectively, for b/a=1.0. One can note that as we increase the skew
angle, the behavior of the frequencies remain the same as that of the
CCCC, i.e., the frequencies increase as the skew angles are increased.
The third case, i.e., the FFFF case has been depicted in Figure 9.4, which
was observed to have a completely different behavior. Here, the first
frequency increased as the skew angle increased. The second frequency
first increased and then, again decreased as we increased the skew angle.
However, the third frequency first decreased and then increased a little
bit as the skew angle increased. The fourth frequency had a similar
behavior as that of the third frequency. But, the fifth frequency decreased
smoothly as the angle of skew increased.

The above behavior for the three cases, viz., CCCC, SSSS, and FFFF, with
b/a=0.5 are shown in Figures 9.5 through 9.7. The cases of CCCC and SSSS

TABLE 9.32

Convergence of First Five Frequencies for a Skew Plate (a =60°,
b/a=1.0) with All Sides Clamped

N M\ Az As As As

2 50.596 103.692 — — —

5 46.742 89.084 116.48 144.76 199.15
10 46.524 81.759 107.13 135.80 187.99
15 46.166 81.759 107.11 119.98 167.78
17 46.166 81.613 107.58 119.98 167.17
19 46.166 81.613 107.56 119.98 167.16

20 46.166 81.613 107.56 119.98 167.16
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Effect of alpha on the first five frequencies of CCCC plates (b/a=1.0).
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Effect of alpha on the first five frequencies of SSSS plates (b/a=1.0).
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Effect of alpha on the first five frequencies of FFFF plates (b/a =1.0).
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Effect of alpha on the first five frequencies of CCCC plates (b/a =0.5).
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Effect of alpha on the first five frequencies of SSSS plates (b/a=0.5).
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Effect of alpha on the first five frequencies of FFFF plates (b/a=0.5).
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plates in Figures 9.5 and 9.6 show the decreasing tendency of the first five
frequencies as the skew angles are increased. Figure 9.7 illustrates the case of
FFEF depicting that the first and third frequencies increase as we increase the
skew angle. However, the second frequency shows the decreasing behavior
when the skew angle is increased. The fourth and fifth frequencies in this case
show different trends, as shown in Figure 9.7.

Lastly, the behaviors of different boundary conditions as we increase the
skew angle are studied for fundamental frequency alone, as shown in Figures
9.8 through 9.11. The effect of skew angle on the fundamental frequencies of
CCCC, SSS5S, and FFFF plate are shown in Figure 9.8. As usual, this figure
illustrates that the FFFF plate will have the lowest, and the CCCC plate will
have highest values of the fundamental frequencies for all the skew angles
considered. Figure 9.9 depicts the behavior of fundamental frequencies for
the plates when the sides are only with clamped and free boundaries, as well
as their effect on the skew angles. Here, we can observe that the CFFF has the
lowest and the CFCF has the highest fundamental frequencies for all the
considered skew angles. The effect of skew angles on the fundamental
frequencies with clamped, simply supported, and simply supported, free
sides are shown in Figures 9.10 and 9.11, respectively. The cited tables can
be referred if readers would like to know any other details of the behavior
depending on the boundary conditions of the skew plates.

The beauty of this method, as pointed out earlier, is the use of computa-
tionally efficient procedure of BCOPs, which may easily be implemented on a
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FIGURE 9.8
Effect of alpha on the fundamental frequencies with all sides as clamped, simply supported, or
free boundary conditions (b/a =0.5).
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Effect of alpha on the fundamental frequencies and sides with clamped or free boundary
conditions (b/a=0.5).
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Effect of alpha on the fundamental frequencies and sides with clamped, or simply supported
boundary conditions (b/a =0.5).
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Effect of alpha on the fundamental frequencies and sides with simply supported or free bound-
ary conditions (b/a=0.5).

computer. Shape of the plate and the boundary conditions may be controlled
by the six parameters, u, «, p, g, 7, and s. The mapping of the plate into the
standard square can also save a lot of computation time. The orthogonal
polynomials can be generated only once for the standard square, and may be
used for plates with different values of b/a and «, i.e., different shapes of
skew plates.
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10

Circular Annular and Elliptic
Annular Plates

10.1 Introduction

In the recent decades, lightweight plate structures have been widely used in
many engineering and practical applications. Vibration analyses of plates of
different geometries and shapes have been carried out extensively by various
researchers throughout the globe. The annular elliptic and circular plates are
used quite often in aeronautical and ship structures, and in several other
industrial applications. Therefore, the vibration analyses of these shapes are
becoming more important.

Annular circular plates are special cases of annular elliptic plates and are
quite simple to analyze using polar coordinates. Furthermore, the solution is
found to be in the form of Bessel functions for all the nine cases of inner
and outer boundary conditions. A survey of literature on the vibration of
annular circular plates and the results of several cases are provided in
a monograph by Leissa (1969). When compared with the amount of infor-
mation available for circular plates, studies reported on the vibration of
annular elliptic plates are limited. The main difficulty in studying elliptic
plates is the choice of coordinates. Elliptic coordinates can be used with the
exact mode shape in the form of Mathieu functions (Leissa 1969); however,
they are quite cumbersome to handle. Rajalingham and Bhat (1991, 1992) and
Rajalingham et al. (1993, 1994) studied the vibration of elliptic plates using
modified polar coordinates by employing one-dimensional characteristic
orthogonal polynomials (COPs)-shape functions, originally suggested by
Bhat (1985) in the Rayleigh-Ritz method. Chakraverty (1992) and Singh
and Chakraverty (1991, 1992a,b) analyzed the vibration of elliptic plates
using two-dimensional boundary characteristic orthogonal polynomials
(2D BCOPs) in the Rayleigh—Ritz method.

However, the annular elliptic plates also have not been studied in detail
until recently, owing to the difficulty of studying elliptical plates. Chakraverty
(1992) and Singh and Chakraverty (1993) reported the fundamental frequency
for different aspect ratios of the annular elliptic plates for various conditions
at the inner and outer boundaries. Recently, Chakraverty et al. (2001) also

261
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studied the free vibration of the annular elliptic and circular plates, and
reported the first 12 frequency parameters.

This chapter provides the free vibration analysis of annular elliptic plates
for all the nine boundary conditions at the inner and outer edges. Similar to
the earlier studies, the results are reported for the four types of modes separ-
ately, viz., symmetric-symmetric, symmetric—antisymmetric, antisymmetric—
symmetric, and antisymmetric-antisymmetric. The analysis was carried out
using 2D BCOPs in the Rayleigh-Ritz method.

I

10.2 Domain Definition

The outer boundary of the elliptic plate, as shown in Figure 10.1, is defined as
2

2
R= {(x,y),;JrZz <1lxye R} (10.1)

where g and b are the semimajor and semiminor axes, respectively. Families
of concentric ellipses are thus defined by introducing a variable C, as

2
x2+%:1—c, 0<C<C<1 (10.2)

where m=b/a and C, defines the inner boundary of the ellipse. The eccen-
tricity of the inner boundary is defined by k where

k=+/1-Co (10.3)

ko

ka

FIGURE 10.1
Domain of the annular elliptical plate.
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However, K =0 will give the full elliptic plate and as m takes the value of 1,
the geometry will turn into a circular plate. Furthermore, the values of m for
0<m<1, along with different values of k (which is the inner-boundary
parameter) will turn the geometry to annular elliptic plates. When m =1.0
with different values of the inner-boundary parameter k, then the resulting
geometry will be annular circular plates.

10.3 Governing Equations and Method of Solution

When the plate structure undergoes simple harmonic motion, the maximum
strain energy, Vimax and the maximum kinetic energy, Tinax, of the deformed
annular elliptic plate may be given by

D
Vinax = EH [wﬁx + 20 Wi Wy + ij +2(1 - v)wiy} dydx (10.4)
R
phw? )
Tmax = > W-dydx (10.5)

where
W(x, y) is the deflection of the plate, the subscripts on W denote
differentiation with respect to the subscripted variable
D = ER?/(12(1- 7)) is the flexural rigidity
E is Young’s modulus
v is the Poisson’s ratio
h is the uniform plate thickness
p is the density of the plate material
w is the radian frequency of vibration.

Now, similar to the earlier chapters, the maximum strain and kinetic
energies can be equated to obtain the Rayleigh quotient as

w2

D[ [W,%X + 20 Wax Wy + W2, +2(1 — n)W2, | dydx
R

ph [ W2dydx (10-6)
R

By substituting the following N-term approximation for the deflection of
annular plate in Equation 10.6
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N
W, y) = ciobi(xy) (10.7)

j=1

and applying the condition for stationarity of w® with respect to the coeffi-
cients ¢;, we can obtain

Mz

(a; —A%b;)cj=0, i=1,2,...,N (10.8)
j=1

where

aij :H [(¢i)xx(¢j)xx + @yv(@)yy + v{(@)xx(P)yy + (@i)yy(P))xx!)

5
+2(1 = v)(@)xy(d)xy | dYdX (10.9)
b = H@@dmx (10.10)
X
»  a‘phe?
A== (10.11)

which is the frequency parameter of the said plate elements,

and

x=2, y=Y
a

a
Further, (¢:)xx, (¢i)yy etc., are second derivatives of ¢; with respect to X and
Y. The new domain R’ is defined as

Y2
= {(X,Y), X? +3<1 X Ye R}

The ¢/’s are the orthogonal polynomials, and the procedure for generating
them is described in the following section. Since the ¢;'s are orthogonal,
Equation 10.8 can be reduced to

N
> (@ =A%) =0, i=1,2,...,N (10.12)
j=1

where
8;j=0, if i#j
=1, if i=j

Equation 10.12 is a standard eigenvalue problem and can be solved to obtain
the vibration characteristics.
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10.4 Generation of the BCOPs in Annular Domains

For the generation of 2D orthogonal polynomials, the following linearly
independent set of functions is employed:

F(XY) = gXfXY), i=1,2,..., N (10.13)

where g(X,Y) satisfies the essential boundary conditions, and f(X,Y) are
taken as the combinations of terms of the form x“ y", where ¢; and n; are
nonnegative positive integers. Depending on the even and odd values of ¢;
and 7;, one can get the symmetric and antisymmetric modes of the vibrations.
The function g(X,Y) is defined for the annular plate as

g(X,Y) =C(Co - O (10.14)

where s takes the value of 0, 1, or 2, defining free, simply supported,
or clamped conditions, respectively, at the outer boundary of the annular
elliptic plate. Similarly, ¢t =0, 1, or 2 will define the corresponding boundary
conditions at the inner edge of the annular elliptic plate.

From Fi(X,Y), an orthogonal set can be generated by the well-known
Gram-Schmidt process. In this case, the inner product of the two functions
¢i(X,Y) and F,(X,Y) is defined as

<, Fi>= ”qbi(X,Y)F,-(X,Y)dxdy (10.15)
R

The norm of ¢; is, therefore, given by

i l|= (¢, i)' (10.16)

As done in the previous chapters (Singh and Chakraverty 1993, Chakraverty
et al. 2001), the Gram—-Schmidt orthogonalization process can be written as

¢1=F
i—1
¢ =Fi - Z“fj(b}
j=1 , i=2,...,N (10.17)
= O s il

where ¢/’s are the BCOPs. These are normalized by the condition

&
Y=

(10.18)
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All the integrals involved in the inner product were evaluated in closed form
as discussed in the work of Singh and Chakraverty (1993).

10.5 Some Numerical Results and Discussions
for Annular Plates

The computations can be simplified by considering the shape functions to
represent symmetric-symmetric, symmetric-antisymmetric, antisymmetric—
symmetric, and antisymmetric-antisymmetric groups. First, few natural
frequencies required can be arranged in an ascending order by choosing the
required number of frequencies from each of the above-mentioned mode
groups. Numerical results for natural frequencies have been computed by
taking the aspect ratio of the outer boundary, b/a=m=0.5 and 1.0 with the
various values of the inner-boundary parameter, k. The results for the nine
cases of boundary conditions (CC, CS, CF; SC, SS, SF; FC, FS, FF) at both the
inner and outer edges are provided. The C, S, and F designate clamped, simply
supported, and free boundary, respectively, and the first and the second letters
denote the conditions at the outer and inner edges, respectively. Before going
into the details of the computations, we would first discuss about the conver-
gence. Poisson’s ratio, v, is taken as 1/3 in all the calculations.

10.5.1 Convergence Study

The convergence of the results is studied by computing the results for
different values of N, until the first four significant digits converge. It was
found that the results converged for the N value from 26 to 30 in all the cases.
In particular, for the annular circular plates, we went up to N =20, and for
annular elliptic plates, the value of N was taken up to 30. The convergence
of the frequency parameters for symmetric-symmetric modes for annular
circular plates with k=0.8 and »=1/3 is shown in Table 10.1, where conver-
gence studies are shown for CC, CS, CF, and SS boundary conditions.
Furthermore, the convergence study for annular elliptic plates (m=0.5,
v=1/3) is shown in Table 10.2 for k=0.2 and 0.5, showing the results for
CS, CF, SS, and FC boundary conditions.

10.5.2 Comparison between Exact and BCOPs Results

The exact results for annular circular plate in terms of Bessel functions may
be obtained. Accordingly, the fundamental frequencies were computed by
using BCOPs for various values of k, viz., k=0.2-0.8 at the interval of 0.2,
and were compared with the exact results, as shown in Table 10.3. All nine
boundary conditions were considered in this comparison analysis for the
annular circular plates. It can be observed from Table 10.3 that the results
from BCOPs method are in accordance with the exact method. Table 10.3
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TABLE 10.1

Convergence of Frequency Parameters for Symmetric-Symmetric Modes
for Annular Circular Plates (k=0.8, v=1/3)

N CC Boundary CS Boundary CF Boundary SS Boundary

2 570.53 404.80 94.144 277.92

3 559.66 395.96 92.863 267.85

4 559.64 395.52 92.862 265.88
10 559.16 389.54 92.819 247.08
11 559.16 389.54 92.819 247.08
12 559.16 389.54 92.819 247.08
16 559.16 389.51 92.815 247.07
17 559.16 389.51 92.815 247.07
18 559.16 389.51 92.815 247.07
19 559.16 389.51 92.815 247.07
20 559.16 389.51 92.815 247.07

Note: Convergence obtained for circular annular plate in 20 approximations.

also reveals that the comparison is excellent for large values of k, such as
k=0.6 and 0.8. Moreover, as expected, the fundamental frequencies
increased as we increased the value of k (i.e., the whole size of the annular
circular plate) for all the boundary conditions, apart from for the excep-
tional case of FF boundary. For the FF boundary condition, the frequencies
decreased as k increased.

10.5.3 Annular Circular Plate

As discussed earlier, m=1.0 gives the results for annular circular plates.
Tables 10.4 through 10.12 show the results of the frequency parameters for

TABLE 10.2

Convergence of Frequency Parameters for Symmetric-Symmetric
Modes for Annular Elliptic Plates (m=0.5, v=1/3)

CS Boundary CF Boundary SS Boundary FC Boundary

N k=0.2 k=0.2 k=0.6 k=0.6

3 74.155 29.122 152.94 60.307
10 61.640 28.763 99.765 32.572
15 59.212 28.517 95.197 28.659
20 58.401 28.386 93.063 26.737
25 57.493 28.209 92.784 26.566
27 56.669 28.034 92.083 25.676
28 56.668 28.029 92.075 25.675
29 56.668 28.028 92.074 25.675
30 56.668 28.028 92.074 25.675

Note: Convergence obtained for elliptic annular plate in 30 approximations.
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TABLE 10.3

Comparison of Fundamental Frequency Results between Exact and BCOPs
for Annular Circular Plates with All Boundary Conditions, »=1/3

B.C. Method Used k—0.2 0.4 0.5 0.6 0.8
CC BCOPs 35.12 61.88 89.25 139.6 559.1
Exact 34.61 61.87 89.25 139.6 559.1
(&%) BCOPs 26.68 4493 63.85 98.79 389.5
Exact 26.61 4493 63.85 98.79 389.5
CF BCOPs 10.46 13.50 17.60 25.24 92.81
Exact 10.34 13.50 17.59 25.24 92.81
SC BCOPs 23.34 41.27 59.91 94.26 381.6
Exact 22.76 41.26 59.90 94.26 381.6
SS BCOPs 16.86 28.08 40.01 62.12 247.0
Exact 16.72 28.08 40.01 62.12 247.0
SF BCOPs 4.851 4.748 5.051 5.663 9.455
Exact 4.732 4.743 5.043 5.663 9.455
FC BCOPs 5.384 9.082 13.10 20.60 84.67
Exact 5214 9.071 13.09 20.60 84.67
FS BCOPs 3.466 3.634 4.074 4.809 8.782
Exact 3.313 3.629 4.070 4.809 8.782
FF BCOPs 5.056 4.533 4214 3.865 3.197
Exact 5.049 4.532 4.207 3.864 3.197
TABLE 10.4

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Circular Plates (CC Boundary, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 27.880 42.039 73.636 32.310 55.524 89.472
0.2 35.116 46.035 75.706 37.909 58.182 95.257
04 61.876 67.166 88.548 63.038 74.970 105.29
0.6 139.61 143.13 155.04 140.48 147.85 166.07
0.8 559.16 561.89 570.24 559.84 565.34 576.68
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 32.309 55.508 89.469 40.904 72.289 104.87
0.2 37.824 57.957 95.104 44.980 74.248 117.18
0.4 63.038 74.999 105.67 66.869 86.879 125.29
0.6 140.48 147.86 166.44 143.13 154.80 178.34

0.8 559.84 565.34 576.68 561.89 570.24 584.76
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TABLE 10.5

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Circular Plates (CS Boundary, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 23.147 37.087 63.905 26.693 51.921 73.489
0.2 26.680 39.772 71.185 30.389 53.364 85.999
0.4 44932 52.449 77.904 46.735 62.669 96.344
0.6 98.793 104.01 120.40 100.08 110.72 133.26
0.8 389.51 393.37 405.11 390.47 398.24 414.04
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 26.796 51.980 73.819 36.746 70.101 91.558
0.2 30.289 53.290 85.827 39.420 70.743 100.35
0.4 46.735 62.600 96.319 52.389 77.229 117.97
0.6 100.08 110.72 133.25 104.01 120.40 149.44
0.8 390.47 398.24 414.04 393.37 405.11 425.12

TABLE 10.6

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Circular Plates (CF Boundary, »=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 10.215 34.877 39.771 21.260 51.030 60.828
0.2 10.466 33.927 43.164 21.173 50.591 60.681
0.4 13.501 32.055 66.937 19.477 47.893 72.031
0.6 25.540 36.434 63.672 28.500 48.118 82.734
0.8 92.815 98.781 116.18 94.316 106.11 128.92
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 21.260 51.030 60.828 34.877 69.665 84.582
0.2 21.143 50.589 60.494 33.913 69.558 82.727
04 19.460 47.812 72.000 31.736 66.810 86.608
0.6 28.499 48.108 82.558 36.422 63.180 105.05

0.8 94.316 106.11 128.91 98.781 116.18 144.25
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TABLE 10.7

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Circular Plates (SC Boundary, v=1/3)

Symmetric-Symmetric

Symmetric-Antisymmetric

k First Second Third First Second Third
0.0 18.749 31.467 60.680 22.424 43.548 74.425
0.2 23.339 34.071 62.185 26.103 45.543 80.569
0.4 41.270 47.523 70.636 42.634 56.142 87.433
0.6 94.263 98.583 113.30 95.324 104.28 125.47
0.8 381.64 385.17 395.95 382.52 389.63 404.21

Antisymmetric-Symmetric

Antisymmetric-Antisymmetric

k First Second Third First Second Third
0.0 22.512 43.708 74.817 30.398 59.283 90.006
0.2 26.045 45.374 80.323 33.015 60.555 99.098
0.4 42.631 56.040 87.111 47.046 68.664 107.12
0.6 95.323 104.39 125.93 98.567 112.62 140.69
0.8 382.52 389.64 404.31 385.17 395.95 414.60
TABLE 10.8

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Circular Plates (SS Boundary, v=1/3)

Symmetric-Symmetric

Symmetric-Antisymmetric

k First Second Third First Second Third
0.0 15.154 27.443 51.313 18.190 40.764 60.139
0.2 16.856 29.165 58.179 20.534 41.709 69.409
0.4 28.085 36.449 62.399 30.087 47.233 80.187
0.6 62.126 68.351 87.185 63.680 76.153 101.54
0.8 247.07 252.00 266.81 248.30 258.17 277.92

Antisymmetric-Symmetric

Antisymmetric—-Antisymmetric

k First Second Third First Second Third
0.0 18.254 40.819 60.394 27.115 57.294 76.810
0.2 20.466 41.644 69.244 28.833 57.733 83.481
0.4 30.086 47.146 80.114 36.270 61.688 100.83
0.6 63.680 76.153 101.48 68.350 87.107 119.15
0.8 248.30 258.17 277.92 252.00 266.81 291.55
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TABLE 10.9

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Circular Plates (SF Boundary, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 4.9839 25.652 29.758 13.939 39.995 48.516
0.2 4.8514 25.006 31.753 13.911 39.745 48.552
0.4 4.7481 23.822 47.323 12.095 37.947 53.339
0.6 5.6632 22.214 51.421 11.729 35.019 70.349
0.8 9.4551 29.653 59.940 16.781 44.112 77.285
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 13.939 39.995 48.516 25.652 56.878 70.153
0.2 13.902 39.744 48.464 24.997 56.823 68.519
0.4 12.064 37.910 53.268 23.561 55.147 69.739
0.6 11.729 34.982 70.165 22.162 50.543 91.888
0.8 16.781 44111 77.273 29.653 59.900 96.418

TABLE 10.10

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Circular Plates (FC Boundary, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 4.5379 6.9729 22.162 4.5239 12.937 33.467
0.2 5.3841 7.6203 22416 5.4042 13.309 33.668
0.4 9.0818 10.736 23.887 9.1880 15.354 34.725
0.6 20.608 22.430 32.174 20.980 25.774 41.352
0.8 84.678 87.173 95.391 85.289 90.481 102.15
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 45414 12.961 33.491 6.6269 21.860 44.434
0.2 5.3943 13.284 33.630 7.2651 22.051 47.226
0.4 9.1755 15.341 34.669 10.528 23.331 48.012
0.6 20.980 25.775 41.308 22.449 31.752 53.349

0.8 85.289 90.470 102.11 87.177 95.404 116.49
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TABLE 10.11

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Circular Plates (FS Boundary, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 3.8022 5.7833 21.602 3.1543 12.358 26.684
0.2 3.4664 6.1958 21.672 3.6994 12.504 30.150
0.4 3.6342 7.1596 22.224 4.0090 13.285 33.464
0.6 4.8088 9.7375 24.704 6.0522 15.856 35.719
0.8 8.7829 20.152 40.287 12.482 29.513 52.553
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 3.1713 12.367 26.772 5.6723 21.546 38.209
0.2 3.6793 12.493 30.074 6.0809 21.597 40.778
0.4 4.0011 13.258 33.448 6.9180 22.064 47.031
0.6 6.0472 15.854 35.665 9.7211 24.395 48.955
0.8 12.481 29.514 52.554 20.152 40.277 66.469

TABLE 10.12

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Circular Plates (FF Boundary, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 5.2512 9.0761 21.491 12.221 20.517 33.012
0.2 5.0579 8.8117 21.488 12.190 20.489 33.011
0.4 4.5334 8.5829 21.279 11.772 17.911 32.923
0.6 3.8650 10.546 19.904 10.568 18.210 31.649
0.8 3.1975 16.910 18.264 8.8727 27.293 29.394
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 12.221 20.517 33.012 5.2512 21.491 35.240
0.2 12.190 20.477 33.011 5.0555 21.487 34.359
0.4 11.772 17.797 32.923 4.5327 21.272 33.093
0.6 10.568 18.209 31.641 3.8656 19.863 32.238

0.8 8.8727 27.289 29.394 3.1973 16.895 40.047
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all the nine boundary conditions. In each of these tables, the four types of
modes, viz., symmetric-symmetric, symmetric-antisymmetric, antisymmetric—
symmetric, and antisymmetric-antisymmetric, are incorporated and in each of
the modes, the first three frequencies of that particular mode are given. Results
for the special cases, such as full circular plate (k =0, m = 1.0) are also shown. It
is interesting to note the effect of hole size on the natural frequencies, from
Tables 10.4 through 10.12. As k increases for the annular circular plate, the
frequencies increase for all the boundary conditions, except for the exceptional
case of FF boundary condition, where the frequencies decreased as k increased,
as shown in Table 10.12.

Tables 10.4 through 10.12 show that the frequencies for any of the hole size
are maximum for CC annular circular plates. The effect of different boundary
conditions on the natural frequencies can be well investigated by dividing
them into the following three sets:

(i) CC, CS, and CF
(i) SC, SS, and SF
(iii) FC, FS, and FF

It can be observed from Tables 10.4 through 10.6 (set (i) boundary conditions)
that all the frequencies decrease from CC to CF. Similar behavior is also
observed for set (ii) boundary conditions, as shown in Tables 10.7 through
10.9. Here, the frequencies decrease from SC to SF. For set (iii) boundary
conditions with smaller hole size, i.e., k=0 and 0.2, it can be noticed from
Tables 10.10 through 10.12 that the FC condition gives higher frequencies,
while the FS condition gives lower frequencies. But, for larger hole-size, viz.,
for k > 0.4, the results are smaller for the FF boundary, as in sets (i) and (ii).
It may also be noted that for set (iii) with k<0.2 (smaller hole-size), the
frequencies (particularly the lower modes) with conditions FC and FF are
closer. This behavior is analogous to that of beams with CC and FF boundary
conditions, where the frequencies are identical.

10.5.4 Annular Elliptic Plate

We considered the annular elliptic plate with aspect ratio m=0.5 as an
example of this investigation. Accordingly, Tables 10.13 through 10.21 give
the results of all the modes for annular elliptic plates, separately. The results
of the computations for various values of k and for different boundary
conditions at the outer and inner edges are presented in these tables.
Again, Poisson’s ratio, v, was taken as 1/3 in all the calculations. First few
natural frequencies were arranged in an ascending order by choosing them
from each of the mode groups. Similar to the observations in the annular
circular plates, the results for the special cases, viz., full elliptic (k=0) plates
were computed.
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TABLE 10.13

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Elliptic Plates (CC Boundary, m=0.5, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 59.879 99.894 135.15 103.68 132.90 186.94
0.2 67.305 119.79 151.71 66.092 120.32 172.32
0.4 95.496 179.12 232.71 154.31 219.80 254.68
0.6 181.68 326.84 432.08 265.11 385.96 483.38
0.8 641.71 1019.3 1428.7 787.43 1105.5 1427.3
Antisymmetric-Symmetric Antisymmetric-Antisymmetric

k First Second Third First Second Third
0.0 58.673 106.18 162.29 105.23 153.35 218.01
0.2 115.63 148.08 195.41 114.58 163.33 227.40
0.4 94.543 178.28 233.52 152.68 219.22 272.56
0.6 182.66 329.22 433.32 260.65 382.87 476.89
0.8 632.01 946.29 1261.7 796.74 1138.6 1487.6

TABLE 10.14

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Elliptic Plates (CS Boundary, m=0.5, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 50.670 85.011 117.48 87.961 118.87 172.32
0.2 56.668 96.110 126.25 56.222 102.77 151.94
0.4 78.757 146.69 177.92 130.03 171.62 207.61
0.6 143.03 262.57 339.19 214.48 308.71 370.77
0.8 468.55 730.55 967.96 601.70 836.68 1051.3
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 49.704 91.490 145.04 93.997 141.80 205.73
0.2 97.493 125.44 177.33 101.21 148.28 210.01
0.4 78.409 147.38 191.59 129.63 181.36 236.35
0.6 142.74 261.82 339.20 213.84 308.04 374.51

0.8 467.83 722.87 944.94 600.91 835.93 1044.4
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TABLE 10.15

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Elliptic Plates (CF Boundary, m =0.5, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 27.377 55.975 102.64 69.857 109.93 165.51
0.2 28.028 56.980 103.47 39.521 77.027 133.21
0.4 36.347 62.686 104.60 54.029 103.35 160.59
0.6 59.745 93.932 130.11 86.300 112.61 166.19
0.8 151.56 263.04 330.64 218.81 301.25 350.54
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 39.497 76.995 132.95 88.047 135.71 199.41
0.2 69.182 108.54 163.69 86.034 134.24 198.18
0.4 41.041 82.638 133.11 77.093 128.17 194.81
0.6 59.885 106.67 156.49 91.713 135.93 199.20
0.8 151.46 262.46 331.51 218.54 300.61 358.34

TABLE 10.16

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Elliptic Plates (SC Boundary, m=0.5, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 39.431 73.042 108.19 73.425 100.96 154.19
0.2 44.522 87.072 117.83 43.458 91.259 140.66
0.4 63.770 133.40 169.92 111.50 160.75 193.19
0.6 123.15 243.81 328.65 190.91 290.91 360.98
0.8 436.14 718.28 988.20 570.09 836.68 1097.1
Antisymmetric-Symmetric Antisymmetric-Antisymmetric

k First Second Third First Second Third
0.0 38.518 81.781 133.06 76.350 122.02 186.03
0.2 82.254 110.05 160.04 82.696 128.45 191.39
0.4 62.899 132.65 180.21 110.06 164.74 219.60
0.6 122.52 241.32 325.70 188.93 287.99 360.77

0.8 438.90 736.88 1007.0 571.40 823.05 1060.8
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TABLE 10.17

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Elliptic Plates (SS Boundary, m=0.5, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 32.235 61.363 92.804 60.612 90.164 141.47
0.2 35.863 66.889 98.487 35.736 77.202 123.15
0.4 50.220 101.77 128.03 89.659 118.68 162.62
0.6 92.074 186.43 238.51 149.38 219.51 255.79
0.8 303.36 516.71 607.96 415.25 602.39 756.96
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 31.599 69.830 118.85 67.428 112.32 173.43
0.2 67.043 94.181 144.87 72.154 116.66 176.36
0.4 49.933 105.89 147.99 90.303 135.54 192.70
0.6 91.777 185.91 244.65 148.82 220.24 274.74
0.8 302.77 321.21 512.67 413.96 598.50 755.43

TABLE 10.18

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Elliptic Plates (SF Boundary, m =0.5, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 13.271 38.425 81.308 46.189 83.067 135.21
0.2 12.790 38.801 81.617 23.708 57.625 109.68
04 12.258 40.935 81.351 31.848 77.613 132.01
0.6 14.564 42.667 91.608 27.151 72.868 130.27
0.8 24.368 59.826 120.28 38.313 92.586 155.69
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 23.722 57.592 109.59 62.810 107.15 167.34
0.2 45.982 82.365 134.04 61.439 106.01 166.41
04 22.532 59.433 108.66 56.221 101.33 163.52
0.6 24.037 65.649 118.09 48.752 99.113 162.38

0.8 36.267 88.808 153.58 64.607 122.65 190.90
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TABLE 10.19

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Elliptic Plates (FC Boundary, m =0.5, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 7.5349 17.736 37.479 13.355 58.569 26.984
0.2 8.4482 20.783 39.359 8.1673 25.678 55.299
0.4 12.501 33.120 48.410 22.776 39.918 65.889
0.6 25.675 63.430 86.663 42.907 77.811 96.467
0.8 97.016 187.47 270.45 138.25 227.95 299.88
Antisymmetric-Symmetric Antisymmetric-Antisymmetric

k First Second Third First Second Third
0.0 6.9815 23.761 53.408 14.174 39.932 80.077
0.2 15.406 28.972 59.775 15.687 41.312 81.099
0.4 12.194 34.898 63.249 22.346 48.655 86.369
0.6 25.383 63.047 94.357 42.444 79.388 112.31
0.8 96.510 184.77 266.14 137.24 225.51 296.54

TABLE 10.20

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Elliptic Plates (FS Boundary, m=0.5, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 5.6839 15.094 33.279 9.5556 24.190 55.763
0.2 6.2539 13.752 34.555 5.8945 22.090 50.148
0.4 7.6656 14.687 38.398 10.677 25.684 59.040
0.6 10.841 20.225 47.929 14.146 32.354 67.315
0.8 22.224 39.557 81.684 28.325 59.240 106.04
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 5.0096 20.793 48.420 11.637 37.561 77.559
0.2 10.924 24.921 56.370 12.743 38.526 78.038
0.4 7.7702 24.820 55.166 15.048 40.470 80.409
0.6 11.885 32.452 66.263 20.323 48.158 89.324

0.8 25.663 44.913 59.333 41.332 80.918 133.29
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TABLE 10.21

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Annular Elliptic Plates (FF Boundary, m=0.5, v=1/3)

Symmetric-Symmetric Symmetric-Antisymmetric
k First Second Third First Second Third
0.0 6.5886 27.763 31.189 21.621 54.518 70.532
0.2 6.4036 26.342 31.154 16.705 42.792 49.690
0.4 5.8762 23.859 31.779 19.910 50.888 54.570
0.6 5.2014 25.206 32.966 16.318 45.959 50.639
0.8 5.1562 25.402 46.980 13.700 43.352 69.572
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
k First Second Third First Second Third
0.0 16.735 42.839 49.780 10.323 36.261 76.480
0.2 21.551 54.334 70.252 9.9101 35.901 76.248
0.4 15.978 40.823 49.454 8.8065 35.060 75.018
0.6 14.732 40.728 51.718 7.4034 31.325 78.998
0.8 13.031 41.867 66.870 6.9624 26.857 64.233

The results of annular elliptic plates are also shown in Figures 10.2 through
10.10. From Tables 10.13 through 10.21, one can note the effect of hole size on
the natural frequencies. As k increases, the frequencies increase for all the
boundary conditions, except for the exceptional case of FF boundary. For FF
boundary condition, the frequencies decreased as k increased for a particular
value of m, which is shown in Table 10.21.

Tables 10.2 through 10.10 show the variation of first 12 frequency para-
meters chosen from the four types of modes with various boundary condi-
tions at the outer and inner edges of the annular plate. These figures also
show that the frequencies for any of the hole size are maximum for CC
annular plates. Similar to the investigation carried out for annular circular
plates, the effect of different boundary conditions on the natural frequencies
can be well investigated for annular elliptic plates also, by dividing them into
the following three sets:

(i) CC, CS, and CF
(i) SC, SS, and SF
(iii) FC, FS, and FF

From Figures 10.2 through 10.4 and Tables 10.13 through 10.15 (set (i)
boundary conditions), it can be observed that all the frequencies decrease
from CC to CF. Similar behavior can also be observed for set (ii) boundary
conditions, as shown in Figures 10.5 through 10.7 and Tables 10.16 through
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10.18, where frequencies decrease from SC to SF. However, Figures 10.8
through 10.10 and Tables 10.19 through 10.21 show that the FC condition
gives higher frequencies, while the FS condition gives lower frequencies for
set (iii) boundary conditions with smaller hole-size (i.e., k=0 and 0.2). But,
for larger hole-size, viz., for k > 0.4, the results are smaller for the FF
boundary, as in sets (i) and (ii). It may also be noted that for set (iii) with
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boundary).

k < 0.2 (smaller hole-size), the frequencies (particularly the lower modes) for
conditions FC and FF are closer. The above behaviors are the same as those

for annular circular plates.

Thus, in this chapter, the 2D BCOPs as shape functions in the Rayleigh—
Ritz method have been used to study the annular plate with a curved
boundary (especially for elliptical). Also, the effects of boundary conditions
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and hole size on different modes of vibrations have been fully investigated.
The use of 2D BCOPs in the Rayleigh—Ritz method makes the said problem a
computationally efficient and simple numerical technique for finding the
vibration characteristics. It is important to mention (as reported in earlier
chapters also) that the generation of orthogonal polynomials is very much
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boundary).
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sensitive to the numerical errors, as the approximations are increased
owing to the rounding errors, which grow to an extent of rendering the
results to diverge. Therefore, all the computations were carried out with
double-precision arithmetic. This study can be generalized to other types
of plate geometries and material properties considering various compli-
cating effects, such as plates with variable thickness, orthotropy, and non-
homogeneity. These complicating effects are investigated in the subsequent
chapters.
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11

Plates with Nonhomogeneous Material
Properties

11.1 Introduction

Nonhomogeneous elastic plates are widely used now-a-days in the design of
space vehicles, modern missiles, aircraft wings, etc. The nonhomogeneity
that occurs in the bodies is especially due to the imperfections of the mater-
ials. A few works were done on the free vibration of nonhomogeneous plates.
The excellent surveys by Leissa (1978, 1981, 1987) cover some of the papers
on nonhomogeneous circular, rectangular, and square plates. Nonhomo-
geneous rectangular and square plates have also been studied by Tomar
et al. (1982, 1983), Laura and Gutierrez (1984), and Rao et al. (1974, 1976).
Tomar et al. (1983) considered a nonhomogeneous infinite plate of linearly
varying thickness. Furthermore, circular plates with nonhomogeneity have
also been studied by Tomar et al. (1982), Pan (1976), and Mishra and Das
(1971). Tomar et al. (1982, 1983) have used a series method of solution.
Explicit closed-form expressions were derived for the frequencies of a non-
homogeneous free circular plate by Mishra and Das (1971), whereas Rao et al.
(1974) used a high-precision triangular finite element for a simply supported
square plate.

The investigation presented in this chapter shows the use of powerful two-
dimensional boundary characteristic orthogonal polynomials (2D BCOPs) in
the Rayleigh-Ritz method for the free vibration of nonhomogeneous plates.
In particular, the example of circular and elliptic plate with nonhomogeneous
density and Young’s modulus is taken into consideration. Extensive and
wide varieties of results are given for natural frequencies of the plates with
different boundary conditions, viz., clamped, simply supported, or free at the
edges. However, the results for a circular plate are obtained as a special case.
As pointed out in earlier chapters, the orthogonal polynomials have been
used extensively to determine the vibration characteristics of different types
of plate geometries with various boundary conditions at the edges. In this
study, the same procedure has been used to generate the polynomials and to
use them in the investigation of transverse vibration of nonhomogeneous
elliptic plates with different boundary conditions. To apply this method,
three steps as reported earlier have to be followed.

285
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11.2 Basic Equations and Method of Solution

Let us consider that the domain occupied by the elliptic plate is
S ={(xy), ¥*/a* +y*/b* <1, x,y€R} (11.1)

where a and b are the semimajor and semiminor axes of the ellipse,
respectively.

By following the standard procedure, we can assume the displacement to
be of the form

w(xy,h) = Wy) expliot) (11.2)

where w is the natural frequency and x, y, and ¢ are the space and time
coordinates, and equating the maximum strain and kinetic energies gives the
Rayleigh quotient

ijD [ng + W2, 4 20 W W, +2(1 — V)W§y} dxdy

w2

h [[ pW2dxdy (113)
5

where D = El®/(12(1—v%)) is flexural rigidity, while E, p, v, and h are Young’s
modulus, density, Poisson’s ratio, and plate thickness, respectively. W,, is
the second derivative of W with respect to x. In this chapter, two types of
nonhomogeneity are included for the purpose of illustration.

11.2.1 Type 1 Nonhomogeneity
If one assumes that Young’s modulus varies linearly and the density varies
parabolically, then the nonhomogeneity of the elliptic plate can be character-
ized by taking
E=Eo(1+ aX) (11.4)
p = po(l +BX?) (11.5)

where Ej, py are constants, and «, 8 are the parameters designating the
nonhomogeneity, X=x/a and Y =y/a.

Then D = Dy(1 + aX) (11.6)

where Dy = Egh®/(12(1—1%)).
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By substituting Equations 11.5 and 11.6 in Equation 11.3, assuming the
N-term approximation as

N
Wy) = cib;
=1
and minimizing o’ as a function of the coefficients cj’s, we have

i(a,-j —A%j)c;j=0, i=1,2,...,N (11.7)
j=1
where
o = [ a0 [6250 4 878 (607 + 010
Y
201 — V)¢;<Y¢1?<Y} dxdy (11.8)

and

bij = ” (14 BX*)p;p;dXdY (11.9)

s

11.2.2 Type 2 Nonhomogeneity
In this case, let the nonhomogeneity of the plate be characterized by taking
E = Ey(1 — X*> = Y?/m?)* = EoP* (11.10)

p = po(1 = X* = Y?/u?)P = p,PP (11.11)

where P = (1 — X* — Y?/m?); E,, py are constants; a, 8 (integers) are the indices
of nonhomogeneity; X=x/a, Y =y/a, and m(=>b/a) are the aspect ratios of
the ellipse.

Then D = EoP*h®/(12(1 — v*)) = DoP* (11.12)
where again Dy = Egh®/(12(1-17)).

Now, putting Equations 11.11 and 11.12 in Equation 11.3, substituting the
N-term approximation

N
Wxy) = cid;
j=1
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and minimizing w” as a function of the coefficients c;’s, we again obtain
N
> (@ —ANbyj)e;=0, i=1,2,...,N (11.13)
=1
where
oy = [[ P[00 0 4 v (6501 4 01 )

S/
+2(1 — V)¢>,XY¢]?<Y] dxdy (11.14)

bij = ” PP¢h;p,dXdY (11.15)

s

The frequency parameter in both the above cases may be written as
A% = a*pyhw? /Dy (11.16)

The ¢;’s are the orthogonal polynomials and are described in the following
section. ¢X* is the second derivative of ¢; with respect to X and the new
domain S’ is defined by

S ={X,V),X>+Y*/m* <1, X)Y€eR)

where m(="0/a) is the aspect ratio of the ellipse.
Since, the ¢/’s are orthogonal, Equation 11.7 or Equation 11.3 reduces to

N
Z (llij — )\231‘]‘)C]‘ =0, i=1,2,...,N (11.17)
=1

where

8;=0, if i#j
Si=1, if i=j

The type of nonhomogeneity considered here is mainly for the illustration
purpose. The present approach shows how the nonhomogeneity, if it occurs
on a plate structure owing to the imperfections of the material, can be
theoretically investigated for its vibration characteristics.
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11.3 Orthogonal Polynomials Generation

The present polynomials have been generated in the same way as described
in the earlier chapters, but for clarity the method is again described as
follows.

We start with a suitable set of linearly independent functions

Fitey) = feplfiey)), i=1,2,...,N (11.18)
where f(x,y) satisfies the essential boundary conditions and fi(x,y) are the

linearly independent functions involving products of non-negative integral
powers of x and y. The function f(x,y) is defined by

floy) =1 —x* —y*/m?) (11.19)
where p takes the value of 0, 1, or 2 representing the boundary of the plate as
free, simply supported, or clamped, respectively.

We can now generate the orthogonal set from Fi(x,y) by the well-known

Gram-Schmidt process. For this, we define the inner product of the two
functions f(x,y) and g(x,y) over a domain S by

<fg>= “ Yl y)f (xy)g(x,y)dxdy (11.20)
S

where §(x,y) is the weight function.
Then, the norm of f is given by

Ifll=(f F)Y? (11.21)

Now, proceeding as in the previous chapters, the Gram-Schmidt process can
be written as

$1=F
i1
¢;=Fi— Zaijd)]'
=
Qjj = <Fi,¢j>/<¢j,¢]->, i=12,...,10-1)

, i=2,...,N (11.22)

where the ¢;’s are the orthogonal polynomials. The orthonormal polynomials
are then generated by

b =i/l & |
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11.4 Some Numerical Results and Discussions

The BCOPs were used by choosing the functions f,(x,y) appropriately and then
generating the corresponding orthogonal functions, thus performing an
exhaustive study of various modes of vibrations as described earlier. By taking
these functions in both x and y as even, one can discuss all those modes that are
symmetric about both the major and minor axes. When the functions are even
in x and odd in y or vice versa, we can have symmetric-antisymmetric or
antisymmetric-symmetric modes. Similarly, if we take the function in both x
and y as odd, then we may have the case of antisymmetric—antisymmetric
mode of vibration. One can use various types of combinations of these
functions and obtain the corresponding results for various values of m="b/a,
i.e., the aspect ratios of the elliptic plate along with the variety of nonhomo-
geneity parameters, as defined earlier in this chapter. In the following section,
the results for the two types of nonhomogeneity will be discussed.

11.4.1 Results for Type 1 Nonhomogeneity

Numerical results were computed for type 1 nonhomogeneity for different
values of the nonhomogeneity parameters a and 8 with different boundary
conditions (clamped, simply supported, and free), for various values of the
aspect ratios of the ellipse. As mentioned earlier, the first three frequencies
for all the modes of symmetric-symmetric, symmetric-antisymmetric,
antisymmetric-symmetric, and antisymmetric-antisymmetric are reported.
Although the results can be worked out for various combinations of « and g,
only a few of them are reported here in Tables 11.1 through 11.32. The value
of v has been taken as 0.3 in all the calculations. In each of the tables, the
three boundary conditions, viz., clamped, simply supported, and free, are
incorporated for different m values. The last row in all the tables gives
the results for a circular plate (i.e. m =1.0). The first few frequencies can be
obtained from the sets of various combinations of symmetric-symmetric,

TABLE 11.1

First Three Frequency Parameters for Symmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for « =0.2, 8 =0 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>bja First Second Third First Second Third First Second Third
0.2 150.17  199.18 27465 70.164 113.75 181.69 6.8324 33.697 93.728
0.4 40976  73.068 123.37  19.779 47980 95.021 6.7918 33.152  42.445
0.5 27.670 57452 106.05 13.419 39.340 84.414 6.7314 28171 32412
0.6 20.466  49.166 94475 9.9238  34.659 70.676 6.6398 20.246  31.230
0.8 13.484 41173 56212  6.4985 29.924 42.044 6.2717 12334 27.271

1.0 10469  35.617 40.555 5.0112  26.153  30.223 54679  9.1226 22.522
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TABLE 11.2

First Three Frequency Parameters for Symmetric-Antisymmetric Modes (Clamped,
Simply Supported, and Free) for « =0.2, 8 =0 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>bja First Second Third First Second Third First Second Third
0.2 404.37 49091 63573 70.164 113.75 181.69 10599  49.469 410.61
04 106.60  154.58 220.79  19.779 47980 95.021 26965 65.364 108.30
0.5 70294 112.08 170.86 13.419 39.340 84.414 22526 57.173  71.128
0.6 50443 88.497 14325  9.9238 34.659 70.676 19.528 50.642 51.281
0.8 30.643 64564 89.372 64985 29.924 42.044 15575 30.085  42.185
1.0 21.552 52197 61471 5.0112 26.153 30.223 12.783 20.738  34.632

TABLE 11.3

First Three Frequency Parameters for Antisymmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for a =0.2, 8 =0 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free

m="bja First Second Third First Second Third First Second Third
0.2 17259  229.72  319.83 90.085 14136 22430 17.727 54.861 138.29

0.4 54931 95631 156.09 31.829 68579 12676 17.549 53.592  61.430
0.5 40.324 79.242 137.87 24178 59.130 11495 17.284 43.877  52.001
0.6 32489 70555 11727 20.011 53.941 91.849 16.857 33.935  49.491
0.8 25.063 61452 76372 15990 47975 60406 15264 24.252  42.144
1.0 21910 52199 62457 14.220 40.898 49.658 12.783 20.852  34.632
TABLE 11.4

First Three Frequency Parameters for Antisymmetric-Antisymmetric Modes
(Clamped, Simply Supported, and Free) for « =0.2, =0
(Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m="bja First Second Third First Second Third First Second Third
0.2 44388 54242 71550 300.08 39239 567.64 25959  75.307 141.36
0.4 12875 184.29 261.11 90.656 142.60 220.53 13230 44.059  91.018
0.5 89.278 138.89 207.17  63.818 109.87 17751 10.683  37.850  80.565
0.6 67498 11357 17722  48.803 91.218 148.62 8.9740 33.533  70.570
0.8 45670 87.168 114.02  33.443 71.019 94303 6.8037 27.384  46.592

1.0 35.658 71.340 86.197 26168 58279 71418 54688 22518 35925
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TABLE 11.5

First Three Frequency Parameters for Symmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for a =0, 8 =0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>b/a First Second Third First Second Third First Second Third
0.2 14917 19340 259.03 69.311 109.17 169.17 6.4931 31.696 85214
0.4 40423  69.890 11629 19.344 45541 88988 6.4486 31.131 41.624
0.5 27.205 54.727  99.909 13.085 37294 79.140 6.3893 27.529  30.393
0.6 20.056  46.714 91.166 9.6623  32.837 69.859 6.2944 19.729  29.237
0.8 13.130  39.033 55491 63237 28336 41419 59337 11976  25.467
1.0 10.136 34291 39.262 4.8800 25.084 29.298 5.1747  8.8204 21.028

TABLE 11.6

First Three Frequency Parameters for Symmetric-Antisymmetric Modes (Clamped,
Simply Supported, and Free) for « =0, 8 =0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m="bja First Second Third First Second Third First Second Third
0.2 402.56  479.63 602.12 261.87 333.81 45590 47.215 99.684 202.48
0.4 105.67 149.58  209.43 69.492 11023 168.75 25571 61.235 107.08
0.5 69.538 107.97 16193 45871 81256 13297 21.298 53465 70.160
0.6 49.802 84964 135.64  32.898 64940 112.74 18415 47.856  49.870
0.8 30.140 61.735 88.470 19.855 47990 70.577 14.630 29.514  39.286
1.0 21.123  50.052 60386 13.780 39.046 48.096 11.991 20.268  32.234

TABLE 11.7

First Three Frequency Parameters for Antisymmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for « =0, 8 =0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m="bja First Second Third First Second Third First Second Third
0.2 16948 22094 298.60 87.519 13447 206.85 16.744 51.420 124.55
0.4 53.188 90.786 14644 30497 64780 118.05 16.551 50.150  59.163
0.5 38851 75.020 129.42 23.110 55.824 10723 16282 42.118  48.586
0.6 31.184 66.700 11455 19.109 50.905 89.379 15.857 32.507  46.174
0.8 23932  58.109 74.113 15255 45291 58452 14.318 23.185  39.242

1.0 20.857  50.052 59.508 13.555 39.046 47.340 11.991 19.873  32.234
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TABLE 11.8

First Three Frequency Parameters for Antisymmetric-Antisymmetric Modes
(Clamped, Simply Supported, and Free) for « =0, 8 =0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>bja First Second Third First Second Third First Second Third
0.2 43830 52493 67030 295.05 376.58 52422 24968  71.557 131.90
0.4 12590 176.88 245.82  88.137 13598 20512 12.672  41.551  84.847
0.5 86.957 132.77  195.20 61786 10446 16554 10209 35.590  75.041
0.6 65521 10825 167.03  47.100 86.552 142.93 8.5554 31452  67.640
0.8 44103 82.882 11125  32.145 67266 91.803 6.4579 25593  44.921
1.0 34307 68.186 83227 25.095 55440 68910 5.1721 21.026  34.505

TABLE 11.9

First Three Frequency Parameters for Symmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for a =0.2, 8=0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=bja First Second Third First Second Third First Second Third
0.2 149.73 19640 26716 69.806 111.51 17564 6.5467 32519  89.532
0.4 40.759 71580 119.95 19.612 46.753  91.998 6.5072 31.975  42.138
0.5 27501 56.198 103.10 13.291 38298 81.761 6.4515 27936 31.246
0.6 20.330 48.056 94100 9.8231 33.726 70.335 6.3615 20.056  30.091
0.8 13386  40.228 55925 6.4284 29112 41.790 6.0166 12183  26.266
1.0 10.390 35.085 39.983 49558 25.652 29.767 52798 89432 21.699

TABLE 11.10

First Three Frequency Parameters for Symmetric-Antisymmetric Modes (Clamped,
Simply Supported, and Free) for & =0.2, 8=0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>bja First Second Third First Second Third First Second Third
0.2 403.54 48547 619.70 26278 339.10 472.77 48.103 102.64 214.30
0.4 106.21  152.18  215.27 69.979 11250 17446 26.139 63.155 107.79
0.5 69.984 110.13  166.51 46.271 83.090 13734 21.804 55.183 70.737
0.6 50.192 86.834 139.56 33237 66.495 11638 18.877 49.424 50.353
0.8 30.465 63.260 88.996 20.113 49209 71.049 15.025 29.859  40.620

1.0 21416 51.246 61.000 13986 39.999 48575 12329 20.532 33.338
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TABLE 11.11

First Three Frequency Parameters for Antisymmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for &« =0.2, 8=0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>b/a First Second Third First Second Third First Second Third
0.2 17112 22545 309.62 88.865 13795 21586 17.078 52953 131.65
04 54.146  93.315 15140 31.181 66.653 12242 16900 51.697  60.337
0.5 39.681 77.245 13377 23.645 57.446 111.10 16.640 43.007  50.130
0.6 31937 68748 116.01 19551 52.394 90.673 16223 33204  47.683
0.8 24610 59909 75338 15.608 46.619 59.465 14.695 23.646  40.576
1.0 21.504 51.246 61.094 13.874 39.999 48489 12.328 20.247  33.338

TABLE 11.12

First Three Frequency Parameters for Antisymmetric-Antisymmetric Modes
(Clamped, Simply Supported, and Free) for a« =0.2, 8 =0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>bja First Second Third First Second Third First Second Third
0.2 44120 53394 693.84 29766 38473 54693 25181 73.206 136.46
04 127.41 180.69 253.65  89.458 139.32 213.00 12.817 42.667  87.783
0.5 88.208 135.93  201.31 62.852 107.18 171.61 10.343  36.597  77.655
0.6 66.601 111.02 17224  47.992 88.893 147.06 8.6828 32.379  69.457
0.8 44986 85.140 11273  32.820 69.147 93.104 6.5752 26.391  45.747
1.0 35.089 69.885 84.808 25.649 56.886 70.179 52801 21.696  35.167

TABLE 11.13

First Three Frequency Parameters for Symmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for « =0.4, 8=0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>bja First Second Third First Second Third First Second Third
0.2 150.26  199.27 275.06 70278 113.73 18190 6.5973 33.301  93.654
0.4 41.080 73.161 123.41 19.867 47.887 94.876 6.5622 32.773  42.628
0.5 27.783 57.569 106.09  13.488 39.237  84.257 6.5098 28.324  32.050
0.6 20590 49.301 94597 99771 34556 70.789 6.4241 20.368 30.894
0.8 13.628 41329 56.343 65286 29.837 42.145 6.0934 12.384 27.013

1.0 10.628 35763  40.716  5.0281 26.162  30.232 5.3780 9.0610 22.326
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TABLE 11.14

First Three Frequency Parameters for Symmetric-Antisymmetric Modes (Clamped,
Simply Supported, and Free) for a =0.4, 8=0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m="bja First Second Third First Second Third First Second Third
0.2 40448 491.18 636.82 263.65 344.25 489.08 48940 10547 22551
04 106.71  154.64  220.89 70443 114.64 17997 26.674 64972 108.48
0.5 70410 11215 170.88 46.652 84.813 14154 22279 56.800 71.289
0.6 50.564  88.586 143.26 33560 67952 119.86 19.310 50.742  50.967
0.8 30.775 64.682 89.502 20.359 50.349 71502 15396 30.190 41.865
1.0 21.695 52.327 61.613 14.182 40.876 49.045 12.646 20.786  34.365

TABLE 11.15

First Three Frequency Parameters for Antisymmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for « =0.4, 8=0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>b/a First Second Third First Second Third First Second Third
0.2 172.68  229.78 32029 90.133 14127 22454 17.393 54414 138.39
0.4 55.050 95.670 156.11 31.825 68.401 126.62 17.228 53.162  61.442
0.5 40461 79308 137.87 24149 58957 11479 16975 43.845 51587
0.6 32643 70.642 11739 19969 53.779  91.898 16.567 33.862  49.101
0.8 25241 61.561 76501 15.940 47.850 60.426 15.048 24.083  41.820
1.0 22,102 52.333 62590 14.173  40.877 49.575 12.646 20.602  34.365

TABLE 11.16

First Three Frequency Parameters for Antisymmetric-Antisymmetric Modes
(Clamped, Simply Supported, and Free) for « =0.4, 8 =0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>b/a First Second Third First Second Third First Second Third
0.2 44398 54278 716.66 300.16 392.68 568.77 25.382 74.752  140.86
0.4 128.84 184.28 261.21 90.704 14248 220.61 12955 43.708  90.573
0.5 89.390 138.90 207.16 63.857 109.74 177.45 10470 37.536  80.123
0.6 67.621 113.60 177.18  48.833 91.082 148.68 8.8036 33242  70.565
0.8 45.816 87.233 114.13 33.457 70.898 94342 6.6865 27.134  46.530

1.0 35.821 71.438 86.320 26.171 58221 71392 53828 22321 35.795
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TABLE 11.17

First Three Frequency Parameters for Symmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for « =0.8, 8=0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>b/a First Second Third First Second Third First Second Third
0.2 151.26  204.76 29026 71.163 11791 193.82 6.6913 34.771 101.40
04 41.684 76.069 129.89 20.347 49977 100.32 6.6640 34.266 43.550
0.5 28314 60.076 111.65 13.860 40964 88.963 6.6171 29.054 33.548
0.6 21.078 51570 95531 10.267 36.082 71.646 6.5387 20.959 32.382
0.8 14.077 43320 57136 6.7178 31.164 42.818 6.2328 12.767 28.388
1.0 11.068 36.870 42.186 5.1641 27.052 31.144 55573 9.2905 23.479

TABLE 11.18

First Three Frequency Parameters for Symmetric—-Antisymmetric Modes (Clamped,
Simply Supported, and Free) for « =0.8, 8=0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free

m=>bja First Second Third First Second Third First Second Third
0.2 40626 50231 669.83 26530 35425 52021 50495 110.88 24642
0.4 107.67  159.22  231.66 71.314 11864 19051 27.661 68.375 109.78
0.5 71212 11590 179.14 47369 88.005 149.54 23.156 59.810 72.333
0.6 51.265 91.816 150.17 34.170  70.643 122.81 20.107 51.659  53.645
0.8 31.358 67282 90.463 20.824 52444 72362 16.078 30.818 44.152
1.0 22219 54218 62.844 14554 42450 49970 13232 21.269  36.247
TABLE 11.19

First Three Frequency Parameters for Antisymmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for « =0.8, 8=0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m="bja First Second Third First Second Third First Second Third
0.2 175.60  238.07 340.70 92484 14751 241.04 17980 57.172 150.98
0.4 56.725 99.983 16498 33.016 71.616 13459 17.836 55.909  63.493
0.5 41901 83.067 14553 25.082 61.728 121.78 17.595 45400  54.309
0.6 33940 74.080 11996 20.743 56.314 94190 17201 35.088  51.735
0.8 26.392 64535 78.679 16.556  50.094 62220 15.696 24.903 = 44.107

1.0 23190 54.274 65358 14.726 42469 51597 13.232 21.266 36.247
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TABLE 11.20

First Three Frequency Parameters for Antisymmetric-Antisymmetric Modes
(Clamped, Simply Supported, and Free) for « =0.8, 8 =0.2 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>bja First Second Third First Second Third First Second Third
0.2 44926  560.01 760.32 304.89 408.11 610.15 25757 77.609 149.24
0.4 131.51 19098 275.69  93.016 14839 23512 13211 45.616  95.824
0.5 91.588 144.37 21825 65.720 11447 18855 10.708  39.252  84.734
0.6 69.515 11833 18415  50.393 95117 151.73  9.0293 34.819 72.616
0.8 47352  91.041 11678  34.638 74.104 96.668 6.8948 28492  47.991
1.0 37172 74211 89.178 27.138 60.631 73.685 55754 23.464  36.965

TABLE 11.21

First Three Frequency Parameters for Symmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for a =0.3, 8=0.5 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free

m="bja First Second Third First Second Third First Second Third
0.2 14933 193.84 26093 69.512 109.50 170.78 6.2225 31.422  86.360
0.4 40.599 70303 117.11  19.496 45.660 89.483 6.1864 30.889 41.934
0.5 27.395 55.157 100.66  13.205 37.368  79.542 6.1350 27.788  30.176
0.6 20261 47157 91.893 9.7545 32.894 70.056 6.0519 19.937  29.053
0.8 13.364 39487 55716 63774 28392 41597 5.7395 12.075  25.358
1.0 10.395 34.653 39.598 49122 25188 29.421 5.0860 8.7751 20.953
TABLE 11.22

First Three Frequency Parameters for Symmetric-Antisymmetric Modes (Clamped,
Simply Supported, and Free) for « =0.3, 8=0.5 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=bja First Second Third First Second Third First Second Third
0.2 402.75 48042 606.19 262.09 334.62 460.42 46.734 99.724 206.16
04 105.87 150.00 210.56 69.691 11053 169.97 25337 61.227 107.38
0.5 69.736 10839  162.82 46.060 81.503 133.80 21.110 53.443 70435
0.6 50.006  85.385 136.43 33.076  65.149 11337 18256 47.825  50.115
0.8 30.360 62.163 88.694 20.011 48150 70.769 14.505 29.697  39.244

1.0 21.358  50.449 60.660 13.914 39.192 48265 11.902 20.375  32.192
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TABLE 11.23

First Three Frequency Parameters for Antisymmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for « =0.3, 8=0.5 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>b/a First Second Third First Second Third First Second Third
0.2 169.72 22162 301.31 87.739 13497 209.22 16.421 51.265 126.78
04 53473 91.343 14754 30593 64.970 11890 16250 50.029  59.340
0.5 39.157 75581 130.41 23.155 55975 10795 15.999 42205  48.488
0.6 31510 67.262 114.85 19.122 51.046 89.586 15.600 32.514  46.100
0.8 24289 58.652 74.452 15246 45437 58618 14.149 23.046  39.198
1.0 21.233 50.448 60.010 13.546 39.191 47484 11.898 19.636  32.192

TABLE 11.24

First Three Frequency Parameters for Antisymmetric-Antisymmetric Modes
(Clamped, Simply Supported, and Free) for a =0.3, 8 =0.5 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free

m=bja First Second Third First Second Third First Second Third
0.2 438.59 52630 67596 29534 37797 53046 24230 71.235 132.38
04 126.19 17747 24743 88.350 136.42 20693 12.331 41.390 85.043
0.5 87.248 133.33 196.42 61.972 104.81 166.81 99506 35455 75.176
0.6 65.821 108.81 168.07 47.259  86.850 143.90 8.3531 31332 67.733
0.8 44425 83.420 111.58 32261 67.507 92.005 6.3258 25493  44.952
1.0 34.647 68.639 83.651 25.182 55.647 69.092 5.0800 20.950 @ 34.447
TABLE 11.25

First Three Frequency Parameters for Symmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for a =0.5, 8 =0.3 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m="bja First Second Third First Second Third First Second Third
0.2 150.3 199.32 27526 70.333 113.73 182.00 6.4954 33.138  93.665
0.4 41.13 73.202 123.43  19.909 47.846  94.824 6.4627 32.618 42717
0.5 27.838 57.620 106.11 13.521 39.191 84.199 6.4127 28397  31.902
0.6 20.649  49.360  94.656 10.002 34511 70.844 6.3306 20427 30.756
0.8 13.696  41.398 56406 65462 29.799 42194 6.0154 1241 26.905

1.0 10.703  35.830 40.789 5.0358 26.167 30.239 5.3366 9.0399 22243
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TABLE 11.26

First Three Frequency Parameters for Symmetric-Antisymmetric Modes (Clamped,
Simply Supported, and Free) for a =0.5, 8 =0.3 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m="bja First Second Third First Second Third First Second Third
0.2 404.53 49131 63733 26371 34436 48958 48713 105.27 411.01
04 106.77  154.67  220.95 70498 114.63 180.02 26.549 64.813 108.57
0.5 70466 11218  170.90 46.705 84793 14153 22175 56.648 71.368
0.6 50.623  88.626 143.27 33.610 67929 119.82 19.217 50.703  50.929
0.8 30.839 64734 89.565 20403 50.324 71555 15319 30.242 41.731
1.0 21.764 52386 61.681 14.220 40.866 49.081 12.588 34.253 20.813

TABLE 11.27

First Three Frequency Parameters for Antisymmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for & =0.5, 8 =0.3 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free

m=>bja First Second Third First Second Third First Second Third
0.2 17272 229.82  320.51 90.155 141.23 224.67 17252 54.237 138.49

0.4 55104 95.687 156.12 31.821 68.325 126,58 17.092 52991 61.446
0.5 40.524 79.337 137.88 24134 58.883 114.74 16.845 43.830 51.421
0.6 32712 70.679 11744 19948 53.711 91921 16.445 33.828 48.944
0.8 25321 61.609 76.561 15916 47.797  60.435 14.956 24.009 41.686
1.0 22.188 52393 62.648 14.149 40.867 49.541 12.587 20.494 34.253
TABLE 11.28

First Three Frequency Parameters for Antisymmetric-Antisymmetric Modes
(Clamped, Simply Supported, and Free) for a =0.5, 8 =0.3 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>bja First Second Third First Second Third First Second Third
0.2 44403 54295 71720 30020 39282 569.30 25.114  74.519 140.67
0.4 128.89 184.28 261.27  90.725 14243 220.67 12.827 43561  90.398
05 89.442 13890 207.17  63.874 109.68 177.44 10372  37.404  79.946
0.6 67.678 113.61 17717  48.846 91.022 14871 8.7248 33.120  70.562
0.8 45883 87.261 11419 33462 70.845 94360 6.6325 27.029  46.502

1.0 35.896 71482 86.377 26170 58194 71.382 5.3432 22237 35738
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TABLE 11.29

First Three Frequency Parameters for Symmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for & =0.1, 8=0.6 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>b/a First Second Third First Second Third First Second Third
0.2 148.52 18959 250.27 68.827 106.24 16249 6.0718 30.218  80.994
04 40.153  68.022 11231 19.151 43999 85.541 6.0317 29.667 41.270
0.5 27.017 53.212 96497 12942 35990 76.094 59777 27.271  28.950
0.6 19.924 45409 88.065 9.5499 31.673 69.401 5.8918 19.525 27.837
0.8 13.068 37.956 55.143 62428 27328 41.104 55729 11.803 24.239
1.0 10.112 33577 38.749 48130 24380 28.835 85844 49194 20.014

TABLE 11.30

First Three Frequency Parameters for Symmetric-Antisymmetric Modes (Clamped,
Simply Supported, and Free) for a =0.1, 8=0.6 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m="bja First Second Third First Second Third First Second Third
0.2 401.28 47210 58294 260.75 32720 438.64 45335 95709 191.75
0.4 10512  146.33  202.80 69.020 10736 162.54 24.473 58.614 106.39
0.5 69.127 10540 156.72 45522 78962 128.07 20352 51.104  69.656
0.6 49489 82.835 131.23 32629 63.008 10858 17.571 45.684  49.480
0.8 29950 60.127 87978 19.682 46.481 70.124 13.925 29.245  37.425
1.0 21.004 48.847 59.886 13.657 37.874 47.643 11.412 20.024  30.680

TABLE 11.31

First Three Frequency Parameters for Antisymmetric-Symmetric Modes (Clamped,
Simply Supported, and Free) for « =0.1, 8 =0.6 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>bja First Second Third First Second Third First Second Third
0.2 167.32 21538 28712 85.817 130.23 197.87 15867 49.139 118.12
0.4 52163 87967 141.12 29.642 62435 11327 15.683 47.896  57.692
0.5 38.054 72.650 124.77 22407 53779 10295 15426 40.947  46.370
0.6 30.532 64.588 112.78 18498 49.031 87.740 15.023 31516  44.036
0.8 23438 56312 72781 14.745 43.642 57202 13584 22.348  37.378

1.0 20437  48.843 57980 13.094 37.870 45943 11.405 19.040  30.680
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TABLE 11.32

First Three Frequency Parameters for Antisymmetric-Antisymmetric Modes
(Clamped, Simply Supported, and Free) for a =0.1, 8 =0.6 (Type 1 Nonhomogeneity)

Clamped Simply Supported Free
m=>bja First Second Third First Second Third First Second Third
0.2 43425 51378 64530 29147 366.86 501.57 23.700 68.834 126.39
04 124.01 17220 23720  86.464 131.84 196.84 12.022 39.802  81.147
0.5 85.490 129.01 188.39 60.470 101.10 158.99  9.6836 34.031  71.694
0.6 64.332 105.08 16122  46.013 83.666 137.33 8.1136 30.026  64.558
0.8 43248 80.409 10950  31.326 64.955 90.159 6.1229 24.374  43.765
1.0 33.631 66343 81556 24417 53.657 67.356 49029 20.011 33.484

symmetric-antisymmetric, antisymmetric-symmetric, and antisymmetric—
antisymmetric modes about the two axes of the ellipse. The first few natural
frequencies can be chosen from them to ensure that none are left out. To fix
N, i.e., the number of approximations needed, calculations were carried
out for different values of N until the first five significant digits converged.
It was found that the results converged in about 5-6 approximations for a
nonhomogeneous circular plate (i.e., m=1) and in 11-13 approximations for
a nonhomogeneous elliptic plate. However, to be on the safer side, all
the results were obtained by carrying out up to 15 approximations. To get
a feel of the convergence, i.e., how fast the results converge, the results of
the first frequency for a« =0.4, 8 =0.2, and m = 0.5, increasing N from 2 to 15
for the clamped, simply supported, and free boundary conditions of the
symmetric-symmetric mode are given in Table 11.33.

TABLE 11.33

Convergence of Fundamental Mode Obtained from Symmetric-Symmetric
Modes for a =0.4, B=0.2, m=b/a=0.5 (Type 1 Nonhomogeneity)

N Clamped Simply Supported Free
2 8.0086 14.604 27.885
3 7.4048 13.570 27.823
5 6.5605 13.493 27.785
7 6.5130 13.489 27.783

10 6.5103 13.488 27.783

12 6.5098 13.488 27.783

13 6.5098 13.488 27.783

14 6.5098 13.488 27.783

15 6.5098 13.488 27.783

17 6.5098 13.488 27.783

18 6.5098 13.488 27.783

19 6.5098 13.488 27.783

20 6.5098 13.488 27.783
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It is interesting to note from Tables 11.1 through 11.32 that as m increases,
the frequencies decrease for all the boundary conditions. In particular, the
symmetric-symmetric mode, as given in Tables 11.5, 11.9, 11.3, and 11.17
shows that when B, the nonhomogeneity parameter for density, is fixed
(8=0.2) and «a, the nonhomogeneity parameter for Young’s modulus, is
increased (@ =0, 0.2, 0.4, and 0.8), the frequencies increase. Although it is
clear that the differences in the values of frequencies are not so significant for
the fundamental mode, in the case of higher modes there is, however, a
significant increase in the value of the frequencies as « is increased. This is
true for all the boundary conditions and for all the mode groups. These can
be clearly understood from Tables 11.5 through 11.20.

Similarly, we can observe that when « is fixed (¢ = 0.2) and B increases from
0 to 0.2, the frequencies decrease, as shown in Tables 11.1 through 11.8. Also,
we can notice that for modes higher than the first one, there is a significant
increasing tendency. Again, this is true for all the boundary conditions and for
all the mode groups about the two axes of the ellipse. Hence, the effect of
nonhomogeneity cannot be neglected in the vibration of plates.

Tables 11.21 through 11.32 give some results related to other nonhomo-
geneity parameters, to have the feel of the results for their comparison as a
benchmark and to prove that the nonhomogeneity parameter, as mentioned
earlier, plays a great role in the study of vibration of plates.

Figures 11.1 through 11.4 depict the variation of the first three frequency
parameters with all the boundary conditions for symmetric-symmetric,
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FIGURE 11.1
Variation of frequency versus aspect ratio [symmetric-symmetric modes, (0.2,0)] (type 1
nonhomogeneity).
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FIGURE 11.2
Variation of frequency versus aspect ratio [symmetric-antisymmetric modes, (0.2,0)] (type 1
nonhomogeneity).

symmetric-antisymmetric, antisymmetric-symmetric, and antisymmetric—
antisymmetric modes, respectively, for the nonhomogeneity parameter
(0.2, 0). These figures show that the frequencies increase as the aspect ratios
are increased. Similar results are shown in Figures 11.5 through 11.8 and in
Figures 11.9 through 11.12 for the nonhomogeneity parameters (0, 0.2) and (0.5,
0.3), respectively. An example of convergence pattern for the fundamental
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FIGURE 11.3

Variation of frequency versus aspect ratio [antisymmetric-symmetric modes, (0.2,0)] (type 1
nonhomogeneity).
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Variation of frequency versus aspect ratio [antisymmetric-antisymmetric modes, (0.2,0)] (type 1
nonhomogeneity).

300

--e- First (C)
—= Second (C)
—a— Third (C)
- First (S)
—x Second (S)
—e— Third (S)
--+- First (F)
—— Second (F)
—— Third (F)

250 -

200

Frequency
—
N
=)
1

100 1
504
IR AT ettt oS PP
0 : - : E R
0 0.2 0.4 0.6 0.8 1 1.2
m=bla
FIGURE 11.5

Variation of frequency versus aspect ratio [symmetric-symmetric modes, (0,0.2)] (type 1
nonhomogeneity).



Plates with Nonhomogeneous Material Properties 305

700
-- - First (C)
600 — = — Second (C)
—a— Third (C)
--x--- First (S)
500 A —x - Second (S)
—e— Third (S)
--+--. First (F)
2 400 - . — - —Second (F)
S —=— Third (F)
&
(5]
& 300
200 -
100 -
0 T T T c T T
0 0.2 0.4 0.6 0.8 1 1.2
m=bla
FIGURE 11.6

Variation of frequency versus aspect ratio [symmetric-antisymmetric modes, (0,0.2)] (type 1
nonhomogeneity).
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FIGURE 11.8
Variation of frequency versus aspect ratio [antisymmetric-antisymmetric modes, (0,0.2)] (type 1
nonhomogeneity).
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Variation of frequency versus aspect ratio [symmetric-symmetric modes, (0.5,0.3)], (type 1
nonhomogeneity).
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Variation of frequency versus aspect ratio [antisymmetric—antisymmetric modes, (0.5,0.3)] (type
1 nonhomogeneity).

mode from symmetric-symmetric modes is illustrated in Figure 11.13 with
clamped, simply supported, and free boundary conditions, as the number of
approximations, N, increased. The nonhomogeneity parameter in this figure
has been taken as (0.4, 0.2) for the aspect ratio of m = 0.5.
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FIGURE 11.13
Convergence of fundamental mode obtained from symmetric-symmetric modes for (0.4,0.2),

m=>b/a=0.5, (type 1 nonhomogeneity).
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11.4.2 Special Case (when a = =0)

This special case reduces the problem to that of a homogeneous elliptic or
circular plate, for which results were already reported in the earlier chapters.
Using this present computer program taking a =8 =0, we have again calcu-
lated all the results for various values of m as given in Table 11.34, which are
exactly the same as given in the papers of Singh and Chakraverty (1991;
1992a,b).

11.4.3 Results for Type 2 Nonhomogeneity

Although results can be worked out for various combinations of « and
B (ie., the degree of nonhomogeneity), only a few are reported here.
In Tables 11.35 through 11.39, the first three frequencies are reported for
various values of m from 0.1 to 1.0 in steps of 0.1, with all the
modes of symmetric-symmetric, symmetric-antisymmetric, antisymmetric—
symmetric, and antisymmetric-antisymmetric cases. These tables give
the results for five chosen sets of values of the degree of nonhomogeneity
of (a,B), viz., (4,2), (4,3), (5,3), (5/4), and (10,8), respectively. The computa-
tions have been carried out only for the free boundary condition. Poisson’s
ratio, v, was taken as 0.3 in all the calculations. If one wants to find all the first

TABLE 11.34
First Five Frequencies for Homogeneous Case (a = =0) (Type 1 Nonhomogeneity)
m B.C. A Aa As s As
C 149.66 171.10 198.55 229.81 266.25
0.2 S 69.684 88.792 112.92 141.23 174.94
F 6.7778 17.389 25.747 32.817 48.582
C 40.646 53.982 71.414 93.202 106.08
04 S 19.514 31.146 46.823 66.937 89.356
F 6.7321 13.084 17.195 26.393 32.287
C 27.377 39.497 55.985 69.858 76.995
0.5 S 13.213 23.641 38.354 46.151 62.764
F 6.6705 10.548 16.921 22.015 27.768
C 20.195 31.736 47.820 50.060 66.429
0.6 S 9.7629 19.566 33.122 33.777 47916
F 6.5712 8.8447 16.484 19.061 19.921
C 13.229 24.383 30.322 39.972 44.792
0.8 S 6.3935 15.634 20.012 29.139 32.768
F 6.1861 6.6841 12.128 14.880 15.174
C 10.216 21.260 34.878 39.773 51.030
1.0 S 4.9351 13.898 25.613 29.720 39.957
F 5.3583 9.0031 12.439 20.475 21.835

B.C., Boundary Condition
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TABLE 11.35

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Vibration of Plates

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for a =4, 8 =2 (Type 2 Nonhomogeneity)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 9.9876 30.227 56.883 122.54 191.19 255.19
0.2 9.9704 30.139 56.568 61.783 98.318 134.26
0.3 9.9490 29.953 55.841 41.739 68.351 96.014
0.4 9.9087 29.613 54.423 31.858 53.889 77.605
0.5 9.8462 29.024 42.958 26.019 45.405 66.426
0.6 9.7489 28.031 30.130 22.177 39.692 58.356
0.7 9.5935 22.495 26.473 19.446 35.374 43.724
0.8 9.3347 17.700 24.409 17.369 31.797 33.984
0.9 8.8941 14.678 22.185 15.679 27.453 28.680
1.0 8.1975 12.899 20.079 14.198 22.978 25.922
Anitsymmetric-Symmetric Antisymmetric-Antisymmetric

m First Second Third First Second Third
0.1 19.337 42.736 72.671 81.975 157.93 223.43
0.2 19.298 42.562 72.138 40.987 80.377 116.18
0.3 19.221 42.176 70.869 27.325 55.074 81.940
0.4 19.087 41.442 68.338 20.493 42.753 65.486
0.5 18.864 40.139 51.093 16.395 35.533 55.715
0.6 18.495 37.993 38.336 13.662 30.768 48.919
0.7 17.887 30.939 35.024 11.710 27.304 43.577
0.8 16.930 26.623 31.761 10.246 24.550 39.064
0.9 15.631 24.238 28.679 9.1084 22.192 35.153
1.0 14.198 22.978 25.922 8.1975 20.079 31.749
TABLE 11.36

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for a =4, 8 =3 (Type 2 Nonhomogeneity)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 13.831 45.196 89.268 181.01 301.52 427.75
0.2 13.818 45.180 89.254 91.456 156.32 227.34
0.3 13.793 45.074 88.854 61.965 109.75 164.64
0.4 13.751 44.805 87.803 47.445 87.385 134.99
0.5 13.681 44274 58.689 38.871 74.350 117.44
0.6 13.568 41.155 43.304 33.230 65.653 83.404
0.7 13.383 30.685 41.583 29.222 59.103 61.888
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TABLE 11.36 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for a =4, 8 =3 (Type 2 Nonhomogeneity)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.8 13.065 24.080 38.905 26.174 48.046 53.592
0.9 12.495 19.898 35.616 23.684 38.758 48.605
1.0 11.539 17.455 32.293 21.471 32.420 44.007
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 27.981 65.543 116.28 115.00 242.06 360.67
0.2 27.963 65.535 116.24 57.524 123.78 189.78
0.3 27.910 65.329 115.52 38.796 85.346 135.66
0.4 27.794 64.777 108.42 28.796 66.677 109.88
0.5 27.578 63.662 74.131 23.050 55.766 94.784
0.6 27.195 55.479 61.588 19.218 48.589 84.424
0.7 26.524 44.479 58.107 16.478 43.389 76.240
0.8 25.362 37.917 53.477 14.421 39.246 63.769
0.9 23.592 34.273 48.602 12.821 35.633 54.534
1.0 21.471 32.420 44.007 11.539 32.293 48.497

TABLE 11.37

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for a =5, 8 =3 (Type 2 Nonhomogeneity)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.1 12.714 37.090 68.040 156.776 241.178 318.52
0.2 12.701 37.038 67.874 79.062 124.06 167.59
0.3 12.675 36.904 67.374 53.437 86.327 120.01
0.4 12.633 36.630 66.289 40.814 68.183 97.366
0.5 12.567 36.121 54.314 33.365 57.618 83.860
0.6 12.461 35.212 38.038 28.472 50.579 72.539
0.7 12.288 28.340 33.653 25.001 45.296 53.772
0.8 11.991 22.235 31.335 22.369 40.898 41.724
0.9 11.463 18.378 28.609 20.225 33.651 36.994
1.0 10.583 16.124 25.922 18.330 28.142 33.466

(continued)
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TABLE 11.37 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for a =5, 8 =3 (Type 2 Nonhomogeneity)

Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 24.125 51.719 86.060 105.83 200.51 280.26
0.2 24.097 51.625 85.779 52915 102.08 145.77
0.3 24.035 51.357 84.910 35.276 70.001 102.91
0.4 23919 50.784 82.999 26.457 54.405 82.465
0.5 23.714 49.695 64.262 21.166 45.300 70.472
0.6 23.360 47.737 47.991 17.638 39.323 62.247
0.7 23.746 38.471 44.647 15.118 35.005 55.796
0.8 21.702 32.840 40.827 13.228 31.581 50.259
0.9 20.150 29.729 36.992 11.758 28.622 44911
1.0 18.330 28.142 33.466 10.583 25.922 39.949

TABLE 11.38

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for a =5, 8 =4 (Type 2 Nonhomogeneity)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.1 16.580 52.178 100.63 216.16 354.29 495.51
0.2 16.567 52.194 100.74 109.18 183.40 262.78
0.3 16.542 52.135 100.52 73.960 128.57 189.99
0.4 16.497 51.922 99.720 56.621 102.30 155.77
0.5 16.423 51.457 70.203 46.394 87.082 135.78
0.6 16.302 49.164 50.571 39.677 77.016 97.358
0.7 16.101 36.608 48.891 34914 69.512 72.157
0.8 15.745 28.673 46.067 31.303 55.945 63.216
0.9 15.090 23.642 42.329 28.355 45.072 57.456
1.0 13.951 20.716 38.414 25.721 37.675 52.057
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 32.833 74.707 129.89 139.15 286.42 421.37
0.2 32.825 74.768 130.05 69.598 146.36 221.19
0.3 32.787 74.660 129.63 46.419 100.83 157.79

0.4 32.687 74.233 128.21 34.830 78.745 127.71
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TABLE 11.38 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for a =5, 8 =4 (Type 2 Nonhomogeneity)

Antisymmetric-Symmetric Antisymmetric-Antisymmetric

m First Second Third First Second Third
0.5 32.488 73.284 87.697 27.876 65.870 110.25
0.6 32.119 65.422 71.423 23.239 57.442 98.449
0.7 31.445 52.235 68.022 19.924 51.374 89.226
0.8 30.222 44.296 63.033 17.437 46.564 73.430
0.9 28.228 39.871 57.451 15.501 42.356 62.661
1.0 25.721 37.675 52.057 13.951 38.414 55.678
TABLE 11.39

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for a =10, 8 =8 (Type 2 Nonhomogeneity)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.1 26.257 70.648 121.73 325.96 484.80 622.87
0.2 26.243 70.733 122.04 164.46 249.44 327.27
0.3 26.214 70.781 122.15 111.26 173.75 234.48
0.4 26.162 70.702 121.82 85.093 137.60 191.16
0.5 26.073 70.394 111.06 69.688 116.87 166.49
0.6 25.922 69.686 77.581 59.611 103.45 140.73
0.7 25.658 57.584 68.196 52.508 93.712 104.00
0.8 25.174 44935 65.214 47.158 80.395 85.684
0.9 24228 36.891 60.467 42.811 64.579 78.233
1.0 22.449 32.249 54.990 38.884 53.888 70.992
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 47.716 95.299 149.98 224.49 409.55 555.31
0.2 47.734 95.483 150.43 112.24 208.63 288.69
0.3 47.735 95.574 150.53 74.833 143.22 203.98
0.4 47.682 95.413 149.92 56.124 111.54 164.02
0.5 47.526 94.821 148.13 44.899 93.183 141.25
0.6 47.189 93.455 96.503 37.416 81.290 126.34
0.7 46.512 76.421 90.550 32.071 72.860 115.09
0.8 45.142 64.129 85.227 28.062 66.283 99.329
0.9 42.556 57.182 78.220 24.944 60.531 84.330

1.0 38.884 53.888 70.992 22.449 54.990 74.779
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five frequencies, then the results can be obtained from the various combinations
of symmetric-symmetric, symmetric-antisymmetric, antisymmetric-symmetric,
and antisymmetric-antisymmetric modes about the two axes of the ellipse.
Consequently, the first five natural frequencies can be chosen (as pointed out
earlier) from them to ensure that none are left out. To fix N, i.e., the number of
approximations needed, calculations were carried out for different values of N
until the first five significant digits converged. The results converged in about
4-5 approximations for a nonhomogeneous circular plate (i.e. m=1), and in
10-12 approximations for a nonhomogeneous elliptic plate. However, to be on
the safer side (similar to type 1 nonhomogeneity), all the results were obtained
by carrying out up to 15 approximations. To get a feel of the convergence, i.e.,
how fast the results converge, the results for « =4, 8 =3, and m=0.5 and 0.8
with increasing N from 2 to 15 for the case of symmetric-symmetric mode are
given in Table 11.40.

Figures 11.14 through 11.16 give the effect of aspect ratio on the first
three frequencies corresponding to the four separate modes, viz., symmet-
ric-symmetric, symmetric-antisymmetric, antisymmetric-symmetric, and
antisymmetric-antisymmetric modes, denoted by SS, SA, AS, and AA,
respectively, for the different sets of degree of nonhomogeneity («,3) as
4,2), (5,4), and (10,8).

For the special case of homogeneous elliptic and circular plate (¢ =8=0),
the obtained results were compared with those of Singh and Chakraverty
(1991) and was found to be in exact agreement, as reported in Table 11.41.

TABLE 11.40

Convergence of First Three Modes Obtained from Symmetric-Symmetric Modes
for a =4, =3, m=b/a=0.5, 0.8 (Type 2 Nonhomogeneity)

m=0.5 m=0.8
N First Second Third First Second Third
2 14.605 14.605
3 13.766 59.498 13.136 24.357
4 13.681 49.104 59.594 13.069 24.302 49.242
5 13.681 45.752 59.076 13.069 24.224 40.317
6 13.681 45.712 58.693 13.065 24.080 39.641
7 13.681 44.339 58.693 13.065 24.080 39.156
8 13.681 44285 58.690 13.065 24.080 39.000
9 13.681 44285 58.689 13.065 24.080 38.920
10 13.681 44285 58.689 13.065 24.080 38.908
11 13.681 44.274 58.689 13.065 24.080 38.905
12 13.681 44274 58.689 13.065 24.080 38.905
13 13.681 44274 58.689 13.065 24.080 38.905
14 13.681 44.274 58.689 13.065 24.080 38.905
15 13.681 44.274 58.689 13.065 24.080 38.905
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Variation of frequency versus aspect ratio (10,8) (type 2 nonhomogeneity).

From Tables 11.35 through 11.39 and 11.41, it can be observed that as m
increases, the frequencies decrease. When « is fixed and S8 is increased, then for
various values of m, the frequencies increase, as shown in Tables 11.35 and
11.36 (0« =4, 8 =2, 3) and Tables 11.37 and 11.38 (« = 5, B = 3, 4). Furthermore,
from Tables 11.36 and 11.37, it is also important to note that when B is fixed
(B=23) and « is increased from 4 to 5, the corresponding frequencies decrease

TABLE 11.41

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for « =0, 8 =0 (Type 2 Nonhomogeneity)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.1 6.7780 32.773 89.433 94.283 187.95 385.73
0.2 6.7777 32.853 89.171 48.582 102.93 212.81
0.3 6.7653 32.709 71.775 33.709 76.347 158.74
0.4 6.7321 32.287 41.937 26.392 63.386 107.60
0.5 6.6705 27.768 31.538 22.014 55.406 70.561
0.6 6.5711 19.921 30.355 19.060 49.637 50.200
0.7 6.4185 15.159 28.636 16.888 37.799 44.960
0.8 6.1860 12.128 26.454 15.174 29.743 40.816
0.9 5.8381 10.190 24.103 13.730 24.274 37.008
1.0 5.3583 9.0031 21.837 12.438 20.474 33.502

(continued)
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TABLE 11.41 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for a =0, 8 =0 (Type 2 Nonhomogeneity)

Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 17.364 53.128 131.64 51.196 138.31 242.52
0.2 17.388 53.277 130.77 25.747 73.648 136.59
0.3 17.343 52.920 95.383 17.301 53.017 103.95
0.4 17.195 51.997 60.264 13.084 42.929 87.968
0.5 16.921 42.991 50.410 10.547 36.828 77.858
0.6 16.483 33.239 47.937 8.8447 32.590 69.416
0.7 15.821 27.357 44.582 7.6161 29.319 55.089
0.8 14.879 23.789 40.775 6.6841 26.570 45.769
0.9 13.699 21.694 37.007 5.9508 24.107 39.524
1.0 12.438 20.474 33.502 5.3583 21.835 35.260

for various values of m. It is interesting to conclude, either from Tables 11.35
through 11.39 or from Figures 11.14 through 11.16, that the fundamental
modes remain nearly a constant as the aspect ratio of the ellipse increases
from 0.1 to 1.0 for any particular set of the degree of nonhomogeneity.
However, the fundamental modes increase as the degree of the nonhomo-
geneity changes from (0,0) to (10,8) for a particular value of aspect ratio of the
ellipse. Furthermore, the higher modes (second to fifth) depend on the aspect
ratio of the ellipse as shown in Figures 11.14 through 11.16 and Tables 11.35
through 11.39, and these also increase as the nonhomogeneity changes from
set (0,0) to (10, 8).

Thus, it can be confirmed that the natural frequencies of vibration depend
on the present type of degree of the nonhomogeneity. A design engineer can
directly see the presented plots of the figures to have the knowledge about a
particular mode for any of the aspect ratio of the nonhomogeneous plate, to
finalize the design of the structure. The methodology can be easily extended
to various other types of nonhomogeneity in plates with complex geometry.
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Plates with Variable Thickness

12.1 Introduction

The study of transverse vibration of plates of variable thickness is very
important in a wide variety of applications in the industry and engineering.
Lot of studies have been carried out on rectangular and circular plates with
variable thickness. Again, in this chapter, the example of elliptic plate
with variable thickness is taken into consideration to understand how the
variable thickness plates are to be handled using the method of boundary
characteristic orthogonal polynomials (BCOPs). Before going into the details
of the methodology and the corresponding results, we will discuss some of
the works specific to the elliptic plates with variable thickness.

Singh and Goel (1985b), Singh and Tyagi (1985a), and Singh and Chakraverty
(1991a, 1992) considered the vibrations of elliptic and circular plates with
clamped boundary and thickness varying according to different laws. In these
studies, the deflections were assumed to be the same along the concentric
ellipses. Previously, McNitt (1962) and Mazumdar (1971) obtained few frequen-
cies for elliptic plates based on the above assumption. The approach, in general,
in the works of Singh and Goel (1985b), Singh and Tyagi (1985a), and Singh and
Chakraverty (1991a, 1992) was to take an N-term approximation and then work
out various approximations by Ritz or Galerkin methods. The results obtained
from these studies were doubtful, as the eccentricity of the domain was
increased. However, when the ellipses were very close to a circular domain,
the accuracy was better.

As such, orthogonal polynomials were used for elliptic and circular
plates as mentioned in the previous chapters (Singh and Chakraverty
(1991b, 1992a,b, 1993)), where we got excellent results. The basic aim of
this chapter is to use the BCOPs in plates with variable thickness.
No assumptions were made about the type of uniform displacement along
the concentric ellipses. Hence, the procedure is valid for ellipses of all eccen-
tricities. Again, we start from a set of linearly independent functions, and a
set of orthogonal polynomials is generated by Gram-Schmidt process. These
are used as the basis functions in the Rayleigh-Ritz method. The number of
approximations is successively increased and the results are compared with
the previous approximation. The process is truncated when the desired

319



320 Vibration of Plates

numbers of frequencies converged to the first three frequencies of
each group, viz., symmetric-symmetric, symmetric-antisymmetric, antisym-
metric-symmetric, and antisymmetric-antisymmetric modes, to four or five
significant digits.

12.2 Generation of BCOPs for Variable Thickness Plates

The example domain was considered as ellipse, defined by

2
p-{en L+L<1, nyer} (12.1)
where 2 and b are semimajor and semiminor axes of the elliptic domain,
respectively, as shown in Figure 12.1. We introduced variables u# and v to
obtain

x—2+—:1—u:02; 0<u<l 0<v<l1 (12.2)

It may be noted that u =0 or v =1 designate the boundary 9D of the domain.
The center is given by u=1 and v=0, as shown in Figure 12.1. Hence, the
curves u = constant and v = constant give the concentric ellipses.

As in the previous chapters, the orthogonal polynomials are generated
from the following linearly independent functions:

[N
]

<[+
1
I

&N| ®

u=constant

u=0orv=1

s RS

FIGURE 12.1
Domain of an elliptical plate.
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Fixy) =fxy)fitxy), i=1,2,...,N (12.3)

where the first term on the right-hand side of Equation 12.3, viz., f{x,y), satisfies
the essential boundary conditions on the boundary 0D, and f; are the suitably
chosen linearly independent functions, involving the products of non-negative
integral powers of x and y. As such, f(x,y) will determine the symmetric—
symmetric, symmetric-antisymmetric, antisymmetric-symmetric, and anti-
symmetric-antisymmetric modes, corresponding to the integral powers of
x and y as even—even, even—odd, odd-even, and odd-odd, respectively. This
chapter introduces the method to handle any variable-thickness property of
the plates. Accordingly, the inner product of the two functions p(x,y) and q(x,y)
over the domain D can be defined as

() = ﬂh(x,wp(x,y)q(x,y)dxdy (12.4)
D

where h(x,y) in the above integral designates the thickness of the plate. For
the particular simple functions, the above integral can be evaluated exactly,
while in other cases one may use any suitable numerical methods. The norm
of p is thus given by

Ipll= (p.p)? (12.5)

The Gram-Schmidt process can be described, as in the previous chapters,
by following the steps given below for generating the orthogonal polyno-
mials ¢;:

b =F1
i-1 12.6
¢ =Fi— ) i, (126)
=1
where
;i = , =1,2,...,i—1, i=2,3,...,N 12.7)
=600 (

The normalized polynomials can be generated by dividing each ¢; by its
norm

(12.8)

As mentioned earlier, all the integrals involved in the inner product can
be evaluated in closed form, if the variable-thickness function h(x,y) is
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chosen as polynomial in x, y, u, and v, where u and v are already
defined. The result of the integrals can be written as given by Singh and
Chakraverty (1994)

it 4 e Vil i
Jinyjukvtdxdy =t 1pit! ) st 1)k+1 )12 ) 2
B )i+§'+*+k+2)%f+1

(12.9)

where i, j are the even integers and i, j, k, t > 1.
The following results are also very useful while evaluating the integrals:

. . i j+1

L 2git1pitl )%1 ,%

x'yv'dxdy = —— (12.10)
i+j+t+2) )i+j+2

D 2

and

BB Y+ 1

ijiyjukdxdy =gty L L2 L (12.11)

i+j

5 k41

As mentioned in the previous chapters, the orthogonal polynomials can be
written as

bi=f> Buf (12.12)
k=1

Accordingly, from Equation 12.7 we can obtain

i= , =1,2,...,i—1, =2,3...,N
= ey .
j
<ﬁfirf};Bjkﬁ<>

-— ]- (12.13)
<sz_:13jkﬁ<’sz: Bﬂfl>

The function f(x,y) defined by

floy) = A =2* =y /) = w (12.14)
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designates the boundary condition cases of clamped, simply supported,
and completely free edges, represented by the parameters as 2, 1, and 0,
respectively. The functions f; are suitably chosen linearly independent func-
tions, involving the products of non-negative integral powers of x and y, i.e.,
they are of the form

filx,y) = 2"y (12.15)

By using Equations 12.14 and 12.15 in Equation 12.13, along with the defin-
ition of the inner product from Equation 12.4, we can obtain

j
Z B,‘kHh(x,y)uZSmermkyn,-+nk dxdy
7 (12.16)

Z Z Blfﬁ]gfjh(xry uzsxmfrm{ynﬁn;dxdy

=1 =1

Thus, the constants in Equation 12.6 can be determined by using Equation
12.16 for various-thickness functions. If the thickness functions are poly-
nomials, then the integrations can be computed exactly by utilizing the
formulae given in Equations 12.9 through 12.11. If we have linear thickness
variations as

h(x,y) =1+ nx + 6y (12.17)

then we can write the numerator of Equation 12.16 as

Zlgjk [JJ 25 ity i +nkdxdy + nJJuZSxm,+mk+1yn,+nkdxdy
D

+0JJ 25, m+mkyﬂi+"k+1dxdy:| (12.18)
D

while the denominator of Equation 12.16 can be written as

jo
Z Z B]§B]§ |:Jju25xtﬂ§+mgyng+ng dXdy + nJJuZSxm§+mg+1yn§+n;dxdy

&=1 (=1 D D
+ 0 JuZSxm§+mgy’1§+”{+1dxdy] (1219)
D

Thus, the BCOPs for the thickness variation can be obtained.
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12.3 Rayleigh-Ritz Method in the Variable Thickness Plates

Let us assume the displacement to be of the form
w(x,y,t) = W(xy) sin wt (12.20)

where w is the radian natural frequency and W(x,y) is the maximum dis-
placement. Equating the maximum strain energy and the maximum kinetic
energy reduces the problem to the Rayleigh quotient

P PR 20 - (W~ Wiy, Jddy
2 _
Y T 120 — 1) [[hW2dxdy

D

(12.21)

where E, p, and v are Young’s modulus, the mass per unit volume, and
Poisson’s ratio of the material of the plate, respectively. Now, substituting
the N-term approximation

N
Wexy) =D cid; (12.22)
j=1

in Equation 12.21 and minimizing »” as a function of the coefficients
€1, €, ..., CN yields

N
(al‘]' — /\Zbij) C]‘ = 0, i= 1, 2/ DR N (12'23)
j=1

where

0 = JJHS [¢,XX¢]XX n ¢lyy¢]yy n V(q.)lxx(b]yy + d)ly(yqs]xx)

D
+2(1— y)¢§<y¢fﬂ dxdy (12.24)
by = ” HedXdY (12.25)
D/
12pa*(1 — 1*)w?
A2 = ZPT  V)e 12.2
i (12.26)
x=* y-¥ g (12.27)
- a 7 - a 7 - hO .
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in which hy is the thickness at some standard point, taken here to be the
origin, and the new domain D’ is defined by

D' ={(X)Y), X*+Y/m*<1,XY€ER}, m=b/a (12.28)

In this chapter, the following two thickness variations have been considered
for the analysis:

(i) H=1+aX+BX? (12.29)
(i) H=1+4yv+80° (12.30)

where «, B, v, and 6 are the constants. The above-mentioned thickness
variation gives both the linear as well as quadratic variation, i.e., if we take
a and v as zero, we obtain a pure quadratic variation of thickness in both the
cases, whereas if 8 and 6 are zero, then the problem is of linear thickness
variation. In the former case, the lines of constant thickness are parallel to
the minor axis and as X is varied, one has a parabolic variation parallel
to the X-axis. In the latter case, the curves of constant thickness are concentric
ellipses, where v = constant. This is the analogous problem of axisymmetric
vibrations of a circular plate. If b =a or m =1, one can observe from Equation
12.2 that the variable v is the nondimensional radial distance from the
center, i.e.,

P = - (2)2: R? (12.31)

and hence, for a circular plate the thickness variation Equation 12.30
reduces to

H=1+yR +8R? (12.32)

Now, we can express Equation 12.24 in terms of orthogonal polynomials and
show how to obtain the terms for the computation of the matrices involved in
Equation 12.23 as discussed below:

We have

b =1y Bk (12.33)
k=1

By substituting the variable thickness of Case (i), mentioned in Equation
12.29, and determining the double derivatives of ¢; with respect to x, we
can write the first term of Equation 12.24 as

H(1 +aX + 3X2)3¢,?<X¢]?<XdXdY = PX1+4 PX2+PX3 +---+PX9 (12.34)
D
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where

i j
PX1 = Bymi(me — 1)) Bjm(m; — 1)”ka+"”’4¥’”+’”1425[A]dXdY
k=1 (=1

D
(12.35)
A=[1+A1X+AX> 4+ AsX® + AsX* + AsX® + AeX°] (12.36)
A1 =3«
Ay =3(a® +B)
Az = a(a® + 6B) 12.57)

Ay =3B(a” + B)
As = 3%
As =p°

Similarly, the other terms can be written as

i ]
PX2 = — ZBikmk(mk _ 1) ZBjES(ALmZ 4 2)JJXMk+MI*2Yﬂk+H(‘u2571 [A]dXdY
k=1 =1 D
(12.38)

i j
PX3=" Bum(m—1)>  Bjs(s — 1)”ka+me"”"%25’2[A]dXdY (12.39)
k=1 (=1 D

i j
PX4 = — Z Bius(dmy + 2) Z Bigte(my — 1)”}{’"””“”’21/”””’1,125’1[A]dXdY
k=1

= (=1 D

(12.40)

i j
PX5 =3~ Bustdm +2) 3 Bystém, +2)|[ Xy v 2 Adxay
k=1 (=1 D
(12.41)

i i
PX6 = — Zﬁiks(4mk +2) ZB]‘AS(S _ 1)JJX”'k+W+2Ynk+mu2s_3[A]dXdY
k=1 /=1 D
(12.42)

i j
PX7 = Byds(s — 1) > Byme(m, — 1)JJXW+W Y ety B 2[AldXdY (12.43)
k=1

= (=1 D
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i i
PX8=— Byds(s —1)> Bys(dm; + Z)HX’"”W“Y”W”u25*3[A]dXdY

k=1 =1 D

(12.44)
i j
PX9 = Byds(s —1) > Bjds(s — 1)”X’””’”‘+4Y”k+”‘u25*4[A]dXdY (12.45)
k=1 (=1 D

The second term of Equation 12.24 will be

”(1 +aX +BX?)’p b/ dXdY = PY1 4+ PY2+ PY3 +--- 4+ PY9  (12.46)
D

where

i j
PY1 =" Bum(ng — 1) Z Bign(ng — 1)ﬂXm’<+’"fY"k+"’*4u25[A]dXdY (12.47)
k=1 (=1 D

PY2 = - ZB w1k (1 — 1)2@; (4nz+Z)ﬂX’"H’”fY”k*"HuZS*l[A]dXdY
D
(12.48)

PY3— Zﬂlknk e — 1)2311 (= D[y Y Aldxay 12.49)
D

PY4 = — Zﬁlk 2(4nk+2)2 Biene(ny —1)”X’"k+’"'Y"k+”‘ 2271 AldXdY
/=1
D

(12.50)

PY5 = Zﬁlk (4n + 2)2@ (4n, + 2)”ka+mfwk+”fu25 2[AldXdY

D

(12.51)

PY6 = Z 3,k 5 (dn +2)ZB](, )ﬂ;{f"k+'m1/"k+m+2 uF3[AldXdY
D

(12.52)

i j
PY7 = Zﬂik%s 1) Bjmi(n— 1)JJXW*’"*‘Y"H"4”uZS*ZIAldXdY (12.53)
k=1 =1
D
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i j
PY8 = =3 By — 1> B, + 2)JJ Xty =S AldXdY
Pl = B
(12.54)

i ]
PY9 =3 By (6= 1) D By s = 1 [yt aaxay
= " = D

(12.55)

Similarly, the third term of Equation 12.24 can be written as

”(1 +aX + BX?)’$ ¢ dXdY = PXI1 + PXI2 + PXI3 + - - - + PXI9
D
(12.56)

where

i j
PXI1 =Y " Bymy(m — 1) > Bjne(ne — 1)JJX'"k+"“*2W+m*2uZS [AldXdY
k=1 /=1 D
(12.57)

i ]
PXI2 = — Bikmk(mk — 1) ZB]Z % (41’1@ + 2)JJX’nk+mz'72lek+mu2571[A]dXdY
k=1 =1
D

(12.58)

i j 4 _
PXI3 =" Bymy(mi — 1) ijé(s - 1)ijmk+mf*Zy"k+”f‘+2u25*2[A]dXdY
k=1 = »
(12.59)

i ]
P14 = = Y Byt +2) S Bnsns — 1) [ Xy agaxay
k=1 /=1 D
(12.60)

i j
PXI5 = " Bus(dmi +2) > B % (4n, + Z)JJX’””"”Y”””‘L:%‘z[A]dXdY
=1

k=1 D

(12.61)

i j
PXI6 = — Z Bis(dmy + 2) ZBM%(S — 1)ﬂka+me”k+”f+2u25‘3[A]dXdY
k=1 (=1 D
(12.62)
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i j
PXI7 = Byds(s — 1)) Bjme(n, — 1)JJX’”W””2Y"H"f*zuZS*z[A]dXdY
k=1 =1 D

(12.63)

i j
PXI8 = = Budss —1)> By % (4n, + 2)JJX’””W+2Y””’WZS*3[A]dXdY
k=1 (=1

D
(12.64)
PXI9 = Zﬁ,k4s(s 1) Zﬁﬂ, )ﬂxmﬁ"“+2Y”k+m+2 u=4AldXdY
D
(12.65)

We can obtain the fourth term of Equation 12.24 as

ﬂu +aX + ﬁxz)%}%fdedY = PYI1 + PYI2 + PYI3 + - -- 4 PYI9
D
(12.66)

where

PYI =Y Bym(ni — 1) ZB],m/(mg - 1)”)("“*”’[ 2ynetn =2, 5[ A1dXdY
k=1

=1 D
(12.67)

PYI2 = — ZB,knk(nk 1)231/5(41714—|—2)”ka+""’¥”“”£ 2y 1 AldXdY
k=1 (=1
D

(12.68)

PYI3 = ﬁ,knk(nk — 1) BiAs(s — 1) || Xmtmet2ymtni=2y 2521 AldXdY
il
— /=1
D

(12.69)

i j
PYI4 = — Z Bi % (4ng +2) Z Bjetme(my — 1)JJka+m‘*2Y”k+”fu25*1[A]dXdY
k=1 (=1
D
(12.70)

i j
PYI5 = Z Bi iz (4ng +2) Z Bis(dmy +2) ” Xyt 25=2[ Al XdY
k=1 m /=1 D
(12.71)
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PYI6 = Zﬁzk 3 (4 +2) Z Bieds(s — 1)”ka+"1f+zy"k+"fu2s 3[AldXdY

=1 D

(12.72)

i j
PYI7 = Zﬁik ii (s—=1) Zﬁjlmf(mé _ 1)JJka+1m72ynk+m+2u2572[A]dxdy
k=1 m =1 D
(12.73)

i j
PYI8 = — Z Bi 4—i (s—1) Z Bis(dmy + 2)JJX’""+"1’Y”"+"”+2L12S’3 [A]dXdY
k=1 m /=1 D
(12.74)

i J
PYI9 = Z ﬁikii(s -1) Z Bivs(s — 1)”Xm”mf“l/”k*”f+2u25’4[A]dXdY
k=1 m (=1 D
(12.75)

Finally, the last term of Equation 12.24 would be

ﬂ(l +aX + BX2)3¢3<Y¢j<YdXdY = PXY1 + PXY2 4+ PXY3 +--- 4+ PXY16
D
(12.76)

where

PXY1 = Z Blkmknkz B]/mmﬂxmﬁmf Zymtn=2yB[AldXdY  (12.77)

k=1 D

i j
2 _
PXY2 = — Z By Z Bi % ”X’”k*"”’zY”k*”fuzs’l[A]dXdY (12.78)
k=1 (=1 D

i j
PXY3 == Bymng »_ Bi2sny || X"y 22 2[AldXdY  (12.79)
/=1

k=1

—

D
j
PXY4 = ZBlkmknk Z By Asts — — )”Xf"ﬁmwwm WP 2[AldXAY  (12.80)
D

PXY5 = Z Bt 25mk Z B]Emmﬂxmk% 2ymetmyBAAXAY  (12.81)
D
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PXY6 = Zﬁ,k 2fnmk ZB]Z 2 ﬂx’"k*’"f Zymtnt2y 2521 AldXdY  (12.82)

PXY7 = Zﬁ,kzsm" ZBMZSW”X’“”””Y”k+”‘u25_2[A]dXdY (12.83)
D

o2 I 4s(s—1 _
PXY8 — — § B -1 By S(fn _ )HX"’”’”"Y’1*‘+””+2u25‘3[A]dXdY
=1

D
(12.84)

i j
PXY9 = ZBikZSnk Z ,Bjémgng”X’”“mfY”"*”f‘zuzs‘l[A]dXdY (12.85)

k=1 =1 D

2 .
PXY10 = Z B 251y Z By ;”” ”X’“W“fY'1k+”fu2s_2[A]dXdY (12.86)

k=1 D

PXY11 = Z Bix2sny Z ijzsnfﬂxmﬁmﬁzwm 2B AldXdY  (12.87)
k=1
D

(s—1)

JJka+m[+2ynk+n[ u2573 [A]dXdY
D

i j 4s
PXY12 == Bi2sm > By
k=1 /=1
(12.88)

i 4 -1 j _
PXY13 =Y Bik% 3 Bﬂmmﬂxmﬁw Yt 2-2[A1dXdY  (12.89)
k=1 (=1 D

Looass -1 <, 2 .
PXY14 = — ZBik S(jnz ) Zﬁjk‘ ;nz/l/ JJkaerfYﬂk+m+2u2573[A]dde
k=1 =1 D

(12.90)

PXY15 = Zﬁlk o) —1) ZB,fzsngﬂxmwmfﬂwwmuZS S[A]dXdY
/=1
D

(12.91)

L4
PXY16 — Zsz S(S ZB}(’ m2 JJka+m1+2Ynk+n[+2 25— 4[A]dXdY
D
(12.92)
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Similarly, the terms for the thickness variation of Case (ii), mentioned in
Equation 12.30, can be written. The double integrals involved in the above-
mentioned terms can be accurately found out using the integral formulae
given earlier. Accordingly, all the matrix elements of a; and b;; could be
determined and thus the standard eigenvalue problem can be solved for
the vibration characteristics.

12.4 Numerical Results for Variable Thickness Plates

The two types of thickness variations mentioned earlier are considered as
Case 1 and Case 2, such that

Case 1: H=1+aX +BX> (12.93)
Case2: H=1+yv+60° (12.94)

All the boundary conditions, such as clamped, simply supported, and free
are considered as per the value of the parameter s that may have the values of
2, 1, and 0. On considering the parameters of the variable thickness in
Equations 12.93 and 12.94, the boundary condition, aspect ratio of the
domain, and Poisson’s ratio, we will have a total of seven parameters, «, 8,
v, 6, s, m, and v. However, results for only few selected parameters are
incorporated.

12.4.1 Variable Thickness (Case 1)

In this case, the results were computed with all the mode groups, viz.,
symmetric-symmetric, symmetric-antisymmetric, antisymmetric-symmetric,
and antisymmetric-antisymmetric, and in each mode, the first three fre-
quencies were obtained with =01, 8=01, «=00, =01, a=01,
B=0.0. The aspect ratio is varied from 0.1 to 1.0 with an interval of 0.1. In
all the computations, Poisson’s ratio v was taken as 0.3. Tables 12.1 through
12.3 give the results for the clamped boundary with « =0.1, 8=0.1; a =0.0,
B=0.1;, «a=0.1, B=0.0, respectively. Table 12.4 shows the result for uniform
thickness plate, i.e., when a =8 =0.0 for the clamped boundary.

The results for frequency parameters of the simply supported boundary
with the thickness parameters as mentioned are shown in Tables 12.5
through 12.7. The results for uniform thickness for the simply supported
boundary are given in Table 12.8. The frequency parameters of a free bound-
ary plate for all the mode groups with the variable-thickness parameters are
given in Tables 12.9 through 12.11. Table 12.12 depicts the result for uniform
thickness plate with free boundary.
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TABLE 12.1

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+ax+ Bx*
(«=0.1,8=0.1)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 581.04 719.35 1083.5 1586.9 1898.8 2719.6
0.2 150.34 203.08 312.12 404.88 505.39 728.93
0.3 69.662 107.49 175.01 184.56 247.09 363.30
0.4 41.089 73.540 129.92 106.75 155.74 237.32
0.5 27.784 57.850 110.40 70.429 112.72 179.97
0.6 20.584 49.540 94.643 50.573 88.981 148.98
0.7 16.311 44.680 71.378 38.562 74.500 114.29
0.8 13.613 41.528 56.362 30.771 64.958 89.562
0.9 11.830 39.049 46.444 25.454 58.127 72.887
1.0 10.608 35.845 40.822 21.683 52.511 61.695
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 628.73 808.41 1256.0 1688.0 2100.0 3097.6
0.2 173.09 236.97 372.80 445.86 568.08 841.47
0.3 86.407 132.85 217.70 212.60 285.68 428.08
0.4 55.174 96.432 167.59 129.07 186.53 286.23
0.5 40.561 79.862 145.98 89.561 140.03 221.81
0.6 32.726 71.112 117.69 67.763 114.37 181.51
0.7 28.151 65.824 92.571 54.518 98.543 140.69
0.8 25.304 61.937 76.712 45.920 87.736 114.49
0.9 23.438 57.796 67.317 40.058 79.329 97.412
1.0 22.156 52.515 62.925 35.903 71.754 86.692
TABLE 12.2

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+ax+ Bx*
(«=0.0,8=0.1)

Symmetric-Symmetric Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 580.83 717.44 1076.8 1586.4 1894.4 2704.4
0.2 150.26 202.53 310.21 404.73 504.20 724.85
0.3 69.604 107.17 173.98 184.47 246.48 361.30
0.4 41.040 73.289 129.19 106.68 155.33 236.05

(continued)
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TABLE 12.2 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+ax + sz
(«=0.0,8=0.1)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.5 27.741 57.634 109.79 70.365 112.40 179.04
0.6 20.544 49.345 94.568 50.517 88.706 148.24
0.7 16.273 44.497 71.311 38.511 74.256 114.20
0.8 13.575 41.355 56.298 30.724 64.736 89.484
0.9 11.792 38.894 46.372 25.409 57.927 72.808
1.0 10.571 35.745 40.702 21.640 52.346 61.596
Antisymmetric-Symmetric Antisymmetric-Antisymmetric

m First Second Third First Second Third
0.1 628.05 805.40 1247.1 1686.4 2092.9 3077.6
0.2 172.85 236.11 370.21 445.39 566.20 836.06
0.3 86.237 132.35 216.25 212.31 284.74 425.38
0.4 55.036 96.049 166.53 128.86 185.90 284.49
0.5 40.441 79.531 145.10 89.382 139.54 220.52
0.6 32.617 70.810 117.48 67.607 113.95 181.23
0.7 28.048 65.542 92.382 54.379 98.176 140.45
0.8 25.206 61.676 76.530 45.792 87.406 114.27
0.9 23.342 57.580 67.112 39.939 79.040 97.190
1.0 22.062 52.349 62.685 35.790 71.515 86.450

TABLE 12.3

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+ax + B>
(¢=0.1,3=0.0)

Symmetric-Symmetric Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 579.56 705.41 1033.0 1583.5 1866.3 2605.8

0.2 149.74 199.11 297.69 403.78 496.84 698.50
0.3 69.208 105.14 167.22 183.84 242.80 348.40
0.4 40.697 71.679 124.36 106.17 152.81 227.89
0.5 27.422 56.215 105.79 69.925 110.37 173.05
0.6 20.237 48.030 94.059 50.119 86.954 143.44

0.7 15.968 43.248 70.846 38.141 72.676 113.64
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TABLE 12.3 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+ax+ Bx*
(«=0.1,8=0.0)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.8 13.268 40.160 55.850 30.371 63.282 88.958
0.9 11.481 37.800 45.872 25.068 56.597 72271
1.0 10.255 34.997 39.890 21.305 51.217 60.941
Antisymmetric-Symmetric Antisymmetric-Antisymmetric

m First Second Third First Second Third
0.1 623.91 786.32 1189.3 1676.7 2048.6 2948.2
0.2 171.35 230.69 353.19 442.54 554.47 800.99
0.3 85.158 129.22 206.76 210.57 278.96 407.87
0.4 54.128 93.608 159.58 127.50 182.05 273.22
0.5 39.625 77.391 139.28 88.237 136.50 212.18
0.6 31.853 68.831 116.13 66.594 111.34 178.80
0.7 27.314 63.672 91.170 53.454 95.833 138.95
0.8 24.488 59.934 75.355 44.928 85.281 112.87
0.9 22.634 56.115 65.774 39.117 77.157 95.776
1.0 21.361 51.217 61.097 34.998 69.938 84.895
TABLE 12.4

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+ ax + x*
(¢ =0.0, B8=0.0) — Uniform Thickness

Symmetric-Symmetric Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 579.36 703.49 1026.1 1583.1 1861.8 2590.1
0.2 149.66 198.55 295.71 403.63 495.64 694.30
0.3 69.147 104.80 166.16 183.73 242.19 346.34
0.4 40.646 71.414 123.61 106.09 152.38 226.58
0.5 27.377 55.985 105.17 69.858 110.03 172.09
0.6 20.195 47.820 93.980 50.060 86.663 142.67
0.7 15.928 43.050 70.776 38.087 72.415 113.55
0.8 13.229 39.972 55.784 30.322 63.045 88.878
0.9 11.442 37.628 45.800 25.021 56.382 72.191
1.0 10.216 34.878 39.773 21.260 51.033 60.844

(continued)
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TABLE 12.4 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Vibration of Plates

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+ax + sz
(¢ =0.0, B =0.0) — Uniform Thickness

Antisymmetric-Symmetric

Antisymmetric-Antisymmetric

m First Second Third First Second Third
0.1 623.23 783.26 1180.1 1675.1 20414 2927.4
0.2 171.10 229.81 350.50 442.06 552.56 795.37
0.3 84.979 128.70 205.26 210.28 278.01 405.08
0.4 53.982 93.202 158.49 127.27 181.40 271.42
0.5 39.497 77.037 138.36 88.048 135.99 210.85
0.6 31.736 68.506 11591 66.430 110.90 177.84
0.7 27.204 63.367 90.972 53.306 95.441 138.70
0.8 24.383 59.650 75.165 44.792 84.926 112.64
0.9 22.532 55.875 65.562 38.990 76.843 95.546
1.0 21.260 51.033 60.844 34.877 69.675 84.644
TABLE 12.5

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric

Modes for Variable Thickness Plates (Simply Supported Boundary, »=0.3),
H=1+ax+Bx* (@=0.1,5=0.1)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 264.27 369.98 678.08 1027.7 1324.00 2221.2
0.2 70.317 116.46 222.74 264.04 360.59 612.29
0.3 33.279 66.831 136.68 121.18 180.70 314.04
0.4 19.877 48.327 107.03 70.474 116.37 209.20
0.5 13.497 39.567 93.675 46.671 85.705 160.20
0.6 9.9844 34.836 70.904 33.573 68.536 122.18
0.7 7.8763 31.991 53.477 25.589 57.879 91.563
0.8 6.5357 30.067 42.196 20.365 50.715 71.720
0.9 5.6461 28.460 34.712 16.765 45.479 58.306
1.0 5.0354 26.278 30.360 14.185 41.120 49.235
Antisymmetric-Symmetric Antisymmetric-Antisymmetric

m First Second Third First Second Third
0.1 303.11 437.92 828.75 11194 1511.9 2616.6
0.2 90.420 146.88 285.67 302.02 421.52 736.24
0.3 47.942 90.181 183.25 147.08 218.48 387.31
04 31.968 69.371 148.44 90.944 146.11 264.31
0.5 24.274 59.671 124.47 64.044 111.66 204.35
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TABLE 12.5 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Simply Supported Boundary, »=0.3),
H=1+ax+Bx*(@=0.1,5=0.1)

Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.6 20.028 54.378 92.484 48.994 92.324 150.24
0.7 17.602 51.005 73.073 39.711 80.145 116.72
0.8 16.037 48.311 60.788 33.588 71.614 95.182
0.9 14.992 45.194 53.505 29.344 64.822 81.096
1.0 14.260 41.121 50.046 26.284 58.652 72.145

TABLE 12.6

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Simply Supported Boundary, »=0.3),
H=14ax+Bx* (@=0.0, 3=0.1)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.1 264.12 368.64 672.76 1027.3 1319.8 2205.5
0.2 70.245 116.03 221.03 263.90 359.45 607.98
0.3 33.228 66.576 135.69 121.09 180.12 311.86
0.4 19.838 48.141 106.29 70.404 115.99 207.78
0.5 13.466 39.415 93.053 46.613 85.413 159.16
0.6 9.9605 34.703 70.832 33.523 68.296 122.08
0.7 7.8572 31.869 53.415 25.546 57.672 91.481
0.8 6.5201 29.952 42.140 20.327 50.532 71.647
0.9 5.6331 28.354 34.656 16.732 45.316 58.237
1.0 5.0242 26.201 30.283 14.155 40.983 49.158
Antisymmetric-Symmetric Antisymmetric-Antisymmetric

m First Second Third First Second Third
0.1 302.63 435.80 821.63 1118.0 1505.3 2596.1
0.2 90.223 146.20 283.28 301.59 419.72 730.49
0.3 47.809 89.777 181.79 146.82 217.57 384.34
0.4 31.869 69.070 147.32 90.753 145.51 262.35
0.5 24.196 59.417 124.21 63.891 111.21 203.50
0.6 20.017 54.148 92.281 48.865 91.947 149.96
0.7 17.546 50.789 72.901 39.599 79.818 116.48
0.8 15.985 48.110 60.632 33.489 71.326 94.973
0.9 14.944 45.022 53.342 29.255 64.570 80.896

1.0 14.214 40.984 49.865 26.203 58.442 71.938
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TABLE 12.7

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Vibration of Plates

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric

Modes for Variable Thickness Plates (Simply Supported Boundary, »=0.3),
H=1+ax+Bx* (@=0.1, 3=0.0)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 263.14 360.03 636.93 1024.6 1292.9 2101.4
0.2 69.759 113.36 209.54 262.99 352.23 579.33
0.3 32.866 65.011 129.10 120.49 176.52 297.38
0.4 19.555 47.018 101.44 69.928 113.62 198.43
0.5 13.245 38.514 88.960 46.211 83.616 152.30
0.6 9.7875 33.918 70.345 33.174 66.823 121.44
0.7 7.7203 31.148 52.990 25.237 56.407 90.933
0.8 6.4096 29.271 41.757 20.051 49.413 71.158
0.9 5.5417 27.720 34.282 16.483 44.318 57.774
1.0 4.9468 25.704 29.814 13.930 40.129 48.659
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 299.72 422.12 773.73 1109.2 1463.1 2460.1
0.2 88.999 141.93 267.17 298.97 408.24 692.27
0.3 46.971 87.300 172.09 145.25 211.84 364.56
0.4 31.252 67.252 139.83 89.568 141.78 249.33
0.5 23.724 57.893 122.58 62.928 108.40 195.07
0.6 19.634 52.771 91.025 48.054 89.640 148.21
0.7 17.217 49.498 71.833 38.899 77.827 115.02
0.8 15.689 46.901 59.665 32.873 69.565 93.682
0.9 14.666 43.968 52.349 28.702 63.028 79.669
1.0 13.948 40.129 48.771 25.699 70.678 57.138
TABLE 12.8

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric

Modes for Variable Thickness Plates (Simply Supported Boundary, »=0.3),

H=1+ax+Bx* (=0.0, 8=0.0) — Uniform Thickness

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 262.98 358.67 631.36 1024.1 1288.6 2085.0
0.2 69.684 112.92 207.75 262.85 351.07 574.82
0.3 32.813 64.746 128.07 120.39 175.93 295.11
0.4 19.514 46.823 100.67 69.855 113.23 196.96
0.5 13.213 38.354 88.314 46.151 83.313 151.21
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TABLE 12.8 (continued)
First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Simply Supported Boundary, »=0.3),
H=1+ax+Bx* («=0.0, B=0.0) — Uniform Thickness
Symmetric-Symmetric Symmetric-Antisymmetric

m First Second Third First Second Third
0.6 9.7629 33.777 70.271 33.122 66.572 121.34
0.7 7.7007 31.017 52.927 25.192 56.190 90.849
0.8 6.3935 29.148 41.699 20.012 49.220 71.083
0.9 5.5282 27.607 34.225 16.448 44.145 57.703
1.0 4.9351 25.619 29.736 13.898 39.981 48.582

Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 299.24 419.95 766.22 1107.7 1456.4 2438.5
0.2 88.792 141.23 264.65 298.53 406.40 686.21
0.3 46.830 86.882 170.57 144.98 210.91 361.44
0.4 31.146 66.937 138.65 89.367 141.16 247.27
0.5 23.641 57.625 122.27 62.766 107.92 193.57
0.6 19.566 52.527 90.816 47917 89.247 147.92
0.7 17.157 49.269 71.655 38.781 77.484 114.78
0.8 15.634 46.687 59.503 32.769 69.260 93.467
0.9 14.615 43.783 52.181 28.609 62.759 79.464
1.0 13.898 39.981 48.582 25.613 56.911 70.467
TABLE 12.9

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Free Boundary, »=0.3), H=1+ax + Bx*

(=01, B8=0.1)
Symmetric-Symmetric Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 6.7169 35.595 188.22 95.889 224.95 875.83
0.2 6.7189 35.619 156.74 49.449 120.08 414.96
0.3 6.7103 35.417 72.806 34.359 86.978 188.80
04 6.6824 34.896 42.677 26.945 70.895 108.88
0.5 6.6283 28.340 33.983 22.512 61.083 71.464
0.6 6.5397 20.380 32.529 19.517 50.873 54.124
0.7 6.4031 15.523 30.478 17.312 38.374 48.527
0.8 6.1955 12.404 27.993 15.570 30.228 43.721
0.9 5.8838 10.382 25.419 14.102 24.687 39.443
1.0 5.4447 9.1143 22.991 12.787 20.828 35.613

(continued)
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TABLE 12.9 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Free Boundary, »=0.3), H=1+ax+ sz
(«=0.1,B8=0.1)

Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 17.591 60.639 306.40 51.039 142.74 310.24
0.2 17.624 60.596 195.37 25.701 75.871 168.34
0.3 17.590 59.955 98.063 17.303 54.598 123.83
0.4 17.456 58.448 62.004 13.116 44228 101.95
0.5 17.199 44.129 56.174 10.600 37.969 88.160
0.6 16.784 34.091 52.618 8.9117 33.622 71.094
0.7 16.149 28.002 48.236 7.6931 30.268 56.416
0.8 15.233 24.283 43.693 6.7677 27.445 46.862
0.9 14.061 22.089 39.442 6.0384 24912 40.456
1.0 12.787 20.815 35.613 5.4476 22.570 36.084

TABLE 12.10

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Free Boundary, »=0.3), H=1+ax + Bx?
(¢=0.0,8=0.1)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.1 6.7093 35.416 186.30 95.644 223.51 866.53
0.2 6.7111 35.439 156.57 49.315 119.32 414.60
0.3 6.7021 35.238 72.702 34.259 86.446 188.63
0.4 6.6739 34.719 42.599 26.861 70.472 108.76
0.5 6.6192 28.280 33.810 22.437 60.729 71.373
0.6 6.5299 20.332 32.365 19.449 50.801 53.818
0.7 6.3924 15.484 30.326 17.249 38.314 48.262
0.8 6.1834 12.373 27.857 15.511 30.176 43.490
0.9 5.8699 10.357 25.298 14.048 24.642 39.240
1.0 5.4291 9.0960 22.884 12.737 20.788 35.436
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 17.542 60.266 303.13 50.985 142.26 307.94
0.2 17.574 60.224 194.89 25.671 75.604 167.13
0.3 17.539 59.589 97.797 17.279 54.396 122.96
0.4 17.404 58.104 61.810 13.095 44.058 101.26

0.5 17.146 43.994 55.838 10.580 37.817 87.602
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TABLE 12.10 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Free Boundary, »=0.3), H=1+ax+ Bx2
(¢=0.0,8=0.1)

Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.6 16.730 33.985 52.314 8.8930 33.484 70.913
0.7 16.094 27.918 47.969 7.6751 30.139 56.267
0.8 15177 24.214 43.461 6.7503 27.326 46.735
0.9 14.007 22.028 39.240 6.0216 24.803 40.345
1.0 12.737 35.436 20.759 5.4315 22471 35.983

TABLE 12.11

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Free Boundary, »=0.3), H=1+ax + Bx*
(¢=0.1, 3=0.0)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.1 6.7860 34.455 172.76 94.684 214.58 801.92
0.2 6.7863 34.477 155.40 48.769 114.67 405.24
0.3 6.7742 34.278 71.966 33.833 83.183 187.50
0.4 6.7414 33.768 42.037 26.490 67.907 107.97
0.5 6.6804 27.835 32.875 22.098 58.607 70.751
0.6 6.5819 19.973 31.472 19.135 50.294 52.009
0.7 6.4303 15.201 29.499 16.956 37.886 46.711
0.8 6.1994 12.160 27.114 15.237 29.812 42.155
0.9 5.8534 10.215 24.640 13.789 24.331 38.089
1.0 5.3753 9.0217 22.306 12.492 20.524 34.440
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 17.419 28.010 58.030 51.254 139.80 293.16
0.2 17.444 57.999 191.87 25.780 74.236 159.35
0.3 17.400 57.399 96.126 17.326 53.354 117.48
0.4 17.253 56.035 60.623 13.107 43.168 96.977
0.5 16.980 43.175 53.841 10.569 37.020 84.134
0.6 16.544 33.371 50.524 8.8646 32.755 69.804
0.7 15.882 27.458 46.415 7.6352 29.466 55.365
0.8 14.940 23.873 42.125 6.7024 26.702 45.986
0.9 13.757 21.767 38.089 5.9686 24227 39.707

1.0 12.492 20.543 34.440 5.3753 21.943 35.425
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TABLE 12.12

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Vibration of Plates

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Free Boundary, »=0.3), H=1+ax+ sz
(¢ =0.0, B =0.0) — Uniform Thickness

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.1 6.7781 34.270 170.71 94.427 213.10 791.94
0.2 6.7778 34.292 155.22 48.628 113.89 400.64
0.3 6.7654 34.093 71.859 33.728 82.631 187.33
0.4 6.7322 33.585 41.958 26.401 67.468 107.85
0.5 6.6706 27.773 32.696 22.019 58.238 70.659
0.6 6.5712 19.924 31.301 19.063 50.219 51.690
0.7 6.4185 15.161 29.340 16.889 37.824 46.432
0.8 6.1861 12.129 26.970 15.175 29.759 41911
0.9 5.8382 10.191 24.513 13.731 24.285 37.875
1.0 5.3583 9.0035 22.193 12.439 20.484 34.253
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.1 17.367 57.644 276.60 51.196 139.30 290.76
0.2 17.392 57.614 191.39 25.747 73.957 158.08
0.3 17.346 57.019 95.853 17.301 53.142 116.58
0.4 17.198 55.671 60.429 13.084 42.988 96.261
0.5 16.923 43.035 53.491 10.548 36.858 83.543
0.6 16.485 33.261 50.206 8.8447 32.607 69.617
0.7 15.823 27.371 46.134 7.6161 29.329 55.210
0.8 14.880 23.800 41.880 6.6841 26.575 45.854
0.9 13.700 21.704 37.875 5.9509 24.110 39.592
1.0 12.439 20.484 34.253 5.3583 21.837 35.319

The frequency results in the last row of each of the above-mentioned tables
correspond to circular plate, i.e., m=1.0. It can also be noted that as the
aspect ratio increased, the frequency decreased in each of the mode groups
for all the boundary conditions. As expected, the clamped boundary results
are the maximum, while the free boundary results are the minimum for each
parameter. The tables also show the result of the linear and the quadratic
variation results, when a =0.1, 8=0.0 and «=0.0, B=0.1, respectively. In
addition, the results are also given when the thickness vary in such a way
that it contains linear as well as the quadratic terms. The uniform thickness
plate results given in Tables 12.4, 12.8, and 12.12 agree very well with the

earlier results obtained in previous chapters.
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First five frequencies for (a, 8) =(0.1,0.1), clamped boundary (variable thickness: Case 1).

The first five frequencies can be chosen from the mode groups of
symmetric-symmetric, symmetric-antisymmetric, antisymmetric-symmetric,
and antisymmetric-antisymmetric of each boundary condition. The variations
of first five frequencies with «=0.1, 8 =0.1 for clamped, simply supported,
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FIGURE 12.3

First five frequencies for (a,8)=(0.1,0.1), simply supported boundary (variable thickness:
Case 1).
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First five frequencies for (a, 8) =(0.1,0.1), free boundary (variable thickness: Case 1).

and free boundary are shown in Figures 12.2 through 12.4, demonstrating
that the frequencies decrease as we increase the aspect ratio of the domain for
all the boundary conditions.

12.4.2 Variable Thickness (Case 2)

The results obtained were computed with all the mode groups, viz.,
symmetric-symmetric, symmetric-antisymmetric, antisymmetric-symmetric,
and antisymmetric—antisymmetric, and in each case, the first three frequen-
cies were obtained with y=0.1, §=0.1; y=0.0, §=0.1; y=0.1, §=0.0. The
aspect ratio varied again from 0.1 to 1.0 with an interval of 0.1. In all the
computations, Poisson’s ratio » was taken as 0.3. Tables 12.13 through 12.15
give the results for clamped boundary with y=0.1, §=0.1; y=0.0, §=0.1;
v=0.1, 6 =0.0, respectively.

The results for the frequency parameters of the simply supported
boundary with the thickness parameters as mentioned are shown in Tables
12.16 through 12.18. Also, the frequency parameters of a free boundary
plate for all the mode groups with the variable-thickness parameters of
Case 2 are given in Tables 12.19 through 12.21. Frequency results in the
last row of each of the above-mentioned tables correspond to the circular
plate, i.e., m =1.0. Table 12.22 shows few frequency parameters for uniform
thickness circular plate when zero values of the parameters y and 6 are
introduced in the model, illustrating the results of all the three boundary
conditions.
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TABLE 12.13

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

345

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+yv + 5v?

(y=0.1,6=0.1)
Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 171.37 228.00 346.30 449.70 559.54 804.14
04 46.598 80.881 141.46 118.38 170.96 260.06
05 31.409 63.107 119.45 78.047 123.30 196.60
0.6 23.183 53.695 103.78 55.996 97.049 162.43
0.8 15.197 44.679 61.675 34.003 70.574 97.741
1.0 11.738 39.028 43.887 23.904 57.176 66.918
Antisymmetric-Symmetric Antisymmetric-Antisymmetric

m First Second Third First Second Third
0.2 195.65 264.31 411.62 493.88 627.66 925.64
04 61.484 105.09 181.90 142.20 204.08 312.98
0.5 44.881 86.383 157.70 98.429 152.64 241.97
0.6 35.969 76.535 128.57 74.291 124.33 198.06
0.8 27.505 66.525 83.193 50.109 95.222 124.30
1.0 23.905 57.176 66.918 39.018 78.275 93.210

It can again be noted that as the aspect ratio is increased, the frequency is
decreased in each of the mode groups for all the boundary conditions. It is
also worth mentioning that clamped boundary results are the maximum,

TABLE 12.14

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+ yv + 5v?

(y=0.0,6=0.1)
Symmetric-Symmetric Symmetric-Antisymmetric

m First Second Third First Second Third
0.2 159.77 212.08 319.66 424.00 523.99 745.28
04 43.412 75.677 131.68 111.52 160.52 241.82
0.5 29.251 59.167 111.52 73.480 115.83 183.12
0.6 21.583 50.427 98.207 52.689 91.200 151.49
0.8 14.144 42.043 58.323 31.958 66.329 92.601
1.0 10.923 36.707 41.537 22.440 53.714 63.394

(continued)
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TABLE 12.14 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+yv + 50°
(y=0.0,6=0.1)

Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 182.40 245.66 379.60 464.88 586.16 856.42
0.4 57.409 98.484 169.12 133.84 191.35 290.51
0.5 41.947 81.141 147.01 92.622 143.25 224.98
0.6 33.653 72.004 121.31 69.896 116.74 187.09
0.8 25.785 62.632 78.576 47.138 89.401 117.52
1.0 22.440 53.714 63.394 36.704 73.419 88.216

while the free boundary results are the minimum for each parameter. The
tables also show the result of linear and quadratic variation results, when
v=0.1,6=0.0 and y=0.0, 6 =0.1, respectively. In this case also, the results
are presented when the thickness vary in such a way that it contains linear as

TABLE 12.15

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Clamped Boundary, »=0.3), H=1+yv+ 8v*
(y=0.1,86=0.0)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 161.24 214.38 322.12 429.67 531.20 752.87
0.4 43.831 76.633 133.25 113.04 162.85 244.68
0.5 29.535 59.945 112.99 74.489 117.53 185.45
0.6 21.794 51.110 99.617 53.412 92.552 153.53
0.8 14.282 42.632 59.169 32.392 67.332 94.985
1.0 11.030 37.219 42.148 22.740 54.612 64.964
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 185.63 270.85 541.90 471.34 593.97 864.30
0.4 58.076 99.824 171.09 135.72 194.13 293.72
0.5 42.449 82.302 148.90 93.922 145.39 227.70
0.6 34.068 73.067 123.21 70.874 118.51 190.17
0.8 26.118 63.580 79.811 47.794 90.788 119.45

1.0 22.739 54.523 64.398 37.215 74.563 89.664
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TABLE 12.16

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
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Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric

Modes for Variable Thickness Plates (Simply Supported Boundary, »=0.3),
H=1+yw+6v* (y=0.1,6=0.1)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.2 74.238 125.95 241.88 284.56 391.41 666.76
0.4 21.104 52.334 116.17 76.019 126.35 228.14
0.5 14.349 42.764 101.53 50.355 93.029 174.84
0.6 10.628 37.564 76.799 36.227 74.368 132.83
0.8 6.9747 32311 45.639 21.978 55.020 77.874
1.0 5.3861 28.453 32.469 15.313 44.743 53.226
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 97.073 159.31 310.18 326.49 458.00 800.85
0.4 34.531 75.040 161.00 98.419 158.79 288.01
0.5 26.233 64.357 135.22 69.318 121.30 222.93
0.6 21.693 58.508 100.36 53.027 100.26 163.55
0.8 17.279 51.982 65.616 36.340 77.854 103.23
1.0 15.313 44.743 53.226 28.419 64.088 77.684

well as quadratic terms, i.e., when y=0.1, 6 =0.1. The uniform thickness
plate results given in Table 12.22 agree very well with the results obtained in
the previous chapters.

TABLE 12.17

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Simply Supported Boundary, »=0.3),

H=1+y0+8v> (y=0.0,8=0.1)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.2 71.298 118.34 223.63 270.98 367.82 617.39
0.4 20.123 49.159 107.75 72.223 118.75 211.38
0.5 13.656 40.215 94.307 47.785 87.421 162.10
0.6 10.103 35.366 72.858 34.342 69.879 125.89
0.8 6.6238 30.466 43.265 20.797 51.688 73.781
1.0 5.1141 26.809 30.807 14.470 42.013 50.425

(continued)
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TABLE 12.17 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Vibration of Plates

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric

Modes for Variable Thickness Plates (Simply Supported Boundary, »=0.3),
H=1+yv+6v" (y=0.0,6=0.1)

Antisymmetric-Symmetric

Antisymmetric-Antisymmetric

m First Second Third First Second Third
0.2 92.031 149.01 286.16 309.46 428.56 740.08
04 32.545 70.401 149.02 93.045 148.75 266.35
0.5 24.716 60.477 127.60 65.464 113.68 207.82
0.6 20.445 55.044 94.711 50.041 93.991 154.30
0.8 16.307 48.918 61.981 34.268 72.965 97.448
1.0 14.470 42.013 50.425 26.794 60.014 73.393

As mentioned earlier, from the mode groups of symmetric-symmetric,
symmetric-antisymmetric, antisymmetric-symmetric, and antisymmetric—
antisymmetric of each boundary conditions, the first few frequencies can be
chosen. The variations of the first five frequencies with y=0.1, §=0.1 for

TABLE 12.18

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric

Modes for Variable Thickness Plates (Simply Supported Boundary, »=0.3),
H=1+yv+8v% (y=0.1,5=0.0)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.2 72.661 120.46 225.86 276.72 374.64 624.00
0.4 20.497 49.983 108.98 73.722 120.81 213.61
0.5 13.906 40.896 95.440 48.764 88.909 163.85
0.6 10.286 35.972 74.214 35.036 71.054 128.24
0.8 6.7431 30.995 44.073 21.207 52.550 75.159
1.0 5.2061 27.264 31.398 14.748 42.710 51.372
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 93.839 151.43 288.50 315.75 435.76 746.80
0.4 33.133 71.548 150.50 94.790 151.14 268.80
0.5 25.161 61.489 129.95 66.650 115.50 210.04
0.6 20.817 55.982 96.452 50.923 95.500 157.11
0.8 16.612 49.754 63.120 34.852 74.144 99.215
1.0 14.748 42.710 51.372 27.247 60.982 74.727
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TABLE 12.19

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Free Boundary, »=0.3),

H=1+yw+6v* (y=0.1,6=0.1)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 7.3114 38.797 159.82 53.235 129.76 438.32
04 7.2657 38.037 43.899 29.130 77.287 115.25
0.5 7.1987 29.227 37.062 24.376 66.834 75.708
0.6 7.0903 21.055 35.533 21.160 53.939 59.389
0.8 6.6743 12.874 30.721 16.910 32.065 48.242
1.0 5.7831 9.5640 25.306 13.884 22.130 39.446
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 19.216 65.949 204.17 27.554 81.899 182.05
04 19.015 63.719 65.720 14.052 48.102 111.29
0.5 18.721 46.929 61.347 11.346 41.402 96.646
0.6 18.258 36.300 57.665 9.5265 36.739 76.359
0.8 16.564 25.847 48.206 7.2102 30.080 50.311
1.0 13.884 22.130 39.446 5.7825 24.763 38.731

clamped, simply supported, and free boundary are shown in Figures 12.5
through 12.7. These figures again show that the frequencies decrease as
we increase the aspect ratio of the elliptic domain for all the boundary
conditions except the free boundary condition as is clear from Figure 12.7.

TABLE 12.20

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Free Boundary, v=0.3), H=1+yv+ 50*
(y=0.0,6=0.1)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 6.9670 36.241 155.66 50.382 120.92 419.89
04 6.9224 35.520 42.425 27.484 71.886 110.20
0.5 6.8590 28.170 34.599 22.969 62.123 72.311
0.6 6.7565 20.254 33.155 19.918 51.468 55.177
0.8 6.3604 12.359 28.629 15.892 30.553 44.791
1.0 5.5103 9.1785 23.573 13.040 21.062 36.618

(continued)
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TABLE 12.20 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Free Boundary, »=0.3), H=1+yv + 50°
(y=0.0,6=0.1)

Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 18.117 61.344 195.31 26.353 77174 169.01
04 17.925 59.297 62.345 13.418 45.145 103.18
0.5 17.645 44.485 57.031 10.826 38.799 89.594
0.6 17.202 34.400 53.582 9.0854 34.387 72.223
0.8 15.574 24.545 44.758 6.8719 28.102 47.587
1.0 13.040 21.062 36.618 5.5102 23.116 36.645

In conclusion, it can be mentioned that the procedure of analysis discussed
in this chapter can be carried out practically for any thickness variation,
provided the integrals involved are evaluated accurately. For polynomial
variation of thickness, the integrals can be obtained accurately using the

TABLE 12.21

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for Variable Thickness Plates (Free Boundary, »=0.3), H=1+yv + 502
(y=0.1,6=0.0)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 7.1085 36.807 159.18 51.418 122.62 429.86
0.4 7.0623 36.065 43.368 28.018 72.818 112.84
0.5 6.9974 28.788 35.125 23.403 62.908 74.021
0.6 6.8926 20.694 33.649 20.286 52.672 55.862
0.8 6.4881 12.625 29.040 16.176 31.256 45.336
1.0 5.6205 9.3761 23.908 13.270 21.540 37.061
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 18.470 62.159 200.00 26.895 78.600 171.00
0.4 18.270 60.076 63.702 13.691 45.910 104.31
05 17.983 45.434 57.763 11.046 39.435 90.566
0.6 17.527 35.130 54.253 9.2684 34.937 73.715
0.8 15.855 25.084 45.303 7.0094 28.536 48.550

1.0 13.270 21.540 37.061 5.6203 23.469 37.385
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TABLE 12.22

First Three Frequency Parameters for Symmetric-Symmetric
(5-S), Symmetric—Antisymmetric (S-A), Antisymmetric—
Symmetric (A-S), and Antisymmetric-Antisymmetric (A-A)
Modes for Constant Thickness Plates (Clamped, Simply
Supported, and Free Boundary, v=0.3), H=1+yv + 80
(y=0.0, 6§ =0.0) for a Circular Plate (m =1.0)

B.C. Mode First Second Third
Clamped S-S 10.216 34.877 39.773
S-A 21.260 51.033 60.844
A-S 21.260 51.033 60.844
A-A 34.877 69.675 84.644
Simply supported S-S 4.9351 25.618 29.736
S-A 13.898 39.981 48.582
A-S 13.898 39.981 48.582
A-A 25.613 56.910 70.466
Free S-S 5.3583 9.0034 22.193
S-A 12.439 20.483 34.252
A-S 12.439 20.483 34.252
A-A 5.3583 21.837 35.319

formulae given; however, for other variations one can use other efficient
numerical methods to compute the integrals involved. This method can be
easily utilized for other domain plates by following the same procedure as
explained.
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First five frequencies for (y,8)=(0.1,0.1), clamped boundary (variable thickness: Case 2).
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Plates with Orthotropic Material Properties

13.1 Introduction

In recent years, lightweight structures have been widely used in many
engineering fields, and hence vibration analysis of differently shaped plates
has been studied extensively owing to its practical applications. The appli-
cations of composite materials in engineering structures require information
about the vibration characteristics of anisotropic materials. The free vibration
of orthotropic plates is an important area of such behavior. Orthotropic
materials have extensive application in the modern technology, such as in
modern missiles, space crafts, nuclear reactors, and printed circuit boards.
Their high strength along with small specific mass makes the composite
materials ideal for applications in space crafts, vehicle systems, nuclear
reactors, etc. Most of the applications subject the composite materials to
dynamic loading. It is known that the orthotropic materials exhibit a different
dynamic response when compared with that of similar isotropic structures.
A vast amount of work has been done for theoretical and experimental
results for vibration of orthotropic skew, triangular, circular, annular, and
polygonal plates as mentioned by Leissa (1969, 1978, 1981, 1987) and Bert
(1976, 1979, 1980, 1982, 1985, 1991). The survey of literature reveals that
elliptic orthotropic geometry studies are very few. That is why, in this
chapter, an example of the elliptic plates is given. Many studies for other
shapes with orthotropy are already available in the literature. The investiga-
tion presented in this chapter gives extensive and a wide variety of results to
study the free vibration of specially rectilinear orthotropic (i.e., whose sym-
metrical axes coincide with the principal elastic axes of the plate material):
(1) elliptic and circular plates and (2) annular elliptic plates.

For a circular plate with rectangular orthotropy, only a few results are
available in the existing literature, namely Rajappa (1963), Leissa (1969),
Sakata (1976), Narita (1983), Dong and Lopez (1985) and also some of the
references mentioned therein. Rajappa (1963) had used Galerkin’s method
and reported only the fundamental frequency of circular orthotropic
plates with clamped and simply supported boundaries. Reduction methods
have been used by Sakata (1976), who had given only the fundamental
frequency for a clamped orthotropic circular plate. Narita (1983) gave some

355
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higher modes for a circular plate with clamped boundary by a series type
method. Dong and Lopez (1985) had analyzed a clamped circular plate
with rectilinear orthotropy by the modified application of the interior collo-
cation method.

Compared with circular plates, even less work has been carried out for
elliptical plates with rectangular orthotropy. The main difficulty in studying
the elliptic plates is the choice of coordinates. Elliptic coordinates may be
used with the exact mode shape in the form of Mathieu functions. In this
respect, Sakata (1976) dealt with only the fundamental frequency for a
clamped elliptic plate. He obtained his results by using a simple coordinate
transformation of a clamped orthotropic circular plate to give a reduction
formula for the fundamental frequency of an elliptic orthotropic plate with
the same boundary. The Ritz method analysis was carried out by Narita
(1985) to obtain the first few natural frequencies for an orthotropic elliptical
plate with a free boundary by taking a complete power series as a trial
function. Numerical results are illustrated there by two figures only, for
two types of orthotropic material properties.

Sakata (1979a,b), in a two-part article, describes three exact reduction
methods in Part I and a generalized reduction method in Part II. The reduc-
tion method is used to derive an approximate formula for estimating the
natural frequencies of orthotropic plates. Vibration of an orthotropic elliptical
plate with a similar hole was analyzed by Irie and Yamada (1979). In another
paper, Irie et al. (1983) had dealt with the free vibration of circular-segment-
shaped membranes and clamped plates of rectangular orthotropy. An inter-
esting paper is that of Narita (1986), who had analyzed the free vibration of
orthotropic elliptical plates with point supports of arbitrary location. Only
those papers that deal with rectangular orthotropic circular or elliptical
geometries are mentioned in this chapter. Recently Chakraverty (1996) and
Chakraverty and Petyt (1999) had used two-dimensional boundary charac-
teristic orthogonal polynomials (BCOPs) in the Rayleigh-Ritz method to
study the free vibration of full elliptic and circular plates having rectangular
orthotropy. They have reported a variety of results for seven types of ortho-
tropic material properties with different boundary conditions, viz., clamped,
simply supported, and free at the edges.

Owing to the difficulty in studying elliptic plates, annular elliptic plates
have not been studied in detail. Recently, Singh and Chakraverty (1993) and
Chakraverty et al. (2001) studied isotropic annular elliptic plates. Singh and
Chakraverty (1993) supplied only the fundamental frequencies for various
boundary conditions at the inner and outer edges for different shapes of
elliptic plates with various hole sizes. Chakraverty et al. (2001) gave 12
higher modes of vibration for all the boundary conditions. To the best of
the author’s knowledge, the problem of transverse vibration of annular
elliptic plate of rectangular orthotropy has not been reported so far except
in only one paper by Chakraverty et al. (2000).
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13.2 Domain Definitions
13.2.1 Elliptic Orthotropic Plates

The domain occupied by the elliptic plate may be written as
S={xy), &/a* +y*/b* <1, xyeR) (13.1)

where a and b are the semi-major and semi-minor axes of the ellipse,
respectively.

13.2.2 Annular Elliptic Orthotropic Plates
Let the outer boundary of the elliptic plate be defined as

2 2
R= {(x,y), z—ﬁ% <1, xye€ R} (13.2)

where 2 and b are the semi-major and semi-minor axes, respectively. A family
of concentric ellipses is defined by introducing a variable C,

2
P+l —1-¢ 0<Cc<q (13.3)
nm

where m=b/a and C, define the inner boundary of the ellipse. The eccentri-
city of the inner boundary is defined by k, where

k=+v1-C

13.3 Basic Equations and Method of Solutions

The maximum strain energy, Vimax, of the deformed orthotropic plate is given
(Timoshenko and Woinowsky (1953)) as

Vinax = (1/2) ﬂ [waﬁx + 202Dy Wox Wiy + Dy W2, + 4nyw§y} dydx (13.4)
R
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where W(x,y) is the deflection of the plate, W,, is the second derivative of W
with respect to x. The D coefficients are bending rigidities defined by

D, = EJi° /(12(1 — vyvy))

D, = E,h*/(12(1 — vyvy))

Dyvx = vay (13.5)
and

Dy = Gyh’/12

where
E,, E, are Young’s moduli
vy, vy, are Poisson’s ratios in the x and y directions
Gyy is the shear modulus
h is the uniform thickness

The maximum kinetic energy is given by

Tmax = (1/2)phe? ” W2dydx (13.6)
R

where
p is the mass density per unit volume
o is the radian natural frequency of the plate

Equating the maximum strain and kinetic energies, we have the Rayleigh
quotient as

] [DeW2, + 20D, WeWyy + D, W2, + 4D,y W2, | dydx

2 R
w? = o [TWedydn (13.7)
R

Substituting the N-term approximation
N
W) =D cidilxy) (13.8)
=1
and minimizing w” as a function of the coefficients c;’s, we obtain

N
> (@j—Abje =0, i=1,2,...,N (13.9)
j=1
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where

ay = Jj (D /E)GTE S + (D /H)EY 8 + viDy /H) (475 0) + 6 67

R/
+2(1 — v(D, /H))¢3<Y¢]XY} dydx (13.10)
by = ”qﬁiqﬁdedX (13.11)
R/
4 2
5, a‘phw
- 13.12
A o (13.12)
and
H = Dyvy + 2D,y (13.13)

The ¢,’s are orthogonal polynomials and are described in the next section.
¢~ is the second derivative of ¢; with respect to X and the new domain R’ is
defined by

R ={X)Y), X*+Y*/m* <1, X,Y€R]

where
X=x/a
Y=y/a
m=b/a

If the ¢’s are orthogonal, Equation 13.9 reduces to

N
> (a5 =A%) =0, i=1,2,...,N (13.14)

=1
where

i =0, if i#]
Si=1, if i=j

The three parameters D,/H, D, /H, and v, define the orthotropic property of
the material under consideration. It is interesting to note here that for an
isotropic plate, these parameters reduce to D,/H=D,/H=1 and v,=v,=v.
Equation 13.14 is a standard eigenvalue problem and can be solved for the
vibration characteristics.
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13.4 Generation of BCOPs
13.4.1 Orthogonal Polynomials for Elliptic Orthotropic Plates

The present polynomials have been generated in exactly the same way as
described in the earlier chapters (Chakraverty (1992), Singh and Chakraverty
(1991, 1992a,b)), and the method is described below for the sake of complete-
ness.

We start with a linearly independent set

Fixy) =felfivy)), i=1,2,...,N (13.15)

where f(x,y) satisfies the essential boundary conditions and fi(x,y) are taken as
the combinations of terms of the form x“™, where ¢; and n; are non-negative
integers. The function f is defined by

fley) = A = —y?/m?Y (13.16)

If we take the right-hand side of Equation 13.16 as u”, where u=1—-x"—
y?/m?, then it is clear that the boundary of the ellipse S is given by u =0 and
at the center u =1. The curves u = constant will be concentric ellipses. From
Equation 13.16, it is to be noted that

1. Ifp=0,f=10n0S
2. If p=1,f=0and 9f/On=0 on 9S
3. Ifp=2,f=00n0S

Hence, the functions ff; also satisfy the same conditions on 9S. When p =0,
f=1 on JS and so ff; are free since their values on dS depend on ¢; and n;.
Therefore, it is clear that p takes the value of 0, 1, or 2 depending on whether
the boundary of the elliptic (or circular) plate is free, simply supported,
or clamped.

From Fi(x,y), we generate the orthogonal set. For this, we define the inner
product of two functions f and g (as done earlier) by

<fig>= || fleagtadndy (13.17)
R

The norm of f is, therefore, given by

If ll=(f, 1) (13.18)
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Following the procedure as in Chakraverty (1992) and Singh and
Chakraverty (1991, 1992a,b), the Gram-Schmidt orthogonalization process
can be written as

¢ =F
i-1
¢>,‘ =F - Zaijd)j
=1
aij = (Fid)) (i), j=1,2,...,(—1)

, i=2,...,N (13.19)

where ¢;’s are orthogonal polynomials. The normalized polynomials are
generated by

bi=di/ | i | (13.20)

All the integrals involved in the inner product are evaluated in closed form
by the formulae given before (Chakraverty (1992), Singh and Chakraverty
(1991, 1992a,b)).

13.4.2 Orthogonal Polynomials for Annular Elliptic Orthotropic Plates

For the generation of the two-dimensional orthogonal polynomials in this
case, the following linearly independent set of functions is employed:

F(XY) = fFXNAXY), i=1,2,...,N (13.21)

where f(X,Y) satisfies the essential boundary conditions and f,(X,Y) are taken
as the combinations of terms of the form x“ y", where ¢; and n; are non-
negative positive integers. The function f(X,Y) in this case is defined by

fX,Y)=C(Co— 0O (13.22)

where s takes the value of 0,1, or 2 to define free, simply supported, or
clamped conditions, respectively, at the outer boundary of the annular ellip-
tic plate. Similarly, =0, 1, or 2 will define the corresponding boundary
conditions at the inner edge of the annular elliptic plate. From Fi(X,Y), an
orthogonal set can be generated by the well-known Gram-Schmidt process
as discussed in Section 13.4.1.

13.5 Numerical Results and Discussions

In all, there are five parameters, viz., D,/H, D, /H, vy, p, and m. Seven different
types of materials have been selected here, the properties of which are given
in Table 13.1. The first three (M1, M2, and M3) have been taken from a paper
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TABLE 13.1

Material Properties

Material D,/H D,/H vy
M1: Graphite-epoxy 13.90 0.79 0.28
M2: Glass—epoxy 3.75 0.80 0.26
M3: Boron-epoxy 13.34 1.21 0.23
M4: Carbon-epoxy 15.64 0.91 0.32
M5: Kevlar 2.60 2.60 0.14
M6 2.0 0.5 0.3
M7 0.5 2.0 0.075

by Lam et al. (1990), M4 from Kim and Dickinson (1990), and M5 from Dong
and Lopez (1985). Lastly, M6 and M7 are taken from Narita (1985).

In the following sections, the results for (1) elliptic and circular plates and
(2) annular elliptic plates with different boundary conditions are discussed.

13.5.1 Results for Elliptic and Circular Plates with Rectangular Orthotropy

In this section, the results for all the seven types of materials have been given
for different boundary conditions.

Numerical investigations are discussed in terms of the various boundary
conditions in the following headings.

13.5.1.1 Clamped Boundary

Depending on the values of /; and n; the modes are computed in
terms of symmetric-symmetric, symmetric-antisymmetric, antisymmetric—
symmetric, and antisymmetric-antisymmetric groups. Accordingly, Tables
13.2 through 13.8 incorporate the results for clamped boundary conditions

TABLE 13.2

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M1: Graphite-Epoxy (Elliptic Orthotropic Plate, Clamped Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 121.58 204.06 346.85 319.22 431.17 601.63
0.4 38.515 119.43 164.07 88.500 177.02 263.31
0.5 29.820 105.79 116.23 61.192 147.99 175.54
0.6 25.727 79.329 109.92 46.958 120.66 140.51
0.8 22.362 51.829 105.04 33.992 75.747 124.46

1.0 21.053 40.024 74.173 28.712 55.124 97.124
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TABLE 13.2 (continued)

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M1: Graphite-Epoxy (Elliptic Orthotropic Plate, Clamped Boundary)

Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 155.69 267.26 442.90 368.56 506.82 709.09
04 70.581 181.60 210.35 124.81 243.40 316.14
05 62.876 146.28 181.74 97.197 203.06 235.20
0.6 59.260 117.95 176.46 83.345 162.00 211.51
0.8 55.961 90.777 147.61 70.674 116.33 184.06
1.0 54.409 78.743 116.69 64.959 95.781 141.08

with respect to the six material properties, respectively. The first three natural
frequencies for various values of m=0.2, 0.4, 0.5, 0.6, 0.8, and 1.0 for the
materials M1 to M7 are given in Tables 13.2 through 13.8 for the four groups
of vibration of modes. As done previously, the first few natural frequency
results may be obtained from various combinations of symmetric-symmetric,
symmetric-antisymmetric, antisymmetric-symmetric, and antisymmetric—
antisymmetric modes about the two axes of the ellipse.

TABLE 13.3

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M2: Glass—Epoxy (Elliptic Orthotropic Plate, Clamped Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 136.51 196.95 291.55 364.55 456.68 596.59
0.4 38.849 88.032 175.06 97.536 158.66 253.75
0.5 27.376 76.667 121.46 65.146 122.38 195.41
0.6 21.476 70.761 87.569 47.635 103.04 139.32
0.8 16.242 51.940 67.479 30.676 78.191 90.103
1.0 14.225 36.986 64.880 23.344 54917 79.607
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 162.86 238.88 352.62 406.59 514.20 679.50
0.4 58.675 126.87 218.64 124.00 201.72 314.22
0.5 47.134 115.14 152.39 89.380 163.80 232.66
0.6 41.499 105.58 119.96 70.937 142.15 175.12
0.8 36.617 76.914 107.70 53.560 105.69 133.56

1.0 34.608 61.595 103.98 46.113 81.019 122.55
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TABLE 13.4

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M3: Boron-Epoxy (Elliptic Orthotropic Plate, Clamped Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 168.53 259.89 417.53 446.53 570.14 766.41
0.4 50.152 138.17 226.22 120.56 215.37 365.09
0.5 37.181 127.35 150.14 81.506 176.07 239.73
0.6 30.966 106.38 124.77 60.849 154.46 173.50
0.8 25.907 66.946 119.38 41.777 100.80 141.73
1.0 24.057 49.722 97.930 34.098 70.999 129.77
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 206.27 329.49 523.81 500.33 654.56 888.81
0.4 84.244 210.08 272.81 158.93 289.41 419.82
0.5 72.884 185.47 207.78 119.23 247.49 292.42
0.6 67.751 146.85 199.14 99.312 206.47 243.29
0.8 63.371 108.29 185.81 81.689 143.13 219.32
1.0 61.434 91.881 142.42 74.210 114.43 175.55

TABLE 13.5

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M4: Carbon-Epoxy (Elliptic Orthotropic Plate, Clamped Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 148.67 244.77 415.10 391.04 517.88 717.60
0.4 46.501 143.48 199.71 107.40 210.22 321.29
0.5 35.876 128.84 139.51 73.839 176.76 212.63
0.6 30.937 96.030 132.47 56.392 146.84 166.96
0.8 26.959 62.217 127.14 40.652 91.465 148.67
1.0 25.442 47.887 89.431 34.364 66.178 117.56
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 187.90 319.84 530.72 445.98 605.84 844.50
0.4 84.407 219.51 250.96 148.68 290.14 378.82
0.5 75.401 174.91 218.56 115.37 244.40 278.54
0.6 71.279 140.23 213.05 98.952 193.79 251.59
0.8 67.571 107.78 175.94 84.248 138.23 220.09

1.0 65.832 93.714 138.69 77.704 113.79 167.95
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TABLE 13.6

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M5: Kevlar (Elliptic Orthotropic Plate, Clamped Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 236.43 295.66 395.79 640.34 741.34 936.60
0.4 63.077 104.17 175.08 165.91 221.90 307.34
0.5 42.043 81.320 152.46 108.39 158.20 236.51
0.6 30.666 69.813 141.28 77.014 123.40 199.17
0.8 19.726 59.825 85.039 45.765 89.649 136.66
1.0 15.142 53.990 58.822 31.502 74.705 90.725
Antisymmetric-Symmetric Antisymmetric—Antisymmetric
m First Second Third First Second Third
0.2 262.28 335.29 456.00 682.84 805.73 1040.75
0.4 80.103 135.56 222.77 190.59 259.68 361.09
0.5 57.827 112.77 200.25 129.90 193.35 286.96
0.6 46.109 101.65 170.61 96.627 157.44 247.98
0.8 35.566 91.085 107.66 63.754 122.76 162.78
1.0 31.502 74.705 90.725 49.291 103.25 119.14

TABLE 13.7

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M6 (Elliptic Orthotropic Plate, Clamped Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 109.24 161.12 237.51 291.05 374.93 493.11
0.4 31.435 70.860 136.290 78.762 131.93 207.87
0.5 22.195 60.510 98.269 52.925 101.27 157.55
0.6 17.358 54.865 71.309 38.906 84.234 113.09
0.8 12.910 41.976 52.078 25.172 62.475 73.718
1.0 11.097 30.255 49.134 19.062 44.590 63.338
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 132.54 195.22 285.74 330.37 424.70 562.52
0.4 47.970 100.24 178.96 102.66 166.78 25491
0.5 38.125 89.181 126.67 74.357 133.67 192.79
0.6 33.082 81.906 98.700 58.993 114.26 146.17
0.8 28.453 63.340 82.260 43.962 86.222 108.01

1.0 26.462 50.635 78.776 37.178 66.838 96.398
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TABLE 13.8

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M7 (Elliptic Orthotropic Plate, Clamped Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 207.23 252.19 330.19 562.96 650.62 819.83
0.4 54.622 80.560 118.75 145.52 187.46 246.55
0.5 36.017 58.970 94.062 94.835 130.19 178.43
0.6 25.847 47.096 80.878 67.127 98.380 141.32
0.8 15.717 35.430 68.145 39.381 65.965 103.93
1.0 11.097 30.255 49.134 26.462 50.635 78.776
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 227.47 279.71 373.65 600.40 704.35 908.03
0.4 66.273 97.613 142.87 165.18 212.35 281.26
0.5 46.109 74.768 116.67 111.26 151.71 207.48
0.6 35.008 62.283 102.88 81.484 117.94 167.56
0.8 23.985 50.122 89.484 51.331 83.394 127.45
1.0 19.062 44.590 63.338 37.178 66.838 96.398

13.5.1.2 Simply Supported Boundary

Again, the first three natural frequencies are presented as per the four groups
of modes for various values of m for the mentioned material properties and
the corresponding results are cited in Tables 13.9 through 13.15.

13.5.1.3 Free Boundary

The results for this boundary condition are given in Tables 13.16 through
13.22. These tables show the numerical results for the first three frequencies
for each of the modes of symmetric-symmetric, symmetric-antisymmetric,
antisymmetric-symmetric, and antisymmetric—antisymmetric groups for all
the seven material properties.

As mentioned in earlier sections, the present problem reduces to that
of an isotropic plate if D,/H=D,/H=1 and v,=v,=v, for which results
are already reported by Chakraverty (1992) and Singh and Chakraverty
(1991, 1992a,b), where they have already made comparison with all the
existing results for the isotropic case. Using the present computer program
taking D,/H=D,/H=1 and v, =, =0.3, again the results have been com-
puted for various values of m and are found to be exactly the same as
reported in the earlier chapters (Chakraverty (1992) and Singh and Chakraverty
(1991, 1992a,b)).
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TABLE 13.9

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M1: Graphite-Epoxy (Elliptic Orthotropic Plate, Simply Supported
Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 57.833 130.17 265.24 209.02 312.42 480.77
04 18.365 87.547 122.47 58.266 136.99 210.02
05 14.198 78.259 86.709 39.739 115.40 139.78
0.6 12.268 58.119 82.053 29.821 94.851 110.25
0.8 10.704 36.411 78.871 20.481 58.270 96.290
1.0 10.068 26.703 58.813 16.555 40.692 80.881
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 86.990 188.75 359.05 254.22 383.84 589.06
0.4 44.864 142.74 165.14 89.945 197.79 259.52
0.5 40.999 113.96 144.84 70.259 165.44 193.81
0.6 39.022 91.252 140.75 60.050 131.61 173.60
0.8 36.915 68.665 122.69 50.188 92.531 156.11
1.0 35.754 58.180 95.042 45.393 74.225 119.22

TABLE 13.10

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M2: Glass—-Epoxy (Elliptic Orthotropic Plate, Simply Supported Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 64.107 117.60 206.17 237.80 323.19 463.43
0.4 18.605 61.498 137.37 64.360 120.21 210.69
0.5 13.072 55.477 90.674 42.980 94.408 155.89
0.6 10.229 52.034 65.331 31.252 80.222 111.11
0.8 7.7392 38.107 50.355 19.633 61.317 71.100
1.0 6.8010 26.488 48.426 14.441 42.678 62.094
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 87.157 156.01 265.68 276.48 377.44 547.70
0.4 35.348 96.930 169.57 88.311 160.37 268.84
0.5 29.539 90.005 119.25 64.463 132.54 190.96
0.6 26.678 82.696 94.951 51.470 115.78 144.36
0.8 24.063 59.798 85.914 38.830 86.032 110.01

1.0 22.848 47.253 83.453 33.131 65.229 100.40
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TABLE 13.11

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M3: Boron-Epoxy (Elliptic Orthotropic Plate, Simply Supported Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 79.662 159.90 309.73 291.26 405.06 601.48
0.4 24.296 100.48 168.95 79.785 165.11 291.35
0.5 18.022 94.475 112.24 53.656 136.83 191.37
0.6 15.009 78.933 93.283 39.459 120.62 138.06
0.8 12.545 48.243 89.098 25.840 78.970 109.90
1.0 11.606 34.186 79.308 20.093 53.895 101.87
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 112.08 224.45 414.71 340.30 484.74 726.09
0.4 52.741 165.33 212.19 113.73 233.72 342.80
0.5 47.243 144.87 165.30 85.975 201.78 240.33
0.6 44.593 114.14 158.97 71.615 168.34 199.97
0.8 41.923 82.586 153.06 58.260 115.01 178.83
1.0 40.465 68.452 117.18 52.088 89.690 149.65

TABLE 13.12

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M4: Carbon-Epoxy (Elliptic Orthotropic Plate, Simply Supported Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 70.180 155.31 317.48 255.74 372.74 570.93
0.4 22.549 105.64 149.30 71.006 162.52 256.41
0.5 17.401 95.743 104.32 48.245 137.82 169.62
0.6 15.002 70.739 99.033 36.044 115.78 130.99
0.8 13.043 43.931 95.385 24.582 70.748 114.73
1.0 12.234 32.004 71.262 19.805 49.051 98.323
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 104.36 225.31 431.03 305.93 455.93 699.28
0.4 53.901 173.12 196.78 106.98 235.90 310.45
0.5 49.407 136.28 174.43 83.310 199.30 229.33
0.6 47.116 108.45 170.03 71.212 157.60 206.21
0.8 44.632 81.361 146.30 59.687 109.87 186.26

1.0 43.250 68.968 112.79 54.093 87.934 141.88
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TABLE 13.13

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
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Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M5: Kevlar (Elliptic Orthotropic Plate, Simply Supported Boundary)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.2 108.59 159.70 248.31 414.80 507.25 698.95

0.4 30.141 66.453 133.80 108.70 160.46 245.18

0.5 20.323 54.991 121.91 71.395 117.34 193.37

0.6 14.915 49.238 108.72 50.936 93.385 165.63

0.8 9.6424 43.998 63.624 30.316 69.490 109.14

1.0 7.4094 40.097 44.034 20.671 58.381 72.425

Antisymmetric-Symmetric Antisymmetric-Antisymmetric

m First Second Third First Second Third
0.2 130.90 194.97 304.89 453.52 566.52 801.38

0.4 44.829 95.651 180.55 131.33 196.16 299.54

0.5 33.810 84.169 167.69 91.060 150.48 243.37

0.6 28.002 78.398 132.02 68.696 125.24 211.76

0.8 22.771 71.829 84.531 46.093 99.875 133.67

1.0 20.671 58.381 72.425 35.796 84.274 98.325
TABLE 13.14

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—

Antisymmetric, Antisymmetric-Symmetric and Antisymmetric-Antisymmetric

Modes for M6 (Elliptic Orthotropic Plate, Simply Supported Boundary)

Symmetric-Symmetric

Symmetric-Antisymmetric

m First Second Third First Second Third
0.2 51.430 97.665 168.77 190.28 268.42 386.53
0.4 14.789 48.970 109.09 51.835 100.35 172.41
0.5 10.325 43.171 73.196 34.730 78.206 125.55
0.6 8.0119 39.805 53.012 25.356 65.539 90.018
0.8 5.9520 30.525 38.698 16.039 48.691 58.311
1.0 5.1628 21.585 36.598 11.813 34.423 49.684
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 72.006 128.84 215.27 226.67 315.54 456.93
0.4 28.765 75.558 140.48 73.472 132.72 218.04
0.5 23.627 68.846 99.369 53.812 107.96 158.62
0.6 20.985 63.801 77.935 42941 92.847 120.68
0.8 18.501 49.328 65.448 32.025 70.103 89.236
1.0 17.365 39.103 62.775 26.906 53.982 79.312
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TABLE 13.15

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M7 (Elliptic Orthotropic Plate, Simply Supported Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 95.060 134.10 198.58 364.80 445.42 610.10
04 25.715 48.832 84.387 95.140 134.21 193.26
0.5 17.060 37.324 70.030 62.195 95.016 142.69
0.6 12.256 30.877 62.271 44.120 72.995 114.79
0.8 7.3947 24.485 54.548 25917 50.176 86.207
1.0 5.1628 21.585 36.598 17.365 39.103 62.775
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 113.07 157.92 236.76 399.27 494.69 695.50
0.4 36.003 64.422 107.63 113.33 157.77 228.46
0.5 25.847 51.751 91.864 77.352 115.32 171.98
0.6 20.128 44.731 83.409 57.297 91.367 140.92
0.8 14.382 37.779 70.241 36.736 66.364 109.02
1.0 11.813 34.423 49.684 26.906 53.982 79.312

TABLE 13.16

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M1: Graphite-Epoxy (Elliptic Orthotropic Plate, Completely

Free Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 22.847 106.95 125.20 64.334 173.41 323.15
0.4 21.656 34.778 79.096 41.528 86.597 122.21
0.5 18.945 25.569 63.385 36.285 58.102 98.970
0.6 14.373 23.283 52.718 31.342 43.621 80.683
0.8 8.3939 21.926 36.934 20.637 33.432 56.533
1.0 5.4281 21.101 25.402 13.653 29.671 40.044
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 57.912 160.63 177.74 29.174 112.06 248.40
0.4 47.015 65.575 121.13 14.989 77.940 122.74
0.5 35.683 60.149 99.198 12.013 64.864 94.197
0.6 27.616 58.018 81.375 9.9919 51.847 82.022
0.8 18.419 52.963 92.615 7.4302 34.049 70.686

1.0 13.597 38.206 55.054 5.8856 24.357 54.888
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TABLE 13.17

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M2: Glass—-Epoxy (Elliptic Orthotropic Plate, Completely Free Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 13.630 65.255 140.95 55.710 132.43 281.28
04 13.390 38.493 60.220 33.001 91.089 98.916
0.5 13.073 25.723 53.370 28.399 64.504 80.961
0.6 12.414 18.980 45.614 25.147 46.342 70.328
0.8 9.1133 14.525 34.126 19.938 28.951 52.304
1.0 6.1159 13.667 26.022 14.750 22.825 39.816
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 34.772 105.06 178.77 27.290 90.026 183.43
0.4 33.162 59.800 93.637 14.292 58.831 125.60
0.5 30.769 45.188 81.390 11.519 51.703 90.463
0.6 26.583 39.211 70.075 9.6328 45.609 70.521
0.8 18.638 35.777 52.475 7.2211 33.912 53.418
1.0 13.835 34.391 39.401 5.7466 25.057 46.966

TABLE 13.18

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M3: Boron-Epoxy (Elliptic Orthotropic Plate, Completely Free Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 25.786 121.82 171.30 64.448 184.99 409.16
0.4 24.892 46.821 94.403 44.449 117.41 143.84
0.5 23.421 32.225 75.029 40.186 78.216 119.93
0.6 19.551 26.810 62.517 36.604 56.673 98.476
0.8 11.801 24.569 47.020 27.803 38.399 70.647
1.0 7.6796 23.623 34.689 19.073 33.135 53.310
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 65.513 190.89 219.02 27.580 116.64 269.58
0.4 56.785 76.730 142.68 14.225 87.836 153.72
0.5 43.991 67.836 118.11 11.420 77.257 112.52
0.6 33.554 64.987 99.948 9.5176 64.437 93.694
0.8 21.502 61.419 70.563 7.1015 42.433 79.320

1.0 15.338 48.004 62.033 5.6353 29.649 68.283
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TABLE 13.19

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M4: Carbon-Epoxy (Elliptic Orthotropic Plate, Completely Free Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 27.860 129.62 151.97 66.096 193.76 394.04
0.4 26.366 41.955 91.637 46.107 104.31 143.89
0.5 23.185 30.711 72.916 41.403 69.757 115.85
0.6 17.656 27.854 61.078 36.797 51.652 94.153
0.8 10.341 26.145 44451 25.217 38.539 67.101
1.0 6.6946 25.142 31.189 16.792 34.167 48.804
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 70.552 187.56 215.63 27.536 121.34 282.92
0.4 55.251 77.259 141.09 14.150 90.253 142.46
0.5 40.715 71.644 116.20 11.339 75.870 108.75
0.6 30.838 69.198 96.040 9.4344 60.324 94.747
0.8 19.865 61.510 69.180 7.0217 38.717 81.647
1.0 14.295 43.710 66.367 5.5628 27.067 63.616

TABLE 13.20

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M5: Kevlar (Elliptic Orthotropic Plate, Completely Free Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 11.327 54.504 147.44 49.587 116.34 247.76
0.4 11.268 52.720 64.491 29.458 82.408 167.44
0.5 11.195 41.805 51.783 25.555 75.182 109.39
0.6 11.077 30.031 48.282 22.968 68.848 78.245
0.8 10.611 18.074 38.472 19.656 44.723 59.631
1.0 9.3658 13.194 30.784 17.372 30.048 48.478
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 28.958 88.055 215.40 24.927 79.523 160.55
0.4 28.536 80.065 88.619 12.894 52.512 119.11
0.5 28.005 58.386 81.079 10.441 47.201 108.68
0.6 27.078 44.908 73.747 8.7754 43.456 94.139
0.8 22.910 33.063 59.001 6.6412 37.594 62.149

1.0 17.372 30.048 48.478 5.3248 31.609 47.338
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TABLE 13.21

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M6 (Elliptic Orthotropic Plate, Completely Free Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 9.9168 47.656 114.02 54.402 119.69 296.23
04 9.7549 31.231 45.287 30.158 76.424 79.266
0.5 9.5450 20.771 42.340 25.263 52.365 66.385
0.6 9.1259 15.208 37.888 21.801 37.716 57.983
0.8 7.0021 11.161 28.646 16.372 24.034 43.763
1.0 4.7725 10.385 21.170 11.725 19.154 32.867
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 25.337 76.951 151.29 28.376 84.154 161.37
0.4 24.502 51.543 71.822 14.373 50.683 107.37
0.5 23.450 38.308 65.735 11.547 43.512 77.301
0.6 21.564 31.744 57.965 9.6444 37.952 60.248
0.8 16.451 27.450 43.767 7.2355 28.659 44.758
1.0 12.631 26.182 33.192 5.7735 21.756 38.651

TABLE 13.22

First Three Frequency Parameters for Symmetric-Symmetric, Symmetric—
Antisymmetric, Antisymmetric-Symmetric, and Antisymmetric-Antisymmetric
Modes for M7 (Elliptic Orthotropic Plate, Completely Free Boundary)

Symmetric-Symmetric Symmetric-Antisymmetric
m First Second Third First Second Third
0.2 4.9659 23.959 65.277 52.205 105.53 571.19
0.4 4.9583 23.828 57.010 27.201 59.847 124.71
0.5 4.9483 23.665 37.499 22.316 51.235 96.514
0.6 4.9325 23.414 26.687 19.092 45.551 68.189
0.8 4.8774 15.615 22.643 15.079 38.212 39.633
1.0 4.7725 10.385 21.170 12.631 26.182 33.192
Antisymmetric-Symmetric Antisymmetric-Antisymmetric
m First Second Third First Second Third
0.2 12.709 38.781 95.973 28.211 77.147 137.15
0.4 12.668 38.475 75.645 14.188 42.077 80.682
0.5 12.614 38.117 52.707 11.390 35.353 70.134
0.6 12.531 37.525 39.679 9.5247 30.924 63.109
0.8 12.251 25.771 35911 7.1867 25.341 53.684

1.0 11.725 19.154 32.867 5.7735 21.756 38.651
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To fix the number of approximations N needed, calculations were carried
out for different values of N until the first five significant digits had con-
verged. It was found that the results converged in about 8-10 approxima-
tions for clamped and simply supported boundary, and in 12-15
approximations for free boundary. Table 13.23 gives results for the conver-
gence of the first three natural frequencies for clamped, simply supported,
and free (ie, p=2, 1, and 0, respectively) boundaries with N increasing
from 2 to 15. These results were obtained for the material M6 and taking
the aspect ratio of the ellipse to be 0.5. The first three frequencies are chosen
from the four groups of modes as discussed earlier. This table also shows
from which mode groups the frequencies are obtained. These are denoted by
5-S, A-S, S-A, and A-A, i.e. those are obtained from symmetric-symmetric,
antisymmetric-symmetric, symmetric-antisymmetric, and antisymmetric—
antisymmetric groups, respectively.

It is seen from Tables 13.2 through 13.22 (for materials M1 to M7) that for
any boundary condition, i.e. for clamped, simply supported, or free, the
frequencies decrease as m is increased. For a clamped boundary, the frequen-
cies are a maximum, and for a free boundary, these are a minimum for each
m for all the materials considered in this section.

13.5.2 Results for Annular Elliptic Plates with Rectangular Orthotropy

Various results in detail may be obtained in Chakraverty et al. (2000). In
this chapter, only few results are incorporated. Table 13.24 demonstrates
the results for first three frequency parameters of symmetric-symmetric,
symmetric-antisymmetric, antisymmetric-symmetric, and antisymmetric—-
antisymmetric groups. The first three natural frequencies have been com-
puted taking the aspect ratio of the outer boundary as b/a=m =0.5 and the
inner boundary k is also 0.5. The orthotropic material property of carbon-
epoxy (i.e., % = 15.64, % =0.91 and »,=0.32) has been considered in the
computations. Results are provided for boundary conditions of C-C, F-F,
C-F, and F-C. Here C, S, and F designate clamped, simply supported, and
free boundary, and first and second letters denote the conditions at the outer
and inner edges, respectively. Table 13.25 shows the first 12 natural frequen-
cies arranged in ascending order by choosing the frequencies from each of
the above mode groups taking m =k =0.5 for carbon—-epoxy materials.

It is interesting to note the effect of hole sizes on the first eight natural
frequencies from Figures 13.1 through 13.9 for the nine possible types of
boundary conditions on the inner and outer edges of the annular elliptic
plate. The case of m =0.5 (outer boundary) is considered in all the figures. It
may be seen that as k increases, the frequencies increase; for all the boundary
conditions except for the exceptional case of FF boundary in Figure 13.1. For
FF boundary condition, frequencies decrease as k increases. These figures
give an idea as to how the hole sizes affect the frequency parameters for
annular orthotropic elliptic plates.



375

Plates with Orthotropic Material Properties

14£0T VA BN 0S79'6 0€Lve £T9°€T qTeor qT6'Cs qT1r8e S61'CeT a1
14402 L¥S11 0S796 0€Lve £79°€T §eeotr §26CS GT1'8e g61°Ce it
14402 L¥S11 0s75'6 0€Lve £79°€C Geeot §26CS Ge1'8e g61'Ce €1
14L°0C LYST1 0S79'6 0€Lve £T9°€T qTeor §T6'Cs qTI8e ger'ce 48
CLL 0T LYST1 0S79'6 0€Lve £T9°€T qTeor qT6'Cs T8 g61'Ce 11
TLL 0T VA BN 1796 0€Lve £T9°€T qTeor qT6'Cs qTr8e S61'Ce 01
1¥6°0C VA mA w9196 0€Lve £T9°€T qTeotr qT6'Ce qTr8e g61°CC 6
€66'0C L¥S11 €879°6 1€L¥¢ £T9°€T GTeotr §T6'Cs GT1'8e g61°CC 8
020'1e L¥S11 TL9S6 ceLve £79°€C Geeotl §26CS 618 g61°CC L
6C0'TC LYST1 78696 eLYe 879°¢C qTeotr 9T6'Cs qTI'8e g61°CC 9
£€69°¢C 69911 G619'6 898'F¢ 1¥9°€C 62¢01 ¥r6'79 91’8 961°CC g
8T8TC L8911 84£9'6 996'7¢ 6L9°€T 1¢€01 896'C9 1€1°8¢ 961°CC ¥
90T°5C L09°11 09901 ¥00°g€ 982°¢C 6£€°01 LL6'TS 191°8¢ 661°CC €
— €e6'11 €11l 891°CY 0€r'ae LEO'TT 0z6'cs 89C'8¢ £9TTT 4
(3POIN (3POIN (3PON (3POIN (3PoN (3POIN (3POIN (3POIN (3POIN N
S-S woxy) V-V woxy) S-S woxy) VS woxy) S-V woxy) S-S woxy) VS woiry) S-V woxy) S-S woxy)
PIYL puodeg s PIYL puodeg Is11q PIYL puodeg s
Arepunog a1 £193a1dwo) Arepunog pajioddng Ajdurg Arepunog padure[)
(£repunog

parroddng Adurg ‘eye ordonoyrO ondig) 9IA 10J SOPOIA (V-V) dHIPWWASHUY-IIISWWASHUY pue ‘(S-Y) dLaWWAG-OLIoWWASHUY
(V—=8) dIIPWWASIIUY-DLIWWAS /(S—-G) DIaWWAG-OLIdUIWAG JO )35 Y} Woj udsoy)) siajowere ] Louanbar] saxy], 3S11] jo 9ouaSaauo))

€€l 314Vl



376 Vibration of Plates

TABLE 13.24

First Three Frequency Parameters of Symmetric-Symmetric (5-S), Symmetric—-
Antisymmetric (5-A), Antisymmetric-Symmetric (A-S), and Antisymmetric—
Antisymmetric (A-A) Modes for Carbon-Epoxy Material for m =k =0.5
(Annular Elliptic Orthotropic Plate)

Boundary
Condition Mode Numbers S-S Mode S—-A Mode A-S Mode A-A Mode
C-C (22 First 125.95 193.37 124.91 195.37
Second 234.92 282.13 233.21 282.74
Third 308.04 342.74 304.74 348.03
F-F (0,0) First 5.7328 18.581 15.862 8.4687
Second 24.637 47.490 41.095 34.585
Third 33.508 53.929 52.196 75.815
C-F (2,0) First 46.075 64.448 47.927 79.468
Second 72.249 103.48 91.824 129.65
Third 115.24 160.18 140.17 194.12
F-C (0,2) First 17.034 30.614 16.754 30.223
Second 45.397 54.255 46.313 60.776
Third 62.234 77.561 75.740 97.489
TABLE 13.25

First Twelve Frequency Parameters of Annular Elliptic Orthotropic Plate Chosen from
Symmetric-Symmetric (5-S), Symmetric-Antisymmetric (S-A), Antisymmetric—
Symmetric (A-S), and Antisymmetric-Antisymmetric (A-A) Modes

for Carbon-Epoxy Material for m =k=0.5

Frequency

Parameter C-C (2,2) F-F (0,0) C-F (2,0) F-C (0,2)
A1 124.91 5.7328 46.075 16.754
Ao 125.95 8.4687 47.927 17.034
A3 193.37 15.862 64.448 30.223
Ay 195.37 18.581 72.249 30.614
As 233.21 24.637 79.468 45.397
As 234.92 33.508 91.824 46.313
Ay 282.13 34.585 103.48 54.255
Ag 282.74 41.095 115.24 60.776
Ao 304.74 47.490 129.65 62.234
Ao 308.04 52.196 140.17 75.740
A1 342.74 53.929 160.18 77.561
A1 348.03 75.815 194.12 97.489

Note: Chosen from Table 13.24.
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Plates with Hybrid Complicating Effects

14.1 Introduction

Practical applications of orthotropic plates in civil, marine, and aerospace
engineering are numerous. Plates with variable thickness are often used in
machine design, nuclear reactor technology, naval structures, and acoustical
components. The development of fiber-reinforced materials and plates fabri-
cated out of modern composites, such as boron—epoxy, glass—epoxy, and
Kevlar, and their increasing usage in various technological situations have
necessitated the study of nonhomogeneity in anisotropic plates. The hybrid
complicating effects include the simultaneous consideration of two or more
complicating effects on the vibration behavior. For example, if variable
thickness and nonhomogeneity are considered simultaneously, then we
will name the behavior as hybrid complicating effect. Naturally, consider-
ation of two or more complicating effects makes the corresponding govern-
ing equation complex owing to the complexities in the effects considered. As
such, this chapter illustrates the analysis of vibration of plates with hybrid
effects, viz., simultaneous effects of variable thickness, nonhomogeneity, and
orthotropic material.

As mentioned in all the previous chapters, Leissa (1969, 1977, 1978, 1981a,
1981b) had done extensive review on the vibration of plates. As a brief
review, notable contributions dealing with various types of nonhomogeneity
considerations and variable thickness are mentioned there. Tomar, Gupta,
and Jain (1982) had studied vibration of isotropic plates with variable thick-
ness using Frobenius method. Singh and Tyagi (1985) had used Galerkin’s
method, while Singh and Chakraverty (1994) had used boundary character-
istic orthogonal polynomials (BCOPs) in two dimensions to analyze the
vibration of isotropic elliptic plates with variable thickness. BCOPs method
was further used by Chakraverty and Petyt (1997) to study vibration of
nonhomogeneous isotropic elliptic plates. Rayleigh—Ritz method has been
used by Hassan and Makray (2003) to analyze the elliptic plates with linear
thickness variation and mixed boundary conditions. Kim and Dickinson
(1989) had also used Rayleigh-Ritz method to study vibrations of polar
orthotropic plates with thickness varying along radius and concentric ring
support, whereas Lal and Sharma (2004) had used Chebyshev collocation

385
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technique to study the polar orthotropic plates possessing nonhomogeneity
and variable thickness. Vibrations of orthotropic elliptic plates resting on point
supports by using Ritz-Lagrange multiplier method were studied by Narita
(1986). Laura and Gutierrez (2002) had investigated vibration of rectangular
plates with generalized anisotropy having discontinuously varying thickness
using Rayleigh—Ritz method. Very recently, Gupta and Bhardwaj (2004) have
used BCOPs method to study the vibration of orthotropic plates with variable
thickness resting on Winkler foundation. Other studies on homogeneous
elliptic plates with different boundary conditions have also been carried
out by Sakata (1976), Rajappa (1963), Mcnitt (1962), and Kim (2003).

During the review of literature, very few works dealing with vibration
of nonhomogeneous (in Young’s modulus and density) orthotropic plates of
varying thickness were found. It will not be possible to consider the problem in
its full generality because of the vast number of parameters involved. Hence,
in this chapter only the quadratic variation in thickness (), density (p), and
Young’s modulus (E,) along x-axis; quadratic variation in Young’s modulus
(E,) along y-axis, and linear variation in shear modulus (G,,) along both x and
y axes have been considered. Two-dimensional boundary characteristic
orthogonal polynomials (2D BCOPs) in the Rayleigh-Ritz method have been
used for the analysis. The use of these polynomials makes the computation of
the vibration characteristics simpler by reducing the problem to standard
eigenvalue problem and by giving faster rate of convergence, in this case too.

14.2 Basic Equations for the Hybrid Complicating Effects

Let us consider a nonhomogeneous, elliptic plate of variable thickness made
up of rectangular orthotropic material lying in x-y plane.
The domain occupied by the plate element is given as

S ={(xy), ¥*/a® +y*/b* <1; xy€eR) (14.1)

where a and b are the semimajor and semiminor axes of the ellipse. On
equating the maximum strain and kinetic energies, one can get (as done
previously) the Rayleigh quotient,

If [DaW2, 4+ Dy W2, + 20Dy Wia W,y + 4D, W2, | dyx

w2

h [ pW2dydx (142)
$

where
W(x,y) is the deflection of the plate
W, is the second derivative of W with respect to x
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The D coefficients are bending rigidities defined by

D, = Exh®/(12(1 — v,1,))
D, = E,h%/(12(1 — v,1,))
Dyvy = Dyvy

Dyy = Gy li3/12

(14.3)

If the variations of the parameters are taken as mentioned, then the non-
homogeneity and thickness of the orthotropic structural element can be
characterized by taking

Ey = (14 a1x + aax’)Exg (14.4)
E, = (1+ B1y + Bay*)Ey (14.5)
Gy = (L + 71X + ¥21)Gxyo (14.6)
p = (1+461x+8x)p, (14.7)
h = (1 + X + 2o (14.8)

Here, Exo, E,0, Gxyo, po, and hg are constants and a4, ay, B1, B2, Y1, Y2, 61, 62, P4,
Y, are the parameters designating the nonhomogeneity and variable thick-
ness of the orthotropic plate. The flexural rigidities may be obtained from
Equation 14.3 by substituting the parameters defined in Equations 14.4
through 14.8 as

D, = ptDyo (14.9)
D, = q°Dyg (14.10)
Dy, = r?Dayo (14.11)

where p, g, r, and t are the coefficients of E,, E,o, Gxyo, and hy of Equations
14.4 through 14.6, and 14.8, respectively. The terms D,o, Do, and D, are the
expressions similar to D,, D,, and D,, when the constants E,, E,, G,,, and
h are, respectively, replaced by E.o, E,o, Gxyo, and ho. Substituting Equations
14.9 through 14.11 in Equation 14.2, assuming the N-term approximation

N
Wy =Y ce; (14.12)
j=1

and minimizing w” as a function of the coefficients c/’s following matrix
equation may be obtained:

N
Z(”ij —Abj)cj=0, i=1,2,...,N (14.13)
=1
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where

a;j = Ho ﬂ Plp(Dxo/Ho)$F & + q(Dyo/Ho)d;" b + qua(Dyo/Ho)

S/
(@) + &7 ;") + 2r(1 — vx(Dyo/Ho))$;" ;" 1dydx (14.14)
bij = ” stp;dydx (14.15)
S/
and
A% = a*pohyw*/Hy (14.16)

where s is the coefficient of py in Equation 14.7, Hy = D ovx + 2Dy, ¢ are
the second derivative of ¢; with respect to X and the new domain S’ is
defined by

={X)Y), X*+Y?’/m*<1, X)Y€eR} (14.17)
where m (=b/a) is the aspect ratio of the ellipse and X=x/a, Y=y/a. It is

interesting to note that when the ¢;’s are orthonormal with respect to the
weight function st in Equation 14.15, Equation 14.13 reduces to

Z(a,] 285)c; =0, i=1,2,...,N (14.18)
where
o0, if i#0
51‘1‘—{1, it iej (14.19)
|

14.3 Generation of BCOPs

The present orthogonal polynomials are generated in the same way as given
in Singh and Chakraverty (1991, 1992a, 1992b, 1999) by considering st =
(1+81x + 823 (1 + 1x + x%) as the weight function. For this, suitable sets
of linearly independent functions are chosen to start as

o) = faeyfitcy), i=1,2,...,N (14.20)
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where f(x,y) satisfies the essential boundary conditions and f,(x,y) are linearly
independent functions involving products of non-negative integral powers of
x and y. The function f(x,y) is defined by

fly) =1 —x*—y*/m?)" (14.21)

where u is 0, 1, or 2 according to the plate being subjected to free (F), simply
supported (S), or clamped (C) edge condition. Then, the orthonormal
set from Fi(x,y) has been generated by the well-known Gram-Schmidt
process as mentioned in the previous chapters (Singh and Chakraverty
1991, 1992a,b).

14.4 Some Numerical Results and Discussions

Although numerical results for various values of the parameters may
be worked out, only few are reported here. Results have been computed
for various orthotropic materials, the values of which are taken from
Chakraverty and Petyt (1999). The parameters are considered to be governed
by the Equations 14.4 through 14.8. Results are given when frequency par-
ameter A converges to at least four significant digits for all the boundary
conditions, viz., C, S, and F: i.e., clamped, simply supported, and free,
respectively. The order of approximation is taken as 15 to ensure conver-
gence, and computations are all carried out in double precision arithmetic.
Table 14.1 and Figure 14.1 show the convergence for m =0.5. For the sake of
comparison, results were also derived for homogeneous orthotropic and
isotropic plates with variable as well as constant thickness. Table 14.2
shows the results for fundamental frequency parameters for orthotropic,
clamped elliptic plates for various materials M1, M2, M3, and M4 the
properties of which are

M1(Glass epoxy): Dxo/Ho = 3.75, Dyo/Hp = 0.8, v, = 0.26
M2(Boron epoxy): Dy/Hp = 13.34, Dyo/Ho =1.21, v, =0.23
M3(Carbon epoxy): Dyxo/Ho = 15.64, Dyo/Ho = 0.91, v, = 0.32
M4(Kevlar): Dyxo/Hy = 2.60, Dyo/Ho = 2.60, v, = 0.14

The results are found to tally excellently with the recent results of Kim (2003),
and in good agreement with Chakraverty and Petyt (1999), Sakata (1976),
Rajappa (1963), and Mcnitt (1962). Table 14.3 shows the comparison of the
first four frequencies with Chakraverty and Petyt (1997) for isotropic plates
with variable thickness taking oy = a> =0.1. A very close agreement is found
in most of the cases.
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TABLE 14.1

Convergence Table for m = 0.5, Dyo/Ho=13.34, Dyo/Ho=1.21, vx=0.23
(Boron-Epoxy), ¢ =—-0.2, =0.6, 6, =0.6, 6,=0.2, a1 =0.2, a; =0.2,
Bl = 06, Bz = O, Y1= 06, and Yo = 0.2

B.C. N A Az Az Ay As
C 5 44.8967 88.3861 90.8014 137.8200 170.0498
10 44.8789 88.3219 90.6884 137.5861 152.6673
12 44.8782 88.3203 90.6829 137.5766 152.4961
13 44.8782 88.3203 90.6829 137.5764 152.4866
14 44.8782 88.3203 90.6829 137.5763 152.4816
15 44.8782 88.3203 90.6829 137.5763 152.4802
S 5 20.2775 54.3775 59.2479 99.3462 122.4417
10 20.2412 54.0750 58.8974 98.34185 110.9925
12 20.2401 54.0636 58.8919 98.3145 110.1100
13 20.2401 54.0635 58.8916 98.3128 110.1091
14 20.2401 54.0635 58.8916 98.3127 110.1058
15 20.2401 54.0635 58.8916 98.3127 110.1029
F 5 12.3835 23.9290 40.3459 42.8981 57.6157
10 12.3717 23.0814 35.4593 41.6875 53.8372
12 12.37155 23.0300 35.4197 41.6091 53.7379
13 12.37155 23.0300 35.3998 41.6077 53.7138
14 12.37155 23.0298 35.3901 41.6075 53.7008
15 12.37155 23.0298 35.3900 41.6075 53.7008
180(1’ B —o—First(F)
160 T - o- Second(F)
R e T I Y R
140 —x--Fourth(F)
120 9= ==meeee - Fifth(F)
T O 0 P ETRrEE Om-n--- <+ | —o—First(S)
S100 4+ —— e t| -+ Second(S)
PV, S i il i A S | Third(S)
E — = -Fourth(S)
60 --o--Fifth(S)
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wx Third (C)
—x— Fourth(C)
o--Fifth(C)

FIGURE 14.1
Convergence for m = 0.5 and the other parameters as per Table 14.1 (boron—epoxy).
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TABLE 14.2

Comparison of Fundamental Frequency Parameters for Orthotropic Elliptic Plates

Kim Chakraverty and  Sakata  Rajappa  McNitt

Material m Present (2003) Petyt (1999) (1976) (1963) (1962)
M1 0.2  136.2919 136.29 136.51 147.24 144.52 143.11
0.5 27.3448 27.345 27.376 28.280 27.757 27.485
0.8 16.23414 16.234 16.242 16.742 16.433 16.272
1.0 14.2220 14.222 14.225 14.720 14.448 14.306
M2 0.2  168.5974 168.60 168.53 180.60 177.27 175.53
0.5 37.1926 37.193 37.181 38.308 37.601 37.232
0.8 25.9129 25.913 25.907 26.823 26.327 26.069
1.0 24.0624 24.062 24.057 25.130 24.666 24.424
M3 0.2  148.555 148.56 148.67 158.10 155.18 153.66
0.5 35.8641 35.864 35.876 36.953 36.270 35.915
0.8 26.9579 26.958 26.959 28.016 27.498 27.229
1.0 25.4433 25.443 25.442 26.735 26.241 25.984
M4 0.2  236.6095 236.60 236.43 261.08 256.26 253.75
0.5 42.0735 42.074 42.043 44.080 43.266 42.842
0.8 19.7401 19.740 19.726 20.351 19.975 19.779
1.0 15.15248 15.152 15.142 15.596 15.308 15.158

Tables 14.4 through 14.7 and Figures 14.2 through 14.9 summarize results
of the first five frequencies corresponding to the variation of the different
parameters. Numerical results have been obtained for all the three boundary
conditions: clamped (C), simply supported (S), and free (F).

Table 14.4 and Figures 14.2 through 14.5 show the first five frequency
parameters for glass—epoxy material with a;=0.5, a;=-03, B;=-02,
B2=0.6, y1=0.3, y=—0.3, and m=0.5 for various values of density para-
meters 81, 6, and thickness parameters i1, . The above figures show the
variations of the first five frequencies with 61, 8,, 1, and iy, respectively.
Trends of all the boundary conditions C, S, and F are shown in these figures.
The following observations can be made:

Keeping other parameters constant,

1. If density parameter &, is increased from —0.2 to 0.6, the frequency
may be seen to decrease for various sets of parameters as mentioned
above.

2. Similarly, it may be observed that taking i, =0.6, y»=0.6, the
frequency decreases if density parameter 8, is increased from 0.2 to
0.6. The same trends as discussed above may be observed for all
three boundary conditions.

3. As the thickness parameter ; is decreased from 0.6 to —0.2,
frequency parameter too decreases. The exception to this trend may
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TABLE 14.6

Values of A for Dyo/Ho=3.75, Dyo/Hy= 0.8, vx=0.26 (Glass—-Epoxy), 1 = 0.6,
l/lz = 02, 31 = 06, 82 = —02, )= 06, Oy = —02, ﬁ1 = —04, Y1= —02, and Y2 = 0.4

397

m B2 B.C. A1 Az As As As
05 -09 F 12.2493 13.4561 28.2858 30.9824 36.0650
S 14.4990 34.4790 45.1133 66.8403 71.6075
C 30.2631 56.4692 66.6046 94.0199 98.1954
03 F 12.2678 13.4577 28.5736 31.0534 36.1208
S 14.6780 34.578 46.6311 66.9669 73.1080
C 31.3951 57.2317 69.7975 94.6653 100.8950
0.9 F 12.2754 13.4580 28.7074 31.0834 36.1460
S 14.7607 34.6260 47.3323 67.0198 73.7262
C 31.9185 57.5961 71.2485 94.9589 102.1546
1.0 -0.9 F 6.2585 6.9569 14.0280 153078 15.9679
S 7.3941 14.9459 25.7862 27.2673 37.8513
C 18.5800 26.1417 37.2755 44.7857 51.9303
0.3 F 6.3379 7.3291 14.0759 16.2746 17.0901
S 7.4820 16.2725 27.3404 29.7066 38.6075
C 18.9655 28.0342 421172 44.9657 56.7238
09 F 6.3610 7.4644 14.0936 16.3840 17.6591
S 7.5190 16.8064 27.3638 31.1536 38.9378
C 19.1428 28.8250 43.9678 45.0518 57.2040
TABLE 14.7

Values of A for Dyo/Ho=13.34, Dyo/Ho =121, vx =0.23 (Boron-Epoxy), i1 =0.6,
1112 = 02, 51 = 702, 62 = 06, a1 = 702, Ay = 02, Bl = 702, Bz = 06, Vo= 05, m=0.5

" B.C. A A2 As As As
0.6 F 13.0147 22.4816 35.1973 42.4465 50.5541
S 19.7098 51.5096 58.7874 95.9376 104.1882
C 43.3165 85.2458 88.7808 134.3557 145.9498
0.4 F 12.7003 22.4801 35.0383 41.8330 50.4818
S 19.6902 51.4809 58.6583 95.6622 104.1151
C 43.2126 85.0651 88.6227 134.0053 145.7313
0.2 F 12.3651 22.4785 34.8695 41.1925 50.4080
S 19.6702 51.4517 58.5284 95.3841 104.0411
C 43.1082 84.8836 88.4640 133.6526 1455114
02 F 11.6199 22.4751 34.4981 39.8201 50.2558
S 19.6291 51.3919 58.2659 94.8189 103.8901
C 42.8980 84.5180 88.1445 132.9401 145.0678
04 F 11.2019 22.4733 34.2929 39.0824 50.1772
S 19.6079 51.3611 58.1332 94.5318 103.8130
C 42.7922 84.3339 87.9838 132.5803 144.8436
-038 F 10.2469 22.4694 33.8351 37.4856 50.0143
S 19.5642 51.2980 57.8650 93.9478 103.6554
C 42,5790 83.9632 87.6602 131.8533 144.3916
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FIGURE 14.2
Variation of first five frequencies with linear thickness variation parameter (m = 0.5, glass—epoxy).

be observed in the second frequency parameter of free boundary
condition as s, decreases from 0.2 to —0.2.

4. However, no trend in frequency parameters is observed from
decrease in thickness parameter i, from 0.6 to —0.2.
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FIGURE 14.3
Variation of first five frequencies with quadratic thickness variation parameter (m=0.5,

glass—epoxy).
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FIGURE 14.4
Variation of first five frequencies with linear density variation parameter (m = 0.5, glass—epoxy).

Next, Table 14.5 investigates the effect of variation of E, parameters «a; and a;
on frequency parameter A for graphite—epoxy material (Chakraverty and
Petyt (1999)) with ¢; =0.6, =02, §;=0.6, 6,=—-02, B;=-0.3, B>=0.2,
v1=0.6, ¥ =—0.3, and m =0.5 and 1.0. Consequently, Figures 14.6 and 14.7
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FIGURE 14.5
Variation of first five frequencies with quadratic density variation parameter (m=0.5,

glass—epoxy).
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FIGURE 14.6
Variation of first five frequencies with linear variation of Young’s modulus along x-direction

(m=0.5, graphite—epoxy).

depict the variation of the first five frequency parameters with ; and a5,
respectively. Here, the graphs in each case of the boundary conditions, viz.,

F, S, and C are again given.

140.
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FIGURE 14.7
Variation of first five frequencies with quadratic variation of Young’s modulus along x-direction

(m=0.5, graphite—epoxy).
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FIGURE 14.8
Variation of first five frequencies with quadratic variation of Young’s modulus along y-direction
(m=0.5, glass—epoxy).

The following inferences may be drawn from Table 14.5:

1. As a; decreases from 0.7 to —0.7, frequency parameter A decreases.
2. Frequencies also decrease for decrease in value of a, from 0.7 to —0.4.

Table 14.6 includes the variation of A with respect to E, parameter 3, only for
glass—epoxy material. The other parameters are taken as 4 =0.6, ) =0.2,
61 = 06, 62 = —02, a1 = 06, Ay = —02, Bl = —04, Y1= —02, Y2 = 04, and
m=0.5 and 1.0. Here, the frequencies may be seen to decrease with decrease
in value of B, from 0.9 to —0.9, keeping all other parameters fixed. Figure 14.8
depicts the variation of first five frequencies with B8, for m=0.5 for all the
boundary conditions.

In Tables 14.5 and 14.6, the same trends as discussed above may be
observed for all three boundary conditions and for both elliptic (m =0.5) as
well as circular (m =1.0) plate. It is quite evident from the above tables that
the values of A are considerably lower for a circular plate when compared
with an elliptic plate.

Finally, Table 14.7 shows frequency parameters for various values of shear
modulus parameter, y;. The computations have been undertaken for boron—
epoxy material, where ¢;=0.6, =02, 6,=-02, 6,=0.6, a;=-02,
a;=02, B1=—-02, B2=0.6, v2=0.5, and m=0.5. It may be seen that as
v1 decreases, the frequency parameter too decreases for free, simply sup-
ported, and clamped boundary conditions. Again Figure 14.9 shows the
variation of the first five frequency parameters with y; for all the three
boundary conditions.
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Variation of first five frequencies with linear variation of shear modulus (1 = 0.5, boron-epoxy).

14.5 Conclusion

The effect of nonhomogeneity and variable thickness on the natural frequen-
cies of circular and elliptic plates with rectangular orthotropic material has
been studied by using BCOPs in the Rayleigh—Ritz method. A desired fre-
quency can be obtained by a proper choice of the various plate parameters
considered here, which would be beneficial for the design engineers.
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